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Abstract
The goal of the MIT micro-engine project is to develop high-speed rotating Power
MEMS (Micro-Electro-Mechanical Systems) using computer chip fabrication technolo-
gies. To produce high power (10-50 W) in a small volume (less than one cubic centime-
ter), the micro-turbo-machinery must be spun at a rotational speed on the order of million
rpm. This ultra-high rotational speed, together with the small length-to-diameter ratio
(L/D<0.07) limited by the chip manufacturing technology, entails many challenges in the
design of the bearing system, such as an ultra-high whirl ratio of over 20 (compared with
a whirl ratio of 2 for large-scale journal bearings) and a DN number of order 10 million
mm-rpm. The thesis presents a newly developed theory for the hydrostatic gas journal-
bearings for the micro-engine devices.
To investigate the underlying physical mechanisms, fluid models are established to
analytically calculate the hydrostatic, hydrodynamic, and damping bearing forces. It is
found from first principles that the hydrodynamic force due to viscous drag becomes
dominant with an L/D<<1 and acts in the opposite direction of the hydrodynamic force
due to rotor pumping action. As a result, the net destabilizing hydrodynamic force can
vanish for certain bearing geometries, causing singular behavior in the whirl instability
limit. Thus, the ultra-short bearing is suggested to enable a large DN number and a high
whirl ratio in the micro-journal-bearing system.
A novel variation of the axial-flow hydrostatic micro gas journal-bearing concept is
introduced, which yields anisotropy in bearing stiffness. By departing from axial symme-
try and introducing biaxial symmetry in hydrostatic stiffness, the bearing's top speed is
increased and the fabrication tolerance requirements are substantially relieved.
The third-order nonlinear resonances in the micro-journal-bearing system are inves-
tigated by both analytical models and numerical simulations, and the predictions from
these models agree well with the experimental observations. The model predicts a sub-
harmonic resonance in the isotropic journal-bearing system, with a slow rotating noncir-
cular orbit such that the symmetry of the system is broken by itself in the nonlinear reso-
nance. Furthermore, the anisotropic journal-bearing system is found to be able to engage
in multi-type nonlinear resonances: superharmonic resonances at one third of the natural
frequencies, subharmonic resonances at three times the natural frequencies, and combina-
tions (such as the average) of the two natural frequencies. The conditions under which
these resonances can occur are derived analytically and are then verified by numerical
simulation.
Thesis Supervisor: Zoltan S. Spakovszky
Title: Charles Stark Draper Associate Professor of Aeronautics and Astronautics
I dedicate this thesis to my parents, FengZhen and ShuWen Liu.
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Introduction
In this introductory chapter, the micro-engine project at MIT is briefly described as
the background of the thesis. Then, based on a discussion of the requirements of micro-
bearing systems for micro-engine devices and the challenges of developing them, the ob-
jectives of the thesis are stated. The structure and the contributions of this thesis are sum-
marized at the end of the chapter.
1.1 The Micro-Engine Project
In 1994, Epstein et al. [1] proposed the concept of Power MEMS (Micro-Electro-
Mechanical Systems) and shirt-button-sized engines. This concept opened the door to a
new field in MEMS and prompted groups around the world to begin working in that field.
Now, a decade has passed, and there have been many papers published on this topic.
Among other the efforts to develop this revolutionary technology, the Gas Turbine
Laboratory (GTL) at MIT has spent around ten years on the micro-engine project [2], de-
veloping high-speed rotating Power MEMS devices using silicon chip fabrication tech-
nologies.
1.1.1 The Idea Behind Micro-Engines
In this information era, portable electronic devices are becoming more and more
popular. People use laptops, PDAs, GPS, and other media devices for both work and en-
tertainment, and these portable devices are mainly powered by chemical batteries. The
current battery technologies are well developed and seem sufficient for most devices.
However, in some areas, these chemical battery technologies are not at all satisfying
For example, the most advanced lithium batteries of normal size can only supply power
to a laptop for about three hours. Obviously, this is not enough for travelers and people
working in the field. Since the energy stored in a battery is proportional to the vol-
ume/weight of the battery, larger and heavier batteries are needed for longer battery
life-yet a laptop battery already contributes around one third of the total weight and oc-
cupies a big portion of the total volume of the device.
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With continuing advances in micro-electronics, the electric parts of a laptop can be
made smaller, and thus laptops have the potential to be more portable. However, the large
and heavy batteries have been the biggest obstacle to the development of smaller laptops,
due to their low specific energy.
Power supplies used on the battlefield provide another example of the limitation of
current battery technologies. Nowadays, soldiers in battle need to carry many electronic
devices with them, such as GPS, night-vision goggles, a radio, and even a laptop. Since
there are no electric outlets in the field, these devices have to be powered by chemical
batteries. As mentioned above, the energy stored in the battery of unit weight (specific
energy) is limited. Supplying power for these devices for several days requires a lot of
batteries, which can be very heavy.
The fuel cells currently under development, which have a relatively high specific
energy, could be another option to power these devices. But their power generated by unit
weight is also limited; only about 10W/kg to 20W/kg, according to Figure 1-1. To gener-
ate 75 W for the laptop, about 4kg to 7.5kg of fuel cells are needed. This is obviously too
heavy for a laptop, which normally weighs only about 2kg.
So far, therefore, there are two critical requirements for a future power supply for
compact electric devices: high specific power (how much power the power supply can
generate per unit weight), and high specific energy (how much energy the power supply
can store per unit weight). The continuing advances in micro-electronics are making elec-
tronic devices for personal or commercial applications smaller and smaller, and these
small devices demand power supplies whose specific energy and power exceed those of
the best batteries available today.
The question is, what technology can solve this problem? The well-developed com-
bustion engines used in aircraft and power plants can achieve a large specific power (700
to 900 W/kg) and specific energy (up to 2000 Wh/kg), despite their large volume (Figure
1-1). For comparison, the specific powers of chemical batteries are normally are normally
10 to 600 W/kg, and some can be lower than 1 W/kg. As stated above, the most critical
problem with chemical batteries is that the highest specific energy they can store is about
400 Wh/kg (LiCl2), much lower than that of combustion engines. On the other hand, al-
though the specific energy stored by fuel cells can possibly be as high as that of combus-
tion engines, their specific power is only about 10 to 20 W/kg, one order of magnitude
lower than that of combustion engines. Therefore, the specific power and specific energy
of combustion engines are unbeatable by either the most advanced chemical batteries or
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the fuel cells under development. Another important point to be noted is that chemical 
batteries trade off specific power and specific energy to output high power, so the effi-
ciency of batteries will rapidly drop due to their internal resistance. For the combustion 
engine, this trade-off is not as strong for a given engine type, because the efficiency of 
the combustion engine doesn't decrease as much with the power output. 
When we consider all the merits of the combustion engine, another question arises: 
how can we use combustion engines in small electronic devices? 
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Figure 1-1: Specific Power vs. Specific Energy [5]; the strips show the 
micro-engine capacities with the top points representing zero fuel mass 
(courtesy of S. Jacobson). 
A possible solution for the portable power source requirements is to develop micro-
engines by scaling down combustion engines to millimeter size while keeping the spe-
cific power and energy. This is possible because of the well-known "cube-square law," 
which implies that as the characteristic length of a device scales down, its volume (which 
is proportional to the cubic length) decreases much faster than its surface area (which is 
proportional to the square length). A large-scale engine with a 1-m-diameter air intake 
generates power on the order of 100 MW. Thus, when such a device is scaled to millime-
ter size, with airfoil spans measured in hundreds of microns rather than meters, this mi-
cro-engine would have about 1 millionth the airflow of its large counterpart and should 
produce about 1 millionth the power, 10-100 W. At the same time, the volume/weight of 
the micro-engine will be one billionth of those of the large engine. Therefore, in the ideal 
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case, the specific power of a micro-engine can be hundreds of times larger than that of a 
macro-engine, and even with only modest efficiency, it can still compete well with the 
most advanced batteries. 
Another project undertaken at GTL, MIT that benefited from this cube-square law 
was the micro-rocket project, which was to develop a millimeter-size rocket engine. The 
weight of the rocket engine is proportional to its volume, while the thrust it produces is 
proportional to its throat area with the same chamber pressure, if everything else is kept 
equal. Therefore, in the ideal case, as the rocket engine system scales down by three or-
ders of magnitude, the thrust-to-weight ratio of the engine will increase by the same or-
ders of magnitude, making the rocket engine much more effective and reducing the 
launch cost significantly. Furthermore, the engine's small size and high thrust-to-weight 
ratio could enable very small launch vehicles. 
Of course, the reality cannot be so optimistic (orders of magnitude better) and the 
actual scaling is not so dramatic because there are some side effects of scaling, such as 
relative larger viscous loss and heat transfer. However, even with these side effects taken 
into account, detailed calculations show that a millimeter-size engine would still have a 
thrust-to-weight ratio of about 100: 1, compared to 10: 1 for the best modem aircraft en-
gines. The key point is that, with these Power MEMS technologies, macro-power (tens of 
watts) can be generated from micro-devices (millimeter-size) [3]. 
4 
Figure 1-2: Mass production of the micro-engine devices: Over 40 devices 
on one 6-inch wafer [31]. 
1.1 The Micro-Engine Project 
Besides its high specific energy and power, another advantage of the micro-engine is 
the low cost due to mass production. Because these micro-engines are small in size and 
made of silicon, they can be built using fabrication technology similar to that of computer 
chips to achieve high accuracy and large quantity. A batch of devices can be manufac-
tured in the same wafer at the same time as shown in Figure 1-2. Thus, the costs of fabri-
cation can be significantly reduced. 
As a summary, the micro-engine distinguishes itself from chemical batteries and 
large engines by its high specific power/energy and low fabrication cost. Just imagine a 
revolutionary future power sources that can power a laptop for much longer, is much 
smaller and lighter, and never needs to be recharged. 
1.1.2 Challenges Developing Micro-Engines 
The following sketch of a cross section of the micro-engine illustrates the basic 
components and concepts of the future micro-engine under development at MIT GTL: 
Starting 
Air In 
~ 
Journal 
bearing 
Compressor Thrust 
Figure 1-3: Cross section of MIT micro-engine [2]. 
The light shaded area in the center is the rotor, which is supported by a journal bear-
ing and thrust bearings. The journal bearing is located on the circumferential periphery or 
the rotor, confming the rotor's radial movement. The thrust bearings are located up and 
down the sides of the rotor, confining the rotor's axial and conical movement. The rotor 
consists of a compressor and a turbine. The air is sucked in from an inlet, pressurized by 
the compressor. After it mixes with fuel in the flow path, it enters the combustor where 
the fuel is ignited. The hot pressurized exhaust of the combustor then goes through the 
turbine, driving the whole rotor to spin. The electric generator coated on the compressor 
shroud spins with the rotor and converts the mechanical energy into electric energy. 
It can be seen that in order to sustain itself and then produce power, the micro-
engine needs to have almost all the components of a large engine, such as compressor, 
turbine, generator, combustor and bearings, but in much smaller sizes. However, smaller 
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size doesn't necessarily mean easier. Although the thermodynamics of the micro-engine 
are the same as those of its large counterparts, the mechanics are much different due to 
fabrication constraints and scaling considerations. 
Most of the components in this micro-system are several hundred microns high with 
vertical wall. The most suitable fabrication method is deep reactive ion etching (DRlE). 
Due to its intrinsic limits, DRlE can only produce planar structures (Figure 1-4), com-
pared with the 3-D manufacture used for the macro-engines. This fabrication limitation 
can affect the performance of the micro-engine, especially for the blade flow path design. 
Another problem associated with this etch technology for the fabrication of the micro-
engine devices is the quality control. Due to the imperfections of the etch machine, the 
variation of the etched dimensions can be from sub-microns to several microns [4]. Nor-
mally, this variation of several microns is almost negligible in the large-size engines and 
doesn't affect their performance much. However, because the typical dimensions of the 
micro-engine's critical features can be as small as several microns, this variation is too 
much for them. 
Figure 1-4: DRIE etched 4mm-diameter turbine, with blade height of 150um 
(adopted from [2]). 
As the size of the engine is scaled down by three orders of magnitude, the surface-
force-to-body-force ratio increases by the same orders of magnitude due to the cube-
square law. Therefore, the surface forces (such as viscous drag), which are normally neg-
ligible in the large-scale engines compared with the body forces (such as inertia), play an 
equally an important role in micro-engines. Furthermore, as the surface-to-volume ratio 
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dramatically increases, preventing heat transfer from the turbine to compressor (for
higher efficiency) becomes much more difficult. The "cube-square law" makes the mi-
cro-engine totally different from its large counterparts. Thus, the knowledge and experi-
ences obtained from the macro-engines for the last several decades cannot be directly ap-
plied to this millimeter-sized engine, and new theories need to be developed for the mi-
cro-engine systems. Both experimental and theoretical researches are needed to validate
the concepts and search for feasible designs for this revolutionary micro-engine.
Since this complicated micro-system has just as many engineering challenges as
large-scale conventional engine, about forty students, staff, and faculty from different
disciplines have been involved in the research at MIT GTL over the past decade. One of
these challenges is the micro-bearing system used in the micro-engine devices. In the mi-
cro-engine devices, the rotor also needs to be supported so that it can spin freely at the
design speed without consuming too much power otherwise, the micro-engine cannot
succeed. In the research, the micro-bearing systems are found to behave differently from
their large-scale counterparts, and developing them also presents many challenges. The
research on the bearing system at GTL started at the beginning of the MIT micro-engine
project and is still going on. The major purpose of this thesis is to summarize the last five
years research on this important and challenging component.
1.1.3 Micro-Devices Under Development
To simplify the research process, the components of the engine, such as the combus-
tor, compressor, turbine, bearing, and generator, are investigated individually at first and
then combined. Since this thesis focuses on the bearing/rotor-dynamics of the micro-
engine system, only the devices that have rotational part are described here. Through the
following descriptions, one can see that these devices have essentially similar structures;
hence, they share the same bearing technologies.
The micro-turbo-charger [6] has almost all the components of the micro-engine, ex-
cept for the electric generator. The flow paths of the turbine and the compressor are sepa-
rated as shown in Figure 1-5. With such a configuration, the rotor is driven by the exter-
nal pressurized air going through the turbine, and thus the compressor can be tested with-
out any combustion. Meanwhile, this design retains the capability to run the device as an
engine by externally connecting the flow paths of the compressor and the turbine. In this
device, the compressor's outer radius is 4.1 mm and the turbine's outer radius is 3 mm.
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Compressor Vane
Compressor Blade IltCompressor
Exhaust Turbine
Turbine Vane Turbine Blade Combustor
(Hollow)Cobsr
Figure 1-5: Cross section of the MIT micro-turbo-charger (adopted from [6]).
Micro-bearing-rig devices [8] and micro-electrostatic motor/generator devices [12]
have similar structures as shown in Figure 1-6, except that the former do not have elec-
trodes fabricated on the back of the rotor. As the external pressurized air goes through the
turbine, the enthalpy of the air is transferred into the kinetic energy of the rotor. In the
micro-electrostatic motor/generator, the electrodes integrated on the rotor run in either
motor or generator mode, depending on the phase difference between the motions of rotor
and the electrostatic field. The micro-bearing rig is designed and used purely to test the
bearing technologies. The radius of its rotor is 2.1 mm.
Turbine )k Hydrostatic Journal
Stator Rotor ' Thrust Bearings Bearing
Journal Thrust Aft Journal
Pressurization Balance Exhaust Pressurization
Plenum Plenum Plenum
Figure 1-6: Cross section of the MIT micro-bearing-rig or micro-
electrostatic-motor/generator (adopted from [8]).
Another device of interest is the micro-turbo-pump [13], which was developed for
the micro-rocket project. As shown in Figure 1-7, the rotor is driven by the hot pressur-
ized gas (which has collected energy from the exhaust of the micro-rocket) going through
the turbine, and thus the liquid (oxidizer or fuel) is pressurized by the pump, which is lo-
cated in the center area of the rotor. Since both the pump and the turbine are located on
the same side of the rotor to simplify the fabrication process, annular thrust bearings are
used in this device, which is located between the turbine blade row and the pump blade
row. Meanwhile, due to its small clearance (about 2_pm), the forward thrust bearing also
8
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acts as a seal to prevent the liquid from leaking from the pump to the turbine. The outer
radius of the rotor in the micro-turbo-pump devic was 3.1 mm.
Turbine rotor outer diameter 6.2 mm
Layer fump outer diameter 2 mm.
go
(pyrex)
#1
82
'3
#4
pump turbine turbine pump
out in Joumal Back Thrust bearing out in
pressurization plenum plenum
plenum
Figure 1-7: Sketch of micro-turbo-pump cross section (adopted from [13]).
Although all these devices were designed and fabricated to test different compo-
nents/concepts of the micro-engine project, they all have rotational parts - the rotors.
Thus the micro-bearing systems (both journal bearing and thrust bearings) must be used
to support the rotors in the cavities of the devices, and they can share the same bearing
technologies.
1.2 Micro-Bearing Systems
When the whole engine is scaled down by three orders of magnitude, the bearing
systems used in the micro-engine system shrink by the same orders of magnitude. How-
ever, the challenges presented by the micro-bearing system are no less.
Looking at the cross sections of the devices (Figure 1-5-Figure 1-7) again, one can
see that the micro-bearing systems are located on the outer peripheries of the rotors. In
large-scale engines, the journal bearings are normally on the shaft. However, adding a
shaft to the small rotor (2 to 3 mm radius) means another layer needs to be fabricated and
bonded, making this complicated device even more difficult to fabricate because of the
limitations of the fabrication technology. Therefore, at this stage, all the micro-devices
are designed without shafts, and the journal bearings are located on the circumferential
periphery of the rotor in each device.
9
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1.2.1 Micro-Bearing System Requirements
As one can see from the above discussion, many stringent requirements need to be
satisfied to design a micro-bearing system:
High DN number. As described in the last section, one of the advantages of the mi-
cro-engine is the high specific power it can produce, which is 20-30 times greater than
those of most advanced batteries. Research [3] has shown that the key to achieving high
specific power in both fluid and electrical rotating machinery is the high peripheral speed,
which is found to be around 500 m/s, comparable to that of large conventional turbo-
machinery. As stated in the last section, the rotors of micro-engines normally have radii
of around 2-4 mm. Therefore, that high peripheral speed translates into a rotational speed
of 1-2 million rpm (rounds per minute), much higher than the rotational speeds of the
conventional turbomachinery, which are usually in the tens of thousands of rpm. The
greatest challenge is that the DN number--the diameter (in mm) multiplied by the rotat-
ing speed (in rpm) - is about 10 million mm-rpm for the micro-bearing system, which is
one order of magnitude larger than the DN number of a large conventional bearing sys-
tems.
Low power dissipation. In large-scale engines, the power dissipation is almost neg-
ligible compared with the power output of the engine. However, due to the cube-square
law, the power dissipation of the bearing system, which is proportional to the surface area,
becomes comparable to the power output of the micro-engine system if the specific
power of the engine stays the same at the small scale. Since the micro-engine is designed
to produce power, the power dissipation in any component should be as low as possible.
As discussed above, the peripheral speed is extremely high, so high drag force on the ro-
tor surface should be avoided; otherwise the bearings may consume more power than the
turbine can produce.
Compatible with the fabrication. As mentioned in the last section, the micro-engine
is fabricated by DRIE technology, which can only create planar features. 3-D features,
like grooves on the journal bearing wall cannot be fabricated. Furthermore, the etch depth
is limited for a given opening, implying that the aspect ratio of features is also quite lim-
ited. For example, with a 15-micron opening (which is the typical clearance of the micro-
journal-bearing), DRIE can only etch about 300 microns deep with acceptable bearing
wall (straight and smooth) [3].
Capable of working well at high temperatures. Under normal operating conditions,
the exhaust temperature of the micro-engine combustor can reach 1600K. Due to heat
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transfer in the engine and the fact that the journal bearing is located at the outer periphery
of the turbine rotor, the temperature of the bearing can be over 1000K, so the bearing sys-
tem must be able to work well at this high temperature.
Compatible with the whole engine system. Normally, each component of the engine
system is designed separately. Therefore, adding the micro-bearing system should not
negatively affect the performance of other components. Furthermore, since the engine
will operate as a stand-alone system, there will be no external pressure/power source to
be used to supply the bearing system under normal operating conditions; the only pres-
sure source it can use is the pressurized air produced by the compressor in the engine.
Sufficient load capacity. Because the micro-engine will be used in various condi-
tions, the bearing system must be designed with enough load capacity for the engine to
withstand reasonable shocks: no one wants to use a micro-engine that can only work on
an air-table.
Long life. The life of a conventional bearing system is normally measured in hun-
dreds of millions of cycles. This number of cycles may be large enough for conventional
engines, because the typical rotational speeds of these engines are several thousand rpm.
However, since the rotational speed of a micro-engine is 1-2 million rpm, a hundred mil-
lion cycles translates into only several hours for the micro-engine, which is not at all suf-
ficient. Micro-bearings with longer cycle life must be designed.
Last but not least, the resonances of the bearing system must be outside the steady
operation envelope. When the rotor spins at the speed of resonance (or natural frequency),
the amplitude of vibration of the rotor increases dramatically. With such a large ampli-
tude of vibration, the rotor may touch the bearing wall, which in turn may cause it to rub
and even crash. So, the critical speed of the bearing system needs to be either well above
or well below the steady operation speed region. This is also true for large-scale engines.
With so many requirements to be satisfied, yet another question arises: what bearing
technology can enable such a micro-high-speed turbine system?
1.2.2 The Choice of Micro-Bearing Systems
According to the requirements listed above, the roller contacting bearing, widely
used in industry, is not suitable for the micro-engine for two major reasons: it is difficult
to fabricate and it has high power dissipation. The roller elements in a conventional bear-
ing system are normally the size of a micro-engine's rotor. Even if the roller bearing can
be made small enough, it is still difficult to be integrated into micro-engine because it is
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not compatible with the semiconductor fabrication technology (recall that this technology
cannot fabricate 3-D features). Finally, its large frictional power dissipation at high speed
cannot be tolerated in the micro-engine system.
The magnetic bearing system seems like a good choice because of its low power dis-
sipation. However, because the bearing temperature can be as high as 1,000 Kelvin in op-
erating conditions-higher than the Curie points of most ferromagnetic materials-the
magnetic materials will be demagnetized. Thus, the magnetic bearing system cannot be
used in the micro-engine system.
Therefore, only fluid bearings can be used here. The great advantage of these kinds
of bearings is that they have simple structures and thus are easy to fabricate. The fluid
bearings are divided into two major subgroups according to the lubricant used in the bear-
ing: one is the liquid/oil bearing, and the other is the gas/air bearing. Note that the viscos-
ity of oil/liquid is orders of magnitude larger than that of gas: for example, liquid water
has a viscosity two orders of magnitude higher than steam. As a result, the power dissipa-
tion of an oil/liquid bearing is orders of magnitude larger than that of a gas bearing. Thus,
gas bearings are obviously the better choice here. Gas/air as the lubricant is much more
compatible with the whole system, because it is gas/air that runs through the turbine and
the compressor. Actually, gas bearing systems have already appeared in large devices
where contamination of working fluid by lubricants is unacceptable, low drag is essential,
and/or long life at high rotational speed is required. Examples of such applications in-
clude dental drills, navigational gyros [14], cryogenic expansion turbines [15], and air cy-
cle machines [16].
Furthermore, gas bearings can be divided into two subcategories according to the
different mechanisms they use to generate stiffness: hydrodynamic gas bearings and hy-
drostatic gas bearings, as shown in Figure 1-8.
Hydrodynamic gas bearings (Figure 1-8-a) use the hydrodynamic pumping effect to
generate direct stiffness. A static load is applied to push the rotor toward the bearing wall,
causing the non-uniform bearing gap around the rotor. Then pressure builds up in the
bearing due to the pumping action of the rotor rotation, and the hydrodynamic bearing
force is generated.
Unlike the hydrodynamic gas bearings, the hydrostatic ones (Figure 1-8-b and
Figure 1-8-c) use external pressure sources to generate direct stiffness and keep the rotor
centered. There are basically two kinds of hydrostatic gas journal bearings: radial-flow
(Figure 1-8-b) and axial-flow (Figure 1-8-c).
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Figure 1-8: Hydrodynamic and hydrostatic gas bearings (adopted from [8]).
Based on the research by Piekos [17] and the discussion presented below, one can
see that the hydrodynamic gas journal bearing is not a good choice for the micro-engine
system due to the small LID. Therefore, the only choice left is the hydrostatic gas journal
bearing. It is difficult to fabricate the micro-radial-flow journal bearing (Figure 1-8-b),
because the fabrication of the feed in the bearing wall requires an additional layer to be
fabricated and bonded; thus, the axial-flow hydrostatic bearing (Figure 1-8-c) is the best
choice of all.
1.2.3 Previous Work and Other Research
Comparing the structures of the two bearing systems, one can find that hydrody-
namic gas bearings are simpler and easier to fabricate than hydrostatic ones, because no
feed system is needed in the former. Piekos has done thorough modeling and simulations
to investigate and design the micro-hydrodynamic gas journal bearing for the micro-
engine. The results were reported in [17] [18] and [19]. The results of his research
showed that the micro-hydrodynamic gas journal bearings can only spin stably at high
speed and at large rotor eccentricities (the distance between the geometric centers of bear-
ing and rotor), because the supporting bearing force generated by the hydrodynamic force
relies on the rotor speed and eccentricity.
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Figure 1-9: Minimum eccentricity ratio contour for a bearing with
(adopted from [19]).
L/D=0.075
Figure 1-9 is adopted from [19], where bearing number A=6,UR 2/(h2Pa), which ex-
presses air compressibility in the bearing, is proportional to rotational speed C (A~3 at
design speed); dimensionless mass M =mPah5 /(72Lp2R 5), which captures the bearing ge-
ometry and the rotor mass, is determined by the bearing length L, radius R, clearance h,
gas viscosity p and atmospheric pressure Pa. The dashed line represents the operating line
of the micro-bearing with the bearing clearance of 10 pm. Due to the fabrication con-
straints, the typical length-to-diameter ratio (L/D) is about 0.075 for the micro-journal-
bearing system. With this LID and according to Figure 1-9, the minimum eccentricity ra-
tio (the rotor eccentricity divided by the bearing clearance) must be larger than 90% at
low speed, and it still should be about 85% at design speed. This result has raised several
critical questions about operating the micro-hydrodynamic gas journal bearings:
First, it is difficult to apply the load to the micro-rotor to get the desired eccentricity.
In conventional large hydrodynamic gas journal bearings, the load comes from the weight
of the rotor itself. When the journal bearing system is placed horizontal or tilted, the
weight of the heavy rotor itself is sufficient to push the rotor significantly off-center.
However, for the micro-engine, the weight of the rotor is negligible compared with the
restoring force from the journal bearing due to the cube-square law, and thus the weight
of the micro-rotor itself is not sufficient at all.
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Second, it is difficult to control the load precisely to achieve the correct rotor eccen-
tricity ratio during the operation. The rotor eccentricity is critical to the stability of the
micro-bearing system: its ratio needs to fall within the range of 85% to 1 at design speed,
and even narrower at low speed. The problem is that there is no equipment/sensor on-site
yet that can measure the eccentricity ratio in this millimeter-sized device. Therefore, even
if a sufficient load can be applied to the rotor, there so far is no guarantee that the correct
load can be obtained such that the eccentricity falls within the correct range (otherwise,
the rotor may touch the bearing wall with larger loads or may not spin stably with smaller
loads).
Last but not least, the rotor may touch the rough bearing wall with the minimum re-
quired eccentricity, which leads to crashes. Measurements show that the roughness of the
journal bearing walls can be half microns, due to the fabrication imperfections [3]. Thus,
the rotor should be at least one micron away from the bearing wall; otherwise, there will
be a destructive contact. However, the eccentricity ratio should be larger than 90%, ac-
cording to Figure 1-9, which means that the rotor needs be spun less than one micron
from the journal bearing wall. With current fabrication technology, operating of this kind
of hydrodynamic gas journal bearing is impossible.
Although multiple-lobed hydrodynamic journal bearings can offer slightly more sta-
ble behavior than plain cylindrical/plain journal bearings for large devices, as reported in
[20] and [21], numerical simulations of multi-lobed gas journal bearings for the micro-
engine showed that a lobed configuration deteriorates the stability of the short micro-
bearings [19].
Gas bearing systems have already attracted the attention of many researchers, and
their speed has become higher and higher. For example, the latest-developed hydrostatic
gas journal bearings used in Nuclear Magnetic Resonance (NMR) have reached a rota-
tional speed of around 3 million rpm [22], with a DN number of 6 million rpm-mm.
However, this bearing technology still cannot be used in the micro-engine devices, due to
the following two facts: (1) The pressure supply to this NMR bearing is high, such that
the flow is supersonic. High pressure means high power dissipation. Furthermore, the
pressure is higher than the highest pressure the micro-engine can produce by itself. Thus,
it conflicts with the requirements listed above. (2) The length of this NMR bearing is
comparable to the diameter of the rotor, and it is fabricated by conventional machining.
Thus, it is not compliant with the fabrication technology used for the micro-engine. It is
also important to note that this bearing is operated in the subcritical regime (speed lower
than the resonance frequency) due to the high stiffness caused by the high pressure. This
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subcritical operation also makes it distinct from the micro-bearing being developed for
the micro-engine, because the micro-engine devices need to be operated in the supercriti-
cal region. This will be discussed later in the thesis.
1.2.4 Nature of the Issues
So far, it can be seen that the requirements for the micro-hydrostatic gas bearing sys-
tems create numerous challenges which include (but are not limited to) the following:
1. High DN number. The DN number for this micro-gas bearing is around 10
million mm-rpm. Compared with the DN number for large conventional
bearings (below 1 million mm-rpm), the one for the micro-gas bearing is one
order of magnitude higher. Due to the small diameter (4 to 8 mm) of the mi-
cro-rotor, the rotational speed needs to be as high as 2 million rpm.
2. Low bearing supply pressure. According to the highest pressure produced in
the micro-engine, the pressure difference across the micro-journal bearing
can only be about 5 psig, which is much lower than those used in other bear-
ing systems. This low bearing pressure is also necessary due to the low
power dissipation requirement. Furthermore, the low pressure difference is
compatible with the design of the turbomachinery in the system because it
can be bled at the compressor exit.
3. Low Reynolds number. Low pressure and small bearing gaps result in low
velocity and flow rate through the bearing. Thus, the Reynolds number of the
flow in the micro-bearing is around 300, which is much lower than that of
other gas journal bearing systems, typically 30,000 to 300,000. As a result,
the flows in the micro-gas bearing are laminar, while the flows in its large
counterparts are turbulent. The laminar flow regime sets new challenges in
establishing sufficient damping and improving whirl instability. A significant
amount of work has been done on short seals for turbulent flows (see [29] for
a summary). Unfortunately, the concepts that hold for large-scale annular
seals do not apply to the ultra-short hydrostatic gas journal bearings used in
the MIT micro-devices because of the laminar flow regime.
4. High whirl ratio 91. The whirl ratio 91 is defined as the ratio of the highest
stable speed at which the journal bearing system can spin to its natural fre-
quency. Due to the low pressure supply, the natural frequency of the micro-
journal bearing is relatively low. Thus 91 needs to be larger than 20 in order
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to reach that high design speed. In large conventional gas journal bearing
systems, 91 is normally around 2 [24], one order of magnitude lower than in
the micro-systems. Another issue with high whirl ratio is that the micro-gas
bearing system needs to be operated in the supercritical region, while many
other bearing systems can only operate subcritically. To accelerate the rotor
to the supercritical region is not a trivial task, because the large amplitude
resonance needs to be crossed. This will be discussed in detail in the thesis.
5. Relatively large fabrication uncertainties. Due to the imperfection of the fab-
rication technology [3], the uncertainty of the micro-journal-bearing clear-
ance is of order 2 pm, which is about 15% of the bearing clearance itself.
Moreover, the walls of the micro-bearings cannot be guaranteed to be fabri-
cated straight and parallel. In fact, research [3] shows that it is impossible to
fabricate perfectly straight journal bearings, and the profile variations could
be as large as several microns (Figure 1-10). For most other bearing systems,
quality control is critical and this large an error is not acceptable. However,
the design of the micro-bearing system must be compatible with these fabri-
cation uncertainties.
Figure 1-10: Sample SEM picture of a journal bearing.
6. Small L/D (length to diameter ratio). The current fabrication technology that
is used to fabricate the micro-engine can only etch journal bearings with
length up to around 300 im. Thus the LID for most micro-journal bearings is
0.04~0.075, while this number is normally about 1 for other large-scale gas
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journal bearings (Figure 1-11). Therefore, the LID in micro-bearing systems
is more than one order of magnitude smaller than that of conventional ones.
As a result, the damping of the micro-bearing is reduced significantly, mak-
ing it difficult to invert the rotor.
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Figure 1-11: Micro-bearing yields an LID one order of magnitude smaller
and a surface speed of one order magnitude larger than other bearing
technologies (courtesy of Z. Spakovszky).
7. The operability. As stated above, the micro-bearing system needs to be ac-
celerated through natural frequencies to reach the high whirl ratio. Since the
damping of the system is limited by the small LID, the resonance amplitude
at the natural frequency is large. This large amplitude may lead the rotor to
touch the bearing wall and crash, which should be avoided. To overcome this
difficulty, an operating protocol has been developed that will be presented
later in the thesis.
Although some of these challenges may be easy to overcome individually, it is much
more difficult to tackle them together. As shown in Figure 1-11, the micro-bearing yields
an LID one order of magnitude smaller and a surface speed one order of magnitude larger
than other bearing technologies. The research presented in this thesis presents a first-of-a-
kind criterion of the whirl instability for such micro-gas-bearing system configurations. A
theory for hydrostatic gas journal bearings for micro-turbomachinery application is estab-
lished, and the rotordynamic behavior of the micro-bearing systems, such as the natural
frequency and the stability boundary, is investigated.
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1.3 Research Objectives
Based on the bearing requirements and challenges discussed above, the objectives of
this thesis are:
1. To establish a theory for the rotordynamic behavior of ultra-short hydrostatic
gas journal bearings. Analytical expressions are found for hydrostatic stiff-
ness, hydrodynamic stiffness, and damping. These are used to derive the ro-
tor response curve, the natural frequency, and the distance to contact.
2. To derive bearing design guidelines. The onset of whirl instability is investi-
gated for isotropic hydrostatic gas journal bearings and an analytical expres-
sion is given for the whirl ratio. This description is used to explain the physi-
cal mechanism underlying whirl instability in ultra-short gas journal bearings
and a simple criterion for whirl instability is established.
3. To set up numerical models that can verify and complement the analytical
models. These models are then assessed by experimental data.
4. To develop novel bearing configurations to enable high-speed operation.
5. To investigate non-linear behavior of micro-journal-bearing systems.
1.4 Structure of the Thesis
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Figure 1-12: Rotordynamic and fluid models of the micro-bearing system
are the core of the research.
Since there was little physical understanding of the bearings' dynamic behavior and
no full modeling for the system, the thesis aims to establish the models step by step and
achieve all the objectives stated above. First, the fluid models are derived analytically to
calculate the bearing forces acting on the rotor according to its rotational speed, position,
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and velocity. Then, using these bearing forces, the rotordynamic models are established.
Based on the fluid and rotordynamic models, the physical mechanism is then investigated
through analytical linear analysis. Meanwhile, the rotordynamic response is calculated,
and the operating protocols and stability criteria can be established. Furthermore, with the
analyses and calculations, the design tools and fabrication guidelines can ultimately be
obtained. Thus, as shown in Figure 1-12, one can see that the rotor-dynamics and fluid
models are the core of the research.
In Chapter 2, the fluid models and the fundamental rotordynamic model are estab-
lished based on first principles. One of the key features of these models is that the bearing
force components are solved analytically and individually. Most importantly, the two
components of the hydrodynamic force-the hydrodynamic force due to the viscous drag
effect and the one due to the rotor pumping action-are found to be of comparable ampli-
tude and acting in the opposite directions. Normally the former is small compared to the
latter in the large conventional bearing systems, and is negligible. However, since in the
micro-ultra-short bearing system the two components are capable of canceling each other
and have significant impact on the whirl instability of the system, with these bearing
forces, the rotor response curve can be obtained analytically. Then the natural frequency
and distance to contact are calculated, and the operating protocol is established in this
chapter.
In Chapter 3, the isotropic/axisymmetric journal bearing system is investigated ana-
lytically. Using the linear eigenvalue analysis, the stability boundary of the system is de-
rived. Then the singularity in stability boundary is discovered. The profound reason for
this unique phenomenon is that the destabilizing force-hydrodynamic force-can vanish
in the micro-bearing system due to the opposite directions of its two components, as
stated above, and the small LID. With the physical understanding, a simple criterion for
the bearing whirl instability is obtained, and the design implications for the micro-
hydrostatic isotropic journal bearing system are derived.
In Chapter 4, both analytical and numerical models are established for the anisot-
ropic journal bearing system. Result shows that anisotropy (the hydrostatic stiffness dif-
ference in the two principal directions) is the key to relaxing the fabrication tolerance for
high fabrication yield and designing a system with a higher stability boundary where it is
easier to cross the natural frequency. Thus, the micro-bearing system with ultra-high
speed becomes practically feasible in the fabrication sense. Also in this chapter, the ef-
fects of bearing side-load and rotor unbalance on the system's dynamic behavior are in-
vestigated through numerical simulations. The sideload is found to greatly reduce the sta-
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bility boundary in the anisotropic system, while increasing the stability boundary in the
isotropic system. Therefore, it should be avoided in the operation of the former.
The models established in the above chapters are assessed by the experimental data
in Chapter 5. The static flow rates, the natural frequencies, and the distance to contact
predicted by the models match the experimental measurements well, and thus the corre-
sponding models are validated. The essential mechanisms of whirl instability are also as-
sessed by experimental observations in both large conventional bearings and micro-
bearings. Meanwhile, an accurate and nondestructive way to measure the bearing clear-
ance is introduced in this chapter, which utilizes the fluid models to calculate the bearing
clearance according to the static flow tests.
Since the coupling between the rotor's radial and conical motions is found to be se-
vere in the micro-turbo-charger devices and can destabilize the system at a speed much
lower than the radial whirl instability limit of the journal bearing system, it is investigated
in Chapter 6. Furthermore, investigations by both linear analysis and numerical simula-
tions of multi-degree-of-freedom models in Chapter 6 match the observations in the ex-
periments. As a possible way to eliminate the coupling from the journal bearing system,
the centrally-fed journal bearing is proposed and investigated in Chapter 7. The results
show that although it can eliminate the coupling, this kind of bearing can produce much
lower damping than the axially-fed journal bearing system, making it difficult to invert
the system.
The influence of the journal bearing profile on system performance is investigated in
Chapter 8, because the etched journal bearings are found not to be straight and parallel in
most cases, due to the imperfection of the fabrication processes. Results show that the
deviation from straight-wall bearings can make it even more difficult to cross the natural
frequencies. Furthermore, the negatively-tapered journal bearing can cause the system to
be statically unstable when the pressure difference across the journal bearing is low.
Because the rotors were found to engage in nonlinear resonance in the experiments,
and in some cases these nonlinear resonances caused the system to crash, a preliminary
investigation on the nonlinear dynamics of the journal bearing system using the multi-
scale method is presented in Chapter 9. The result shows that the micro-bearing system
can only engage in odd-order nonlinear resonances, which is verified by the numerical
simulations and is consistent with the observations in experiments.
For the rotordynamics of the micro-engine, the thrust bearing systems are equally
important. Models by Teo [9][10] are capable of calculating the natural frequency as well
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as the unstable operating conditions of the thrust bearing system. To complement this,
Chapter 10 presents a new way to compute the thrust force from the thrust bearing using
the image method, which is simpler and faster than the Green's Function method. The re-
sults compare well with the 3-D CFD (Fluent) calculations. Also in this chapter, the rotor
rotation effect on the thrust force due to the centrifugal forces is investigated, which was
not covered by any models before.
As the last chapter of the thesis, Chapter 11 presents a design example of micro-
hydrostatic gas journal bearings. In this example, the micro-bearing is designed for the
self-sustained micro-engine (SSME), essentially the prototype micro-engine that can self-
sustain and is currently under development at GTL. Based on this system, dual-bearing
systems (two journal bearings in parallel) are investigated, and the misalignment between
the two bearings is found to reduce the system stability boundary and make it difficult to
cross the natural frequencies. Finally, several journal bearing system designs are sug-
gested for this self-sustained micro-engine.
Using the modeling and analysis presented in the thesis, one can: 1) calculate the
bearing forces analytically and individually, and then understand how the bearing geome-
try affects the system rotordynamics, such as the natural frequency, the damping ratio,
and the distance to contact; 2) design a micro-journal bearing that can spin stably at a
high rotational speed/whirl ratio; 3) know what mechanisms in the system can limit the
top speed, and avoid them in both design and fabrication; 4) understand the system's
nonlinear resonance behavior, such as the cause of the nonlinear resonance and the
speeds at which resonance can occur; and 5) establish an operating protocol to avoid
large amplitude resonance and operating conditions that may make the system unstable,
such as sideload.
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Basic Fluid and Rotordynamic Models
In this chapter, a new analytical approach is developed to model axial-flow gas jour-
nal bearings. The model is capable of dealing with all the elements of (1) micro-devices,
(2) dynamic response characteristics of axial-flow hydrostatic bearings, (3) evaluation of
stiffness, natural frequency and damping, and (4) evaluation of stability boundary. Some
of these aspects have been investigated in depth by a number of researchers (for example
[29] and [19]). The key feature of this new model is that it is able to deal with all of these
aspects together analytically.
In order to capture the underlying physics of the micro-bearing system, both the
fluid and rotordynamic models will be established based on first principles. With this ap-
proach, the hydrodynamic force induced by the viscous drag effect, which is normally
negligible in the large conventional bearings, turns out to be of comparable magnitude to
the hydrodynamic force due to the rotor pumping action in the micro-bearing system be-
cause of its small LID (<0.075). This has a strong impact on the system's whirl instability
limit which can be greatly increased by balancing the two force components. The details
will be discussed in the next chapter.
This chapter starts with the fluid models to calculate the journal bearing forces act-
ing on the rotor. The fluid forces will be analytically derived component by component.
As a result, the influence of bearing parameters on each force component and then on the
rotordynamics can be quantified.
Next, the basic rotordynamics of the system are described. With the forces calcu-
lated by the fluid models, the rotordynamic equations that have been established analyti-
cally based on first principles can be used to compute the natural frequency, the limit
speed of whirl instability, and the distance to contact.
2.1 Fluid Dynamic Model of the Bearing Force
To determine the hydrodynamic fluid field in gas bearings, the Reynolds equation
[29] is generally solved. With the Reynolds equation, the three-dimensional flow in the
bearing can be simplified into a two-dimensional compressible flow, based on the as-
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sumptions that the flow is fully developed and isothermal. And it can only be solved nu-
merically.
Piekos [19] has developed numerical codes (SPECTRES) to solve the Reynolds
equation for the micro-engine project. However, the numerical codes will not be used in
this thesis for the following reasons:
1. The ultra-short hydrostatic bearings essentially act like short annular seals
where the hydrostatic direct coupled stiffness is induced by the Lomakin effect
[25], which was not accounted for, and hence the natural frequency of the sys-
tem was not calculated correctly in the previous research.
2. Since the Reynolds equation couples hydrodynamic force and damping force
together, it is difficult to gain insight into how each component affects the ro-
tordynamics. Thus, in this chapter all the components will be calculated indi-
vidually, based on the assumptions/approximations stated below.
3. The numerical approach is expensive, and it is difficult to understand from the
results how the parameters in the bearing system influence the forces.
4. The viscous stress on the rotor surface, which was not captured by the Reynolds
equation or the research by Piekos, is found to play a much more important role
in the micro-system than in the macro-system because of the bearing's small
LID. This will be further discussed in this chapter.
Therefore, in this section, the force components-hydrostatic force, hydrodynamic
force and damping force-will instead be calculated individually and analytically. Thus,
these bearing force components as functions of the bearing geometry can be obtained.
Most importantly, the viscous stress on the rotor surface that is negligible in the research
on conventional bearings will be accounted for in the new models because of its compa-
rable magnitude.
2.1.1 Assumptions and Approximations
The flow in the journal bearing is a three-dimensional flow in which axial flow (due
to the pressure difference across the bearing Ap) and tangential flow (due to the rotor's
rotation o) combined (Figure 2-1). In order to solve the problem analytically, several ap-
proximations or assumptions can be made.
First, since the pressure supply to the bearing is below 5 psig (pressure ratio is
smaller than 1.3) according to the requirements of the micro-bearing system in Chapter 1,
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the flow can be approximated as incompressible flow. To assess this assumption, the
comparison between incompressible and compressible models is presented later in the
thesis.
z
L
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Figure 2-1: Three-dimensional flow in journal bearings.
Second, since the time it takes a fluid particle to go through the bearing (L/uz~3ps) is
much smaller than the period of the rotor rotation (1/o-60pts at o=1 million rpm), the
flow can be approximated as steady flow. When the flow axial speed is low (at low pres-
sure difference across the journal bearing) and the rotor speed is high, the unsteady ef-
fects will be at play. In this case, numerical simulation may be needed to investigate the
bearing flow coupled with the rotor movement. In the thesis, however, the research uses
the quasi-steady flow approximation for simplicity.
Third, since the velocity (u,) is around 100 m/s and the clearance of the bearing (h)
is around 15 um, the Reynolds Number Re=puzh/pl is of order 100. Thus, the flow is a
laminar flow. Furthermore, the flow can be approximated to be fully developed, in both
tangential and axial directions. This approximation for the axial flow is verified by the
CFD calculations, which will be further discussed later in this chapter. For the tangential
flow, however, this approximation is not accurate when the axial flow rate and rotor
speed are high [30]. The effect of a tangential flow that is not fully developed on the ro-
tordynamic behavior is still under investigation and will be briefly discussed later in the
chapter. In the research, however, this effect is neglected for simplicity.
Last, when the flow is fully developed under the assumptions and approximations
above, the inertial terms in the Navier-Stokes equations can be dropped and then the
equations become linear. As a result, the flow field can be decomposed into the three
components in the corresponding three principal directions and then solved separately. In
other words, the flow induced by the rotor motion can be separated from the flow induced
by the static pressure drop across the journal; then, the fluid forces exerted on the rotor
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can be split into a direct-coupled (aligns with the displacement of the rotor) hydrostatic
force, a cross-coupled (perpendicular to the rotor displacement) hydrodynamic force, and
a damping force. The modeling of these three main force components constitutes the fluid
dynamic model.
2.1.2 Hydrostatic Forces
As stated before, the hydrostatic stiffness or the direct coupled stiffness is induced
by the Lomakin effect. Assuming the rotor is stationary and is displaced from the center
of the bearing by s to the right, the bearing clearance becomes smaller on the right-hand
side than on the opposite side, as depicted in Figure 2-2. The imposed total pressure drop
Ap is the same all around the bearing. However, the flow rate through the right half of the
bearing becomes lower due to the increased flow resistance (reduced clearance). As a
consequence, the static pressure loss at the entrance decreases and an increased bearing
pressure prevails in the right half of the bearing. In the left half of the bearings, the pres-
sure decreases based on the same reasoning. Therefore, a hydrostatic force F4 against s is
induced, as depicted. This effect is further discussed quantitatively as follows:
z
h(O) P3=0 r
FL
P2
1p.=Ap - - - - - - - Apj
Figure 2-2: Axial flow in thejournal bearing.
Figure 2-2 illustrates the axial flow in the bearing. The pressurized air is fed from
the bottom. If the pressure at the exit (point 3) of the journal bearing is the atmospheric
pressure (p3=0), the pressure difference through the journal bearing Ap equals the supply
pressure at point 1 pi.
In the bearing gap, the axial flow is described by the steady Navier-Stokes equation
in the axial direction (z, r, and 0are local coordinates):
-- + +u )= + 8r2  R29+ (2-1)P z ' Z u + r " R + U 0 Z2 ar2 a02 (21
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Since the flow is assumed to be fully developed, the inertial terms on the left-hand
side can be dropped. And because 02/Oz2, c 2/ar2 and a2/R2 0d are of order IlL2, 1/h 2 , and
1/R2 respectively, the second term is orders of magnitude larger than the other two due to
small h/R (-15/2100) and h/L (-15/300). Thus Equation (2-1) can be simplified to
dp aU z. (2-2)
dz ar 2
With the no-slip boundary conditions at the walls (uz=O at r=0 and r-h), the velocity pro-
file yields
_ 1 dp~hU, = I r(h - r). (2-3)2p dz
Then the axial flow rate (qz) through the journal bearing (per unit length in the circumfer-
ential direction) becomes
h hq dp
q = dudr = z (2-4)
Applying conservation of mass, qz and hence dp/dz are constant along the bearing. Thus
- (2-5)
h 12,u dz 12, L
where i, is the average axial velocity. As the air enters the journal bearing, the static
pressure will decrease from Ap at point 1 to a smaller pressure at point 2, due to the con-
traction and the entrance loss. According to Bernoulli's Equation, the pressure at the en-
trance of the journal bearing P2 is
p2 = p-pi = Ap -pk2, (2-6)P2 7-A 2 z2
where Y is the entrance loss coefficient. According to hydraulic handbooks, the entrance
loss coefficient for the static pressure drop is 1.5 for this sharp-edge inlet. This value has
been verified by both 2-D and 3-D steady CFD calculations for the micro-bearing system
geometry, which is shown next.
Combining Equations (2-5) and (2-6) , one can write
7pi2 + L = Ap. (2-7)
2 a d
The Is"-order Taylor expansion of the above equation in dii_ an d in dh yields:
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rpW, dW. + V Ld,- 2 4  Li7Rdh =0. (2-8)
Thus, the sensitivity of the average axial velocity to a change in bearing clearance
d iT /dh becomes:
du-, 24pLu-
3uz > 0 (2-9)dh ypii h +12phL
pj=Ap P2 S
r Stet or
Ap
Z1 Z2 Z
Figure 2-3: Cross section of thejournal bearing and sketch of the
pressure distribution along the bearing.
Note that the sensitivity is positive, implying that when the clearance decreases
(from dashed line to solid line as shown in Figure 2-3), the average velocity W7z becomes
smaller according to Equation (2-9) and so does the entrance loss according to Equation
(2-6). As a result, the pressure at the entrance p2 as well as in the bearing will increase (as
shown in the bottom plot of Figure 2-3). Conversely, the pressure in the bearing will be-
come smaller with larger clearance.
Thus, for the situation depicted in Figure 2-2 where the rotor moves right, the inte-
gration of the pressure field in the bearing will generate a net restoring force acting on the
rotor in the opposite direction of the rotor displacement (direct coupled). This effect is
known as the Lomakin effect.
In fact, both P2 and q, can be solved explicitly by combining Equation (2-5) and
(2-6):
-b(9)+ Vb 2 (9) +4a(9)- Apq() ,2) (2-10)
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P2(0)= b(O)- q(9), (2-11)
where, a() 2  , b(o)' h2pL and h(9)= h, -ccos(O). ho is the clearance when
2 h2 (0) -h'(0
the rotor is centered and e is the rotor displacement/eccentricity. Integration of Equations
(2-10) and (2-11) yields the total mass flow rate h and the net hydrostatic force F':
2g,
fi = p fq(O)RdO,
0
2;r ~ ~~~ LL - ) ;
FS = -Rcos(0)d Jdz -p2(0). -z -f P2 (0)cos(0)d .
0 0 0
(2-12)
(2-13)
It is important to note that the above analysis is based on the assumption that flow in
the journal bearing is fully developed. CFD calculations using Fluent were run to verify
this assumption. The results are shown in Figure 2-4.
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Figure 2-4: Velocity contours at thejournal bearing entrance (left), and
pressure along thejournal bearing (right) calculated by 2-D Fluent.
It can be seen that the distance from the entrance to where the flow can be treated as
fully developed is short, just on the order of the clearance of the journal bearing. There-
fore, the assumption of fully developed flow is reasonable.
In addition, the modeling results compare well with the 3-D compressible CFD cal-
culations calculated by Gong [26] using Fluent for both the journal bearing flow rate and
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the hydrostatic force (Figure 2-5). This means that the fluid model based on incompressi-
ble flow with the entrance static pressure loss coefficient of 1.5 is accurate.
CTFD Mnde1
e=5pm: 0 ---- ,''
, A R=2.3mm, L=300p m
. ho=IOpm, y=1.5
2
Ap (psi)
4-
2-
4 0
CFD Model
s=lpn: -
=5pm: ----
R=2.3mm, L=300pmg6
h0=10pm, y=1.5 . - .
0 ~
Ap (psi)
Figure 2-5: Mass flow rate (left) and restoring forces (right) calculated by
the incompressible model compared with 3-D compressible CFD results.
Since the flow rate and pressure in the bearing gap are nonlinear functions of bear-
ing clearance (Equation (2-10) and (2-11)), A and F' vary with eccentricity & as shown
in Figure 2-6.
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Figure 2-6: Journal bearing mass flow rate and hydrostatic force as
functions of rotor eccentricity.
It can be seen that A increases with rotor eccentricity due to the decrease in flow re-
sistance. As the rotor moves from the centered position to a position near the bearing wall,
the flow rate will increase by about 35%. This is a significant change in flow rate, and
this effect can be used to determine the eccentricity of the rotor, as will be further dis-
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cussed in the next chapter. Figure 2-6-b also shows that the amplitude of F increases
with eccentricity due to the Lomakin effect. Note that the hydrostatic force acts in the op-
posite direction of the rotor displacement, which means that the force tends to decrease
the rotor eccentricity (negative stiffness). Differentiating EFa with respect to . yields the
hydrostatic direct-coupled stiffness of the system.
It is worth noting that the hydrostatic force JF' is nonlinear in eccentricity & due to
the nonlinear dependence between the bearing pressure and the clearance. In this case, the
stiffness decreases (softens) as the rotor approaches the bearing wall. The nonlinearity af-
fects the rotordynamic behavior of the system and even prevents the rotor from accelerat-
ing to high speed, leading the rotor to crash at the secondary resonances that occur at
speeds other than the system's natural frequency. These will be discussed later in the
chapter and will be revisited in a fully nonlinear analysis in Chapter 9.
2.1.3 Hydrodynamic Force
The surface movement of the displaced rotor generates a hydrodynamic force in the
journal bearing. This hydrodynamic force is function of rotational speed O, instead of the
pressure difference across the journal bearing Ap.
h(O)r
qO
qp
-------- 
-----------
Figure 2-7: Hydrodynamic flow field.
As discussed earlier, the flow induced by the rotor motion can be decoupled from
the flow induced by the static pressure drop across the journal bearing under the assump-
tions/approximations of quasi-steady, fully developed flow. The rotating motion of the
rotor drags the flow along the circumference, and the combination of a Couette-type flow
and a Poiseuille-type flow is locally set up as shown in Figure 2-7. For this type of flow,
the local tangential flow rate is
moRh ha p
2 = ~p (2-14)2 12p RaO
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The first term is due to the Couette flow and proportional to the local journal clearance.
coR is the rotor surface speed. When the rotor moves closer to the wall, the fluid will be
forced to flow in the axial direction, and this builds up pressure p as depicted in Figure
2-7. Then the flow rate of the Poiseuille flow in the axial direction becomes
h3 Dp
q = . (2-15)12u az
Applying conservation of mass in the bearing gap and assuming the flow is incompressi-
ble, one can obtain
q+ = 0 . (2-16)
Dz RO
Substituting Equations (2-14) and (2-15) into (2-16) yields
owh 1 3 ap h3 a 2 p
1 h =0. (2-17)2 0O 12u R2 ao ao) 12p Cz 2
Since R is much larger than L of the bearing (L/D<0.075), and 8i2/z 2 is of order 1/L2, the
second term in the above equation is negligible compared with the third term. Then Equa-
tion (2-17) can be simplified to
ah h3 a2P0) = - -- .( 
-8DO 6p z 2
Integrating the equation with respect to z, and considering the boundary condition
p(L,O)=p(0,0)=O, the static pressure in the bearing land p(z,0) becomes
3pco ah z ( ) *( z(z - L) (2-19)
h3  DO L
where p*(> h 3 L2 is a function of 0. This bearing land pressure distribution in
h3 do
the circumferential direction is depicted in Figure 2-8.
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Figure 2-8: Hydrodynamic pressure distribution in the circumferential
direction.
Note that the pressure distribution in the 0 direction is skew-symmetric. Therefore,
the integration of the pressure over the bearing generates a net hydrodynamic force that
acts in the direction perpendicular to the rotor displacement s as depicted in Figure 2-7.
Thus the hydrodynamic force is a cross-coupled force of magnitude
F2 =( i 2 t , (2-20)
where 4=s/ho is the eccentricity normalized by the bearing clearance. This hydrodynamic
force can drive the rotor into a whirling motion and destabilize the system. This whirl in-
stability induced by the hydrodynamic force is further discussed in Chapter 3.
10*.
10,
to
to.
1010 10 10'A
Figure 2-9: Comparison between the analytical solution (incompressible,
the dashed lines) and the numerical solution (compressible Reynolds
equation, the solid lines) of hydrodynamic force in micro-bearing with
I/D=0.075 (adopted from [19]).
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In the above analysis, the flow in the bearing has been assumed incompressible.
However, the widely used Reynolds equation treats the gas as compressible. The assump-
tion of incompressibility in the micro-bearing system is assessed next.
In Figure 2-9 above, the bearing number A=6pucoR2/(h2Pa) is the nondimensionalized
rotational speed co (A~3 at design speed), while the load parameter Q=Fd/2RLPa is the
nondimensionalized hydrodynamic force Fhd. The dashed lines represent the analytical
incompressible solution given by Equation (2-20), while the numerical solution of the
compressible Reynolds equation by SPECTRES developed by Pikeos is marked by the
solid lines. The calculations were done for the micro-bearing system with an LID of 0.075.
Due to the small LID, the pressure in the bearing due to the rotor pumping action is small
according to Equation (2-20), and hence the incompressible flow assumption is valid,
which is also verified by the comparison in Figure 2-9.
In addition to the pressure field, there is a viscous stress on the rotor surface due to
the Couette flow:
coR
= o p (2-21)
h
As a result, in addition to the hydrodynamic force due to the rotor pumping action, the in-
tegration of the viscous stress of the above equation over the bearing also generates a net
hydrodynamic force in the direction perpendicular to the rotor displacement with an am-
plitude of
R 2L 1- 1-{2F hd = -2;Tu co (2-22)
ho {14
Thus, this cross-coupled force component can contribute to the destabilizing force driving
the system into whirl instability. In summary, the total cross-coupled hydrodynamic force
becomes
hd RL? _ R2 L 1- 1-{2
Fhd 2 C 1.5 a (2-23)2 ho (1-{2)- ho 41{
The first term is Fphd, the hydrodynamic force due to the pumping action of rotor rotation
(Equation (2-20)), while the second term is Fvhd, the hydrodynamic force due to the vis-
cous drag effect (Equation (2-22)). Note that they are of opposite signs. This indicates
that the total cross-coupled hydrodynamic force can be reduced or even eliminated by
balancing the two components, if they are of the same order of magnitude.
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Dividing Equation (2-22) by (2-20) yields the ratio of the hydrodynamic force due to
viscous drag effect to the hydrodynamic force due to rotor pumping action, which is
2Rh0/L2 when the rotor is centered.
For large-scale conventional journal bearings, such as the ones investigated by Lar-
son and Richardson [24], this ratio is much smaller than 1, since the bearings have an LID
of order 1 and ho/L<<1. More specifically, the bearings investigated by Larson and
Richardson had geometry of L=25.4mm, R=15.9mm, and ho varied from 15pm to 81 gm.
Thus, the ratios of the hydrodynamic force due to viscous drag effect to the hydrody-
namic force due to rotor pumping action are estimated to be between 0.00075 and 0.004.
Therefore, for large-scale conventional journal bearings, the hydrodynamic force due to
viscous drag is negligible compared with the hydrodynamic force due to rotor pumping
action.
On the other hand, for the micro-journal-bearing system, due to the small LID (of
order 0.04-0.075),the ratio of the hydrodynamic force due to viscous drag effect to the
one due to rotor pumping action is of order 1 with L near 300pm and h around 15pm.
Thus, for such low LID, the hydrodynamic force due to viscous drag effect is comparable
in magnitude to the one due to rotor pumping action. Therefore, this effect is not negligi-
ble, and it is found to have a significant impact on the whirl instability limit of the micro-
journal-bearing system, which will be discussed in Chapter 3.
As mentioned earlier, the above analyses and the Reynolds equations are based on
the approximation that the tangential flow is the fully developed Couette-type flow.
However, according to [30], if the flow doesn't have any pre-swirl before entering the
journal bearing and has a high axial velocity, due to the small length, the flow through
time can be comparable to the time scale of the tangential boundary layer development
when the rotor speed is high. In this case, the tangential flow is not strictly Couette flow
in the vicinity of the bearing entrance, and the hydrodynamic force predicted by the mod-
els based on that approximation will be not accurate. The extent of the effect of a flow
that is not fully developed on the hydrodynamic force is still under investigation at GTL.
However, in most cases when either the rotor speed or the axial flow rate is not high, the
approximation is still valid.
It is important to note that the essential physics has been captured in the first-order
models based on first principle analysis; the two components of the cross-coupled hydro-
dynamic force, which act in opposite directions, are of the same magnitude due to the
small LID. In Chapter 3 on whirl instability, it will be shown that this physical mecha-
35
Chapter 2 Basic Fluid and Rotordynamic Models
nism is the key to improving the stability boundary of the micro-bearing system and that
rotordynamic behavior is captured well in the above models.
2.1.4 Damping Force
In addition to the hydrostatic force induced by the pressure difference across the
journal bearing and the hydrodynamic force induced by the rotation of the rotor, the
translational movement of the rotor will generate a damping force. From the following
analysis, one can find that this damping force is proportional to the rotor velocity and in
the opposite direction of the rotor motion.
As shown in the cross-section sketch in Figure 2-10, when the rotor is moving ra-
dially toward the bearing wall, gas in the bearing gap is squeezed out axially. Pressure
builds up, and then a force is generated that acts on the rotor in the opposite direction of
the rotor velocity. This is the damping force, which is derived next.
r
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Figure 2-10: Damping flow induced by the rotor translational motion.
Similar to the hydrodynamic flow, the flow rates induced by the rotor motion in the
circumferential and axial direction respectively are
q, =_ h , a (2-24)12u RO(
h3 ap (2-25)
12p az
And according to the conservation of mass,
z+ R9 =vr (2-26)
az RaO '
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where v, is the radial component of the rotor translational velocity. The above equation
then becomes
Vr+ h + =0. (2-27)
12p R 2 ao 89 12p 8z2
Due to the small LID (<0.075), the second term in the above equation (of order 1/IR2)
is much smaller than the third term (of order 1/L 2), and hence is negligible. Thus, Equa-
tion (2-27) can be simplified to
h3 a2pVr= . (2-28)
'r 12p aZ2
Integrating the equation with respect to x, and considering the boundary condition
p(L,O)= p(0,0)=O, the pressure in the bearing induced by the rotor radial motion p(z, ) be-
comes
p(z,9)= h 3 () (Z - L). (2-29)
Note that both h and vr are functions of 0.
The translational velocity of the rotor v can be decomposed into two directions, in
the direction along the displacement of the rotor c and in the perpendicular direction p, as
sketched in Figure 2-11. Then vr can be expressed as
Vr = VC cos(0) + v. sin(9). (2-30)
The final expression ofp(z,6) can be rewritten accordingly:
p(z,0) = (v, cos(0) + v. sin(0))z(z - L) . (2-31)
Through the integration of Equation (2-31) with respect to z and 0, one can obtain
= C + C,6V jI, (2-32)
where C, and Cp are the damping coefficients in & and p direction respectively:
L, 1+2 2
(2-33)
hT3 (I __ )12
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Figure 2-11: Rotor translational velocity and appropriate coordinate system.
Note that the damping force is proportional to (L/ho)3, a strong function of length
over clearance. The implication is that in order to increase damping, the length must be
increased and the clearance must be reduced.
Besides the damping due to the squeezing effect, the damping force can also be in-
duced by viscous stress on the rotor surface. Due to the translational motion of the rotor,
the viscous stress on the rotor surface will be pvdh-pv/h, where vo is the tangential ve-
locity of the rotor surface. After integration with respect to 0 and x, the damping force
due to viscous drag is found to be of order pvRL/h. Thus, the ratio of the damping force
due to the squeezing effect (Equation (2-32)) to the one due to viscous drag is of order
(L/h)2=400, much greater than 1. As a result, the squeezing effect dominates over the
damping force.
2.2 Basic Rotordynamics
Using the force models and description developed in the last section, the rotordy-
namic behavior of the micro-journal-bearing system can now be investigated.
First, to describe the motions of the rotor, different coordinates will be used from
now on. In the coordinate system adopted, z is along the axis of the rotor, while x and y
define the plane in which the rotor has translational motions, as shown in Figure 2-12.
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Figure 2-12: Coordinate system used to describe the rotor motion (sketch
not to scale).
2.2.1 Rotordynamnic Equations
Due to imperfections in fabrication, such as etch non-uniformities and pattern mis-
alignment, the rotor's mass center is not necessarily at its geometric center. Considering
this circular rotor displaced in a circular bearing, one can find that there are 3 centers in
the system as shown in Figure 2-13: the bearing geometric center (BGC), the rotor geo-
metric center (RGC), and the mass center (MC) of the rotor.
MC
GC RGC
Figure 2-13: Geometric and mass centers, and definition of eccentricity and
unbalance in thejournal-bearing system.
As mentioned in the last section, the eccentricity of the rotor & is the distance be-
tween the bearing geometric center and the rotor geometric center, and the distance be-
tween the rotor geometric center and mass center is denoted by the unbalance of the rotor
a.
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Thus if the coordinates are fixed in the stator frame, the rotordynamic equations can
be written based on Newton's Second Law:
m =Fhs + F hd + FdP +mco 2 acos(wt)X hs X hd X 2(2-34)
mY=F +F7 +Fd +mc 2 a sin(ct)'
where m is the mass of the rotor: X and Y are the displacement of the rotor along x and y
directions respectively: F&S pd and F1dP are the hydrostatic force, hydrodynamic force,
and damping force respectively: and o is the rotational speed. The last terms on the right-
hand side are the centrifugal forces introduced by the unbalance and rotation, and they are
the excitations.
For the simple journal bearing, as shown in Figure 2-13, the geometry is axisymmet-
ric around the BGC. In this case, the rotor will engage in a translational motion--
precessing as it spins due to the unbalance. Due to the symmetry of the system, the orbit
of the precessing rotor geometric center (the dashed circle in Figure 2-13) is a circle with
its center superposed on the bearing geometric center. At the same time, the frequency of
the precession is the rotor rotational speed o, because the frequency of excitation (the
centrifugal force due to unbalance and rotation) is o. Therefore, this motion is called a
synchronous precession [29].
Thus, for this geometrically axisymmetric system, in the rotor frame, the rotor is
static while the stator rotates around the rotor without precession. Then, the forces in this
frame can be viewed as steady. As a result, it is simpler to investigate the rotordynamics
in the coordinates fixed in the rotor frame, and the rotordynamic equations in this frame
become
m - 2oY -2X =Fhs+Fhd + Fdp 2{m~k~ X)=Fhs+ ±F + X (2-35)
m(Y + 2cuk -)2y) =F h +F hd +Fd' + mo 2a,
In these equations, X and Y are the displacement of the rotor along the x and y direc-
tions in the rotor frame respectively.
Without loss of generality, it can be assumed that the dynamic eccentricity , (the ra-
dius of the precession orbit) is in the x direction in the rotor frame. Perturbing the motion
in the rotor frame about the dynamic eccentricity ., X and Y can be written as X= c+x and
Y=y, where x and y are the unsteady perturbations much smaller than &. Then through lin-
earization, the equation above can be divided into two equations: one describes the steady
motion of the rotor, while the other describes its unsteady motion due to the perturbation.
From the first equation, the steady rotor response due to the unbalance can be derived.
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Using the equation describing the unsteady motion, the stability of the system can be ob-
tained through an eigenvalue analysis in the frequency domain.
In order to utilize the results obtained from the last section, the forces are calculated
in the stator frame. This approach is valid because the pressure distributions in the bear-
ing remain the same no matter what coordinate system they are looked at from. Thus, the
rotor velocity of R + co x A in the stator frame is used to calculate the damping force T*,
where A = Xi + Yp . Hydrostatic, hydrodynamic, and damping forces then become
hs s F hs (X2 F hs X2O2
F :hs =F +- x+o(x2)=FX + - x +O(2)F +Kx+O(x2F e ax X+O Fhc aC e
1< =0+ +(y2 _F y+o(y2 )K,, y +O(y2),
aFhd aFhd
Fd =Fhd 2)=F + a Cx+o 2)Fhd\ +Kx+O(x2)
C
Y 16 x 6 ace
Fd =0 +aF hd Y (2= F hd (2 = )y+(y2
x y 6 Y+ =,IY+
F~dp = 0+CE i Cxj'(.i-Wy)+O(k2,Y2)
F 'I 2 2 +C &+a)+O(j2,X2)= jc4 e+C~ j(+M)+O( 2 2
where K denotes the stiffness and is a function of &. K x and Kyy are the direct-coupled
stiffness induced by the hydrostatic force, while KXY and Kyx are the cross-coupled stiff-
ness induced by the hydrodynamic force. CxsC and C,,Cp are the damping coefficients
in the x and y directions respectively. Note that Fhs has a zero steady component in y di-
rection under the assumption that the steady displacement & is in x direction, while ;d
has a zero steady component in x direction due to the fact that the hydrodynamic force is
perpendicular to the displacement of the rotor. dP" has a steady component only in the y
direction because the steady velocity of the rotor is along the y direction due to the pre-
cession.
Substituting the above forces into Equation (2-35) and omitting higher-order terms
in x and in y, the unsteady rotor motion yields
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m(. - 2wp - W 2x) = Ko ,y+C( y)
x.+C,,(.i (2-36)
m( + 2ox - ~y= K,,x + KyY + C, ( + ox)
At low rotational speed, the real parts of all eigenvalues of the above equations are
negative, indicating that the system is stable. However, as the speed increases, some of
the eigenvalues approach the imaginary axis in the complex plane, making the system
less stable. At one rotor speed, the eigenvalues cross the imaginary axis and their real
parts become positive. At this point, the system becomes unstable and the rotor engages
in a whirling motion with exponentially growing amplitude, eventually crashing into the
bearing wall. Thus, using an eigenvalue analysis, the dynamic stability of the bearing sys-
tem can be assessed and the highest rotational speed at onset of instability can be calcu-
lated. From now on, this threshold speed will be referred to as the stability boundary (SB).
On the other hand, the dynamic eccentricity z of the rotor can be calculated from the
equation describing the rotor's steady motion, which can be derived from the steady parts
of Equation (2-35):
-mo2(e +ax )= F hsl (2-37)
-ma, = F hd +Cy6WE
Since a 2 = a2 + a , the sum of the squares of the above equations yields
(m2a)2 =(F hs +M2) 2 + (Fhdle C 2  8
It can be seen that the eccentricity F. is a function of the unbalance a and the rota-
tional speed o, and can be calculated from the above equation. During high-speed opera-
tion, the eccentricity & should be much smaller than the bearing clearance to keep the ro-
tor from crashing into the bearing wall.
2.2.2 Dynamic Response Curve of the Rotor-Bearing System
In order to understand the dynamic and vibratory behavior of the rotor-bearing sys-
tem and to quantify the stable operational range above the critical speed and below the
stability boundary, the rotordynamic response of the system is sketched vs. the rotational
speed according to Equation (2-38) in Figurre 1-17. The stability boundary obtained from
Equation (2-36) is also shown in Figure 2-14.
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Figure 2-14: Typical rotordynamic response curve of the rotor-bearing
system.
The response has a peak at the resonance frequency, which is called the natural fre-
quency, denoted NF (QN). Thus, to avoid the large-amplitude vibrations which may cause
the rotor to crash, the system should be operated at speeds above and below the natural
frequency.
The speed range below the natural frequency is denoted as the subcritical region,
and the range above the natural frequency is denoted as the supercritical region. In the
subcritical region, the response has relatively small amplitude and the rotor basically ro-
tates around its geometric center. In the supercritical region, the amplitude asymptotically
approaches a constant value. It can be shown that this constant value is the unbalance of
the rotor according to Equation (2-38). Therefore, in the supercritical region, the rotor es-
sentially self-centers and rotates around its center of mass (MC).
As discussed in Chapter 1, one of the major challenges in designing and operating
the micro journal-bearing-system is the high-speed operation. Since the design speed of
about 2.4 million rpm is well above the natural frequency, the rotor will be accelerated to
eventually spin stably in the supercritical region. And because the natural frequency of
the micro-journal-bearing system is limited by the low pressure difference across the
journal bearing (Ap<5psig), to reach the high design speed, the whirl ratio (defined as the
ratio of the stability boundary to the natural frequency) should be as large as possible.
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2.2.3 Distance to Contact
The distance to contact (D2C) is defined as the difference between bearing clearance
and the peak amplitude of the response curve as depicted in Figure 2-14.
Because the rotor design speed is much higher than the natural frequency, the rotor
always needs to cross the natural frequency to get into the supercritical region (inverted).
And whether or not the rotor can be inverted depends on the distance to contact: only
with sufficient distance to contact can the rotor be inverted.
In the linear bearing system with the rotor mass m, system damping C and natural
frequency of ON, the damping ratio is defined as C=C/(2mQN), which is essentially the ra-
tio of unbalance to the peak amplitude of the rotor response curve. Due to the small LID
limited by the fabrication, the damping of the micro-bearing system is low according to
Equation (2-33), resulting in a small damping ratio and hence a small distance to contact.
This presents great challenges in both design and operation for the micro-bearing system.
Since the distance to contact is critical for stable high-speed operation, the following
section discusses how to calculate the distance to contact and how the various bearing pa-
rameters affect it.
As the rotor speed co increases, according to Equation (2-38), the rotor eccentricity F
is largest when the first term on the right-hand side of the equation (FhEm a 2d6) 2 is zero,
because the second term (Fd_ Cco) 2 is proportional to d). In this case, the rotor geomet-
ric and mass centers are located relative to the bearing center, as sketched in Figure 2-15.
mQN
MC+
a
BGC RG47
.- ± ....... ..~.................+ - 0
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Figure 2-15: Positions of geometric and mass centers of the rotor-bearing
system at the natural frequency.
Thus, when the rotor spins at the natural frequency ON, the direction of unbalance a
is perpendicular to that of the peak eccentricity e,. The centrifugal force due to the rotor
eccentricity e, is mQN2 cp, balanced by the hydrostatic force hs. In the perpendicular di-
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rection (a), the centrifugal force due to the unbalance a is mQN 2a, and is balanced by the
hydrodynamic force I'd and the damping force CQNep together. Thus the natural fre-
quency QN and peak amplitude 6, are determined by
F hs +M026 =0 (2-39)
and
mco2a = Fhd1 +Cy CONe (2-40)
Then the natural frequency of the system QN can be derived from the first equation and
yields
-Fhs - K
mC m
Substituting Equations (2-23) and (2-32) into Equation (2-40) gives
a Ir p RL 3  , 4 Rh - - 2
- - -- + 4- = T( ) (2-42)
ho 2 mQN ho 1-1 L2  P (
T( N) is denoted as the peak function, which determines the peak amplitude p of the ro-
tor response for a given rotor unbalance level a/ho, and =c/ho is the rotor eccentricity
normalized by the bearing clearance. Then the distance to contact can be calculated by
subtracting the peak amplitude E, from the bearing clearance ho.
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NF=31.6krpm
0.8 R=2.mm, m=10.5mg
ho=15ptm, L=300pm
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Figure 2-16: Peak function.
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Figure 2-16 shows that the peak function monotonously increases with the rotor ec-
centricity. Thus, for a larger unbalance, the peak amplitude of the rotor response 4 is lar-
ger according to Equation (2-42). And for a constant unbalance level a/ho, 4 increases
with the bearing length L and the radius R, while it decreases with the rotor mass m, the
bearing clearance ho, and the natural frequency ON.
2.2.4 Nonlinear Response of the Rotor-Bearing System
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Figure 2-17: Calculated response curves of the rotor-bearing system for the
micro Turbo-Charger device with h=1 5pm, L=300pm, R=3mm, m=70mg and
Ap=0.25psig.
The response curves plotted in Figure 2-17 are calculated for the rotor-bearing sys-
tem in micro-turbo-charger devices with a pressure difference across the journal bearing
Ap of 0.25psig and bearing geometry of clearance h=15ptm, length L=300pm, and radius
R=3mm. The horizontal axis is the rotating speed in rpm, while the vertical axis is the ra-
dial response normalized by the clearance. The numbers on the curves represent the un-
balance a in pm. As expected, the response amplitude increases with unbalance.
It is important to note that the response curves for these devices are skewed and flat,
and the skew and flatness of the response curves result from the nonlinearity of the forces.
If the nonlinearity of the hydrostatic stiffness is neglected, the response curve becomes
un-skewed, as shown in the left-hand-side plot of Figure 2-18.
In essence, it is the nonlinearity of forces that causes the response curve to skew and
flatten: as the rotor approaches the bearing wall, the hydrostatic stiffness increases
nonlinearly, and the response curve leans right. Meanwhile, the damping and hydrody-
namic forces also increase (as manifested by the peak function), and the peak becomes
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wide and flat. If the hydrostatic stiffness decreases with eccentricity as shown in Figure
2-6-b, the response curve will skew left.
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Figure 2-18: Response curve with constant hydrostatic stiffness only (left);
with constant damping and constant hydrodynamic stiffness (right).
Due to the skew of the response curve, there will be a hysteresis phenomenon in the
rotor response. As shown in Figure 2-19, the rotor will follow different paths on the re-
sponse curve depending on whether it is accelerating (speed is increasing and response is
following A-B-C-B-F) or decelerating (speed is decreasing and response is following F-
E-D-B-A). The branch of D-C in the response curve can be found unstable using eigen-
value analysis (see textbooks on nonlinear oscillations for details). Thus, there is a jump
from C to E in the acceleration path, and from D to B in the deceleration path. This hys-
teresis phenomenon is also observed in the experiments [30].
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Figure 2-19: Hysteresis phenomena in the rotor response curve.
2.2.5 Journal Bearing Operating Protocol
Since the rotor design speed is on the order of a million rpm, which is much higher
than the natural frequency of the system, the rotor must be accelerated through the reso-
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nance to the supercritical region to achieve the design speed. Therefore, one of the major
challenges encountered in the experiments was the ability to smoothly transition from
subcritical to supercritical operation when accelerating to high speed.
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Figure 2-20: Response curves at different bearing pressure difference Ap:
distance to contact decreases, while stability boundary increases with Ap.
As discussed in the hydrostatic models, the hydrostatic force increases with bearing
pressure difference Ap (Figure 2-5). According to Equation (2-41), the natural frequency
also increases with Ap. At the same time, Equation (2-40) indicates that the peak ampli-
tude of the response increases with natural frequency and hence Ap, which makes the dis-
tance to contact decrease with Ap as shown in Figure 2-20. Thus, the rotor should be in-
verted at low Ap to avoid possible contact with the bearing wall.
On the other hand, note that whirl ratio (the ratio of stability boundary to natural fre-
quency) is around 5. The whirl ratio is independent of Ap, since it is only a function of
the bearing geometry. This is reflected in the shift of stability boundary to the right as
shown in Figure 2-20, similar to the natural frequency, which is also shown in Figure
2-21. There is a detailed discussion of this topic in Chapter 3: and the whirl ratio can be
higher than 20 for a given bearing geometry.
For stable high-speed operation, the bearing pressure difference Ap needs to be set to
a high value so that the stability boundary is high enough for the system to reach the de-
sign speed. The system needs to be able to both cross the natural frequency and have a
high stability boundary, but there is a conflict in that a low Ap is desired for a large dis-
tance to contact, while a high Ap is desired for a high stability boundary. To solve this
problem, an operating protocol can be developed based on the model results. This operat-
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ing protocol is shown in Figure 2-21 and consists of two major steps: (1) the natural fre-
quencies are crossed at a low, fixed bearing pressure difference Ap and low speed, and (2)
the rotor is accelerated to high speed by increasing Ap and staying within the corridor
bounded by the stability boundary and the natural frequency as illustrated by the shaded
area in Figure 2-21.
500k R=2.1mm, L=300pm
h=12pm, a=1pm
400k m=10mg
300k - N.F.
200k-
100k-
0 -
0 1 2 3 4 5
Ap (psig)
Figure 2-21: Operating protocol for micro-journal-bearing systems.
This type of operating protocol has been successfully implemented in other MIT mi-
cro-devices (the micro-turbo-charger devices and micro-turbo-pump devices) [32]. At-
tempts have also been made to automate the bearing operation by scheduling the journal
bearing supply flow and the turbine main flow using a single pressure source and meter-
ing valves. The "single knob" automated operation of the micro-bearing rig has been ex-
perimentally demonstrated at low speeds and is under further investigation for high-speed
operation.
2.3 Summary and Conclusions
In this chapter, both the rotordynamic and fluid models have been analytically estab-
lished based on first principles. They are capable of dealing with all the elements of, (1)
micro-devices, (2) dynamic response characteristics of axial-flow hydrostatic bearings, (3)
evaluation of stiffness, natural frequency and damping, and (4) evaluation of stability
boundary.
The fluid forces are analytically modeled component by component. The hydrostatic
direct-coupled force is induced by the Lomakin effect. The hydrostatic force is found to
increase with the pressure difference across the bearing Ap, and hence the natural fre-
quency of the system also increases with Ap. Furthermore, the hydrostatic force is a
nonlinear function of the rotor eccentricity, making the rotor response curve either lean
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right with stiffening hydrostatic stiffness or lean left with softening hydrostatic stiffness.
This skewing of the rotor response curve is accompanied by a hysteresis phenomenon.
The hydrodynamic cross-coupled force has two components: one is due to the rotor
pumping action and the other is due to the viscous drag effect. In the micro-bearing sys-
tem, the hydrodynamic force due to viscous drag is comparable in magnitude to the hy-
drodynamic force due to rotor pumping action because of the small LID. And since they
act in opposite directions, these two hydrodynamic force components can cancel each
other, making the net hydrodynamic force vanish. In Chapter 3, it is shown that this has a
significant impact on the system stability boundary.
The damping force is generated by the squeezing effect caused by the rotor transla-
tional motion, and is found to be strongly dependent on the length over clearance of the
bearing. Both the hydrodynamic stiffness and the damping coefficient are strong nonlin-
ear functions of the rotor eccentricity--they increase rapidly as the rotor approaches the
bearing wall. As a result, the rotor response curve becomes wide and flat.
According to the model results, either decreasing the bearing clearance, the rotor
mass, the rotor unbalance, and/or the system's natural frequency to invert the rotor (or
pressure difference across the journal bearing), or increasing the bearing length and/or the
radius can enlarge the distance to contact and help the rotor to cross the natural frequency.
Based on the models obtained in this chapter, the distance to contact and stability
boundary of the micro-baring system can be calculated. Since the distance to contact
should be large for the rotor to be inverted, which requires a low pressure difference
across the journal bearing Ap, and the stability boundary should be high for the system to
reach the high design speed, which requires high Ap, an operating protocol has been de-
veloped to achieve controlled acceleration to high speed.
In the following chapters, the micro-bearing system is further investigated with the
models to be established based on these rotordynamic and fluid models. The experimen-
tal evaluations of these models can be found in Chapter 5.
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Chapter 3
Dynamic Behavior and Whirl Instability
Limit of Isotropic Hydrostatic Micro-
Journal-Bearing Systems
In the last chapter, both fluid and basic rotordynamic models were established based
on first principles. With these models, the stability boundary of the system can be calcu-
lated by an eigenvalue analysis of the linearized rotordynamic equations (Equations
(2-36)). In this chapter, analysis shows that due to the small LID (one order of magnitude
smaller than that of conventional large-scale bearings) and the low Reynolds number
flow (on the order of 100), the ultra-short micro-bearings exhibit different dynamic be-
havior and whirl instability limit than their large-scale counterparts.
More specifically, as discussed in Chapter 2, the two components of the cross-
coupled hydrodynamic force, which act in opposite directions, are of comparable magni-
tude due to the low bearing LID. The consequence is that for a certain range and combi-
nation of geometric bearing parameters the onset of whirl instability resembles singular
behavior with a potentially infinitely high limit speed. This singular behavior of the sta-
bility boundary is unique to the ultra-short micro-bearing system and has not been ob-
served in the conventional large-scale systems. As a result, it turns out to be theoretically
possible to utilize the singularity in stability boundary and design ultra-high-speed/whirl-
ratio micro-bearing systems with a small LID.
The goals of this chapter are to (1) quantify the dynamic behavior and whirl instabil-
ity limit of the hydrostatic micro-journal-bearing systems, (2) investigate the physical
mechanism at play and establish a theoretical understanding of the observed dynamic be-
havior, (3) derive a simple criterion for the whirl instability limit, and (4) develop design
guidelines for stable high-speed operation.
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3.1 Isotropic Journal-Bearing Systems
In the last chapter, a simple axisymmetric journal-bearing system was introduced.
This axisymmetric journal bearing system has a unique characteristic, which is that the
bearing forces are independent of the rotor displacement direction when the rotor is cen-
tered because of the symmetry. Thus, this simple axisymmetric journal-bearing system is
called the isotropic journal-bearing system
a
MC
GC RGC
Figure 3-1: Sketch of isotropic journal bearing.
As discussed in the last chapter, when the rotor is rotating, it precesses synchro-
nously because of the rotor unbalance. Due to the symmetry in the isotropic journal bear-
ing system, the orbit of the precessing rotor geometric center is a circle with its center lo-
cated at the bearing geometric center (BGC, the axisymmetric axis, Figure 3-1).
3.2 Singular Behavior of Whirl Instability Limit
Analysis in the last chapter also shows that the rotor eccentricity (or the radius of the
recessing orbit) is essentially the rotor unbalance when it is spinning well above the sys-
tem natural frequency (the supercritical region). On the other hand, since the stability
boundary of the system is normally much higher than the natural frequency (equivalently
whirl ratio 91 is large), as shown in Figure 2-20 and Figure 2-21, it is reasonable to set the
eccentricity to the unbalance 6=a in the rotor frame to calculate the stability boundary,
because the normal operating speed is several times higher than the natural frequency.
Thus, during the eigenvalue analysis of Equation (2-36) used to find the stability
boundary, the stiffness and damping are calculated at the eccentricity &=a.
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Figure 3-2: Singular behavior of the whirl instability limit of an isotropic
micro-journal -bearing system.
Shown in Figure 3-2, the stability boundary as a function of the bearing clearance is
calculated for a micro-bearing rig, with radius R=2.lmm, length of the bearing L=300 m,
mass of the rotor m=10mg, rotor unbalance a=lpm, and pressure difference across the
journal bearing Ap=2psig. On the plot, the region below the stability boundary curve is
the stable operating region (the shaded area), while the region above the curve is the un-
stable region. There clearly is a singularity in the stability boundary curve at the clearance
h of around 21 pm, which means that the stability boundary can be much higher than the
design speed of 2.4Mrpm for micro-bearing rig with this clearance. But with the narrow
singularity, the bearing clearance fabrication tolerance requirement is beyond the fabrica-
tion capability. This will be discussed in detail in Chapter 4.
80k - R=2.1mm, L=300pim
70k- m=10mg, AP--2psig
a=1pm
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Figure 3-3: Natural frequency vs. clearance.
Since in the conventional large-scale bearings, the whirl ratio 91 (stability boundary
to natural frequency ratio) is about 2, the high stability boundary means there is a high
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natural frequency. The question then arises: does the singularity in the micro-isotropic-
journal-bearing system have anything to do with the system's natural frequency?
The system natural frequency shown in Figure 3-3 is found to have a maximum
around the same clearance. However, careful analysis will indicate that the increase is
only about 50% for the natural frequency, while it approaches infinite for the stability
boundary. Thus, the singularity of the stability boundary cannot be explained by the peak
of the natural frequency; it must be caused by some singular behavior of the whirl ratio 91
instead.
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Figure 3-4: Whirl ratio vs. clearance.
The whirl ratio 91 shown in Figure 3-4 is derived by dividing the stability boundary
in Figure 3-2 by the natural frequency in Figure 3-3. Thus the cause of the singularity of
the stability boundary is the singularity of the whirl ratio.
It should be noted that, according to literature [24], the whirl ratios are always near 2
for large-scale conventional bearings, and this kind of singular behavior has never been
observed in them. Thus, there must be some physical mechanism unique to the micro-
bearing system that causes the whirl ratio to be singular with certain bearing geometry
and can be an order of magnitude higher than that of a conventional large-scale system.
From the following analysis based on first principles, this mechanism is found to be
that the two components of the cross-coupled hydrodynamic force in ultra-short micro-
bearing systems, which act in opposite directions and are of the same magnitude due to
the small LID, cancel each other and hence the net force vanishes with certain bearing
geometry, making the system always stable.
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3.3 Whirl Instability Limit of Micro-Journal-Bearing System with
Zero Unbalance
To understand the underlying physics of the singularity in whirl ratio, it is useful to
starts the analysis with an isotropic journal-bearing system with even simpler dynam-
ics-that is, a system with negligible rotor unbalance. Journal-bearing systems with finite
rotor unbalance will be further investigated in the next section.
When the rotor unbalance is zero, the mass center of the rotor is located at the geo-
metric center of the rotor. Then the radius of rotor precession orbit is zero according to
Equation (2-38) and the three centers (mass center of rotor, rotor geometric center, and
bearing geometric center) coincide. It is convenient to analyze the system in the stator
frame.
3.3.1 Whirl Ratio 91 and Whirl Number W
First, the whirl ratio of the system will be derived by the following analytical ap-
proach through the eigenvalue analysis.
Based on the analysis above and according to Equation (2-34), the rotordynamic
equations for the isotropic journal-bearing system with zero unbalance in the stator frame
become
m, = KXx + KyY + C'i(x1
K (3-1)m = K,,x + KyY + Cyp
As in the last chapter, K denotes the stiffness and C denotes the damping coefficient. The
rotational speed o consists in Kxy and Kyx (the cross coupled stiffness from hydrodynamic
force) - Kxy=kxyo and Kyx=kyxo according to Equation (2-23), where kX, and kyx denote the
intrinsic hydrodynamic stiffness, which is independent of o. Since the system is isotropic
and c=O, due to the symmetry, the stiffness and damping coefficient can be rewritten as
KXX = K,,Y = K hs
- KX, =Kyx= Khd , (3-2)
CX = Cy = C
where Khs is the hydrostatic stiffness (direct-coupled stiffness), Khd is the hydrodynamic
stiffness (cross-coupled stiffness), and C is the isotropic damping coefficient. They are all
calculated at the centered position (&=O). Equations (3-1) can then be simplified to
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{ mz = Khsx-K hd y + Ci (3-3)
my = K hdx + K hsy + C3
Using the Laplace transform (i ->sx, X --+s2x), the characteristic polynomial of Equation
(3-3) yields
m 2 s4 -2mCs 3 -(2mKhs -C2 )2 + 2KhsCs +(K hs ) 2 +(Khd) 2 =0, (3-4)
where s is the Laplace variable.
The system described by Equations (3-3) will be unstable if one or more of the roots
of the characteristic Equation (3-4) have positive real parts. Therefore, at the onset of in-
stability, some roots will be purely imaginary, and hence the Laplace variable s can be
replaced by iQ. Equation (3-4) then becomes
m 2Q4 + 2imCQ3 +(2mK hs -C 2 + 2iK hs C +(K hs ) 2 +(Khd) 2 =0. (3-5)
Separating the real parts from the imaginary parts of this equation, and noticing that m,
Khs Khd , and C are all real, one can obtain
Sm24 +(2mK hs _ C2 2 +(Khs )2 +(K hd 0 (3-6)
2mCg 3 + 2K hsCC = 0
From the second equation of Equations (3-6), 0 is found to be
2 =-Khs/M. (3-7)
Thus, at the onset of whirl instability, the rotor is whirling at the natural frequency of the
rotor-bearing system.
To determine the threshold rotor speed at the onset of the instability, one can obtain
the following equation by substituting Equation (3-7) into the first equation of Equations
(3-6):
c 2 n 2 =(Khd (3-8)
Meanwhile, differentiating Equation (2-23) with respect to f at c=0 gives the expres-
sion for Khd:
RL 1 L2
Khd =,p I- -R .m, (3-9)h2 2 h0  )
where o is the rotor rotating speed. As discussed in the last chapter, the first term on the
right hand side of Equation (3-9) is due to the rotor pumping action, while the second
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term is due to the viscous drag effect. It can be seen that Khd is linearly proportional to the
rotating speed ), Khdcd, and khd is the intrinsic hydrodynamic stiffness, which is com-
posed of two parts:
hd RL 3  R 2Lk =k, -kI,, where, k, -- k,, i - (3-10)P ~ 2 h 3 h 2
In the above equation (3-10), kp and k, are the intrinsic hydrodynamic stiffness due
to rotor pumping action and the intrinsic hydrodynamic stiffness due to viscous drag ef-
fect respectively. It is important to note that khd is only a function of bearing geometry.
Substituting Equation (3-10) into Equation (3-8), the threshold rotating speed at the onset
of instability (Qw) can be obtained:
n2 =o = 02 2 (3-11)W khd)Nk hd)
The above equation can also be rewritten in terms of whirl ratio 91:
9R2 _ =( C .2 (3-12)
ON2 khd
At the same time, according to Equation (2-32), with E=0, the damping C coefficient is
C = -ipR (3-130
Comparing Equation (3-13) with (3-10), one can find that C=-2kp. Substituting Equation
(3-13) and (3-10) into (3-12) yields
C C 2 291 - -- - (3-14)khd k V I -kv/kp 1-2Rho/L 2 -
It is useful to define a non-dimensional parameter denoted as whirl number W,
which only depends on the bearing geometry:
W - k,_ 2Rho
kP L2 (3-15)
The whirl number indicates the ratio of the intrinsic hydrodynamic stiffness due to vis-
cous drag effect to the intrinsic hydrodynamic stiffness due to rotor pumping action. With
this definition, the whirl ratio becomes
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91 = 2 (3-16)
It is important to note that the expression for the whirl ratio 91 is singular when the
whirl number W=1. With R=2.lmm and L=300pm, ho of around 21pm produces a whirl
number W~1 and hence yields an infinite whirl ratio. This explains why it has singular
behavior around ho=21pm in Figure 3-4.
3.3.2 Forward and Backward Whirl
It is important to note that in Equation (3-14), the intrinsic hydrodynamic stiffness
k/id is the denominator, which means that the hydrodynamic force is the driving factor of
the unstable rotor whirling motion. On the other hand, as discussed in the last chapter, the
hydrodynamic force acts in the direction perpendicular to the rotor displacement (8c), and
has two components: the one due to rotor pumping action and the one due to viscous drag
effect, which act in opposite directions and are of comparable magnitude (Figure 3-5).
The ratio of the hydrodynamic force due to viscous drag effect to the hydrodynamic force
due to rotor pumping action is denoted as whirl number W (Equation (3-15)).
Figure 3-5: Hydrodynamic forces for micro-journal bearings with W<1 (left)
and W>1 (right).
In the journal-bearing system with W< 1, the hydrodynamic force due to rotor pump-
ing action is larger than that due to viscous drag effect, resulting in a net hydrodynamic
force acting in the direction of the rotor rotation (the left sketch of Figure 3-5). Then, the
whirling tendency induced by this net destabilizing hydrodynamic force is in the direction
of the rotor rotation. This whirl motion is referred to as forward whirl.
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Contrarily, in a journal bearing with W>1, the hydrodynamic force due to rotor
pumping action is smaller than that due to viscous drag effect, resulting in a net hydrody-
namic force acting in the direction opposite to the rotor rotation (the right sketch of
Figure 3-5). In this case, the whirling tendency induced by this net destabilizing hydro-
dynamic force is against the rotor rotation. This whirl motion is then referred to as back-
ward whirl.
The above discussion on the underlying physics of the whirl motion is supported by
the following simple analysis. To obtain the direction of the whirl motion, it is useful to
introduce the complex eccentricity ---x+y.i, where i2=-1, and then Equations (3-3) can be
combined into one,
m=Khs+iKd(3-17)
Again, at the threshold of instability, the system is neutrally stable. Thus some ei-
genvalues will be purely imaginary, which can be written as iM, implying that E has the
solution of form:
6 = .6 exp(iQt), (3-18)
where, co is the amplitude of the whirl. Substituting this into Equation (3-17) and separat-
ing the real parts from the imaginary parts yields{mQ2 +Khs 0
CQ+Khd = 0 (3-19)
The first equation indicates that the frequency of the whirl is the natural frequency of the
journal bearing, similar to Equation (3-7). Although the second equation is also similar to
Equation (3-12), it contains the information of the whirling direction as well as the
threshold speed (f w),
__ C 2
- = -- .w (3-20)0 kh"d I-W
The above equation is positive when W is smaller than 1, which means the fre-
quency of the whirl Q has the same sign as the threshold rotating speed niw at the onset of
whirl instability. This whirling motion, which is in the same direction as the rotor rotation,
is the forward whirl. On the other hand, the above equation is negative when W is larger
than 1, resulting in a whirling motion in the direction opposite to the rotor rotation: the
backward whirl.
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In addition, if the hydrodynamic force due to rotor pumping action is equal in mag-
nitude to the hydrodynamic force due to viscous drag effect, the net hydrodynamic force
can vanish. As a result, W is 1 and the stability boundary becomes infinite according to
Equation (3-20); this means that the system is stable independent of rotor speed.
More specifically, since the hydrodynamic stiffness Khd is always zero in this case
(W=1), the rotordynamic equations (3-3) then degenerate into two uncoupled equations,
which effectively describe the well-know simple mass-spring-damper systems in x and y
directions respectively:
mz = Khsx±+i
mY = Khsy+Cq (3-21)
These simple mass-spring-damper systems are always stable no matter what the os-
cillation frequency is, given negative stiffness K and damping coefficient C.
Thus, it can be seen from the above analysis that the hydrodynamic force is the de-
stabilizing factor in the journal-bearing system. At the speed of onset of whirl instability,
the rotor is driven into forward or backward whirl depending on the direction of the net
hydrodynamic force. However, if the net hydrodynamic force is zero, the system becomes
stable independent of the rotor speed, resulting in the singular behavior of the stability
boundary.
3.3.3 Simple Criterion for Whirl Instability and Design Implications
The above analysis results in a simple criterion of the rotor whirling motion: the ro-
tor is driven into a forward whirl with whirl number W<1 at the onset of instability or
driven into a backward whirl with W>1 at the onset of instability. More importantly, with
W=1, the micro-bearing system becomes stable independent of the rotor speed, and the
whirl instability limit of the system can be potentially infinite.
Furthermore, a design implication can be obtained from this simple criterion of the
rotor whirling motion: that is, the micro-bearing system should be designed to have whirl
number W of near 1. As a result of this, the two components of the hydrodynamic force
will balance each other and the net destabilizing hydrodynamic force will be minimized,
resulting in a high whirl ratio (Figure 3-6).
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Figure 3-6: High whirl ratio and whirl instability limit for micro-journal
bearings with whirl number W of about 1.
However, a high whirl ratio alone is not sufficient, and there are still more require-
ments to be met in the design. For instance, the natural frequency ON of the system needs
to be high so that 1) the load capacity of the system can be sufficient and 2) the stability
boundary, which is the product of the whirl ratio and the natural frequency, can be high.
Furthermore, the peak amplitude of the rotor response should be small so that the system
can be accelerated through the resonance. In Chapter 2, a dimensionless parameter, the
damping ratio =C/(2mnN), was introduced. This damping ratio is widely used in the lin-
ear system, because it determines the peak amplitude of the response for a given rotor
unbalance.
With the fluid model developed in Chapter 2, the scaling laws for the natural fre-
quency and the damping ratio can be derived based on the linear analysis (see [37] for de-
tails):
A N h (3-22)
(R )pa,
S L )( h )(1 Ap 2 (3-23)
D )R ) P
One of the most critical issues, apart from the high whirl instability limit, is the re-
quirement for a damping ratio large enough to safely invert the rotor from subcritical to
supercritical speeds. Since the damping ratio ( scales with (LID)2, (h/R)-1 and (AP/Pa) 1 2,
a high ( requires a low bearing pressure setting Ap/pa, a large LID and a small h/R. Al-
though the natural frequency increases when decreasing h/R, both decrease when reduc-
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ing Ap/pa. The catch is that for a fixed bearing geometry with a small hIR and a large LID,
the damping ratio and the natural frequency change in opposite directions when increas-
ing the bearing pressure setting Ap/pa: decreases and AN increases, which makes cross-
ing critical frequencies difficult.
The highest possible whirl ratio 91 is desired (typically over 20), which means that
the whirl number W=Dh/L2 should be close to 1 according to Equation (3-15), or the
length-over-diameter ratio LID needs to be equal to the clearance-over-length ratio h/L.
And in the journal-bearing system, h/L is small-about 0.05 in the micro-bearing system
and 0.0006-0.0032 in the large-scale conventional bearings investigated in [24], which is
also required for the damping ratio. Thus the high whirl instability limit requirement de-
mands a small LID (<0.075 in the micro-journal-bearing system): an ultra-short hydro-
static gas bearing with an LID one order of magnitude smaller than that of a conventional
hydrostatic gas bearing yields a whirl ratio 91 one order of magnitude larger than that of a
conventional gas bearing. Or, to put it another way, ultra-high-speed devices that require
high whirl ratios demand ultra-short (small LID) bearings.
Therefore, according to the scaling laws and the simple criterion, one can roughly
find out what the bearing geometry should be if the rotor size changes. For example, if R
increases by a factor of 2, both the bearing clearance h and the bearing length L should
increase by a factor of 2 so that the natural frequency AN, the damping ratio (, and the
whirl ratio 91 (or the whirl number W) can be kept roughly unchanged. Starting from here,
one can further utilize the models established in this chapter and the last chapter, which
account for the nonlinearity of the bearing forces, to make a more accurate design.
3.4 Effect of Unbalance on Whirl Instability Limit
The above analysis has focused on systems with zero or negligible unbalance. In the
real micro-devices, due to imperfections in the fabrication process like etch non-
uniformities and pattern misalignments, the blade height is not uniform and the center of
the blade row circle is not located at the center of the bearing. As a result of this, the de-
vices normally have a rotor unbalance of several microns. How this unbalance affects the
stability boundary of the system is investigated in the following analyses. One can find
that the singular behavior of the stability boundary still exists with the rotor unbalance
and that singularity point shifts with the unbalance.
The unsteady equations of the unbalanced rotor motions in the rotor frame are lin-
earized first about the circular rotor precession orbit. The equations are then analyzed in
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the frequency domain to determine the eigenvalues of the rotor-bearing system so that the
stability boundary can be obtained.
As discussed previously, the isotropic journal-bearing system has a unique and im-
portant feature during high-speed operation: that is, the rotor spins around its mass center,
or the radius of its precessing orbit equals its unbalance. With this feature, the rotordy-
namics can be modeled more simply in the rotor frame as Equation (2-36), which is cop-
ied below:
m( - 2o -C 2 x)= Kx + Ky +C,( - o(y)
m(Y+ 2#k -W2y) Kyxx + K,,y + C, (j + x) (2-36)
The stiffness K and damping coefficient C in the above equation are calculated at rotor
eccentricity E=a (the unbalance). It is useful to introduce the following variables:
SxxmKxxm+d, Sy,K,,/m+w2 , Sxja(Kx,-Cxc)/m, Syx=(Kyx+Cyco)/m, DmCx/m, D),Cylm,
Dxy2c, and Dyx=-2c. With these variables, Equation (2-36) can be rewritten as
3 = Sxxx + Sxyy + D,k + DY (324{ x=~ x±~~y±~ .*D4 (3-24)
Using the Laplace transformation, the characteristic polynomial of the above equation is
found to be
s 4 - (Dx + DY) S1 + (DXDY 
_ D'YD, 
_-(Sx + S, ))S2 (-5
+ (SXYD + SXD, - SXD,, - S D. p s + S"S, - SS, =0,
where s is the Laplace variable. Similarly, at the onset of instability the Laplace variable s
is purely imaginary, and can be written as iQ. Substituting this into Equation (3-25) and
separating real parts and imaginary parts, one can obtain
Q4 +(DDy+(Sz + SJ-D.D,, )n2 + S.S, - SXS =0, (3-26)
and
(D. + D, 2 + SD + SD 9, - S D - S, D = 0. (3-27)
Equation (3-27) shows that the whirl frequency is the system natural frequency as
previously determined for the bearing systems with zero rotor unbalance. Substituting
Equation (3-27) into Equation (3-26) yields the following equation. The stability bound-
ary can then be calculated.
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(SXYDYX + SYXDXY - SD, - S,D), 2
2 M s-s syy(D( +DD) )(3-28)
SD +S Dx -+ D -S
Note that Ku,=kxyo and Kx=kyxo, implying that Sxj, (kx,-Cx)/m, Sxs=4kx+C,)1m,
and then Equation (3-28) can be rewritten as
ACO 4 +BO 2 +E=0; (3-29)
where
A = 4(k, - k, 2
B=2( k,, k,} )Kx - K,, )( C, -C, + (Cx + C,|2 ( Kx + K,, )
+ ,,+kC )C2C -kkC +,
m
C, C, (Kx. - K,,| 2 Cx C,(C, + CY KxxC, + K,, CxE= ( 2 + ( 
-m
Thus the stability boundary can be calculated by solving Equation (3-29). Since the
equation is singular for A=O, the stability boundary of the system with non-zero unbal-
ance will also have singular behavior with A=0. It is important to note that A, B, and E are
calculated at the eccentricity , of the rotor unbalance a.
Furthermore, A=4(kxy-kyx) 2=0 if and only if kxy=kyx. As discussed in the last chapter,
kx,=Kxyow -pld/gco and k,=Kyxaor- W'd/oe and JdFp-FP , where Fp is the hydrody-
namic force due to the rotor pumping action and F, is the hydrodynamic force due to the
viscous drag effect. Thus kx,=kyx gives
aF 8
F + t e E=F + " e (3-30)
a e a e
F*mF+eaF/&g is denoted as effective force. Then with Fp*= F*, the system with non-
zero unbalance is stable independent of rotor speed, which is consistent with the result
obtained for the system with zero unbalance (Equation (3-21)). Note that these effective
forces are also calculated with E=a.
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Therefore, hydrodynamic force is also the destabilizing factor in systems with non-
zero unbalance. The unbalanced rotor can also evolve into either the forward or backward
whirl at the onset of whirl instability, depending on the direction of net effective hydro-
dynamic force. Furthermore, since the two components of the hydrodynamic force are
different functions of the rotor eccentricity (Equation (2-20) and (2-22) respectively), one
can expect that the singularity point (or the balance point of the hydrodynamic force)
shifts with the rotor unbalance (which determines the eccentricity at the operating condi-
tions). This effect of unbalance on stability boundary is clearly captured in Figure 3-7.
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Figure 3-7: Whirl ratio vs. whirl number for various levels of rotor
unbalance.
It has been mentioned several times that when the rotor is spinning, it also precesses
due to the unbalance. At the onset of instability, the rotor also engages in another motion:
whirl about the bearing center. Thus, the rotor will engage in 3 modes of motion super-
imposed on one another at the onset of whirl instability: rotation at rotational speed o,
precession with the frequency of o (synchronous precessing), and whirl at the natural
frequency of the system.
3.5 Summary and Conclusions
The ultra-short isotropic micro-journal-bearing system has been investigated in this
chapter. Based on first-principle analysis, a singular behavior of the stability boundary
was discovered in this bearing system that has not been observed in large conventional
gas journal bearings. The profound physical mechanism of this unique singularity is that,
due to the small LID in the ultra-short micro-bearing system, the two components of the
cross-coupled hydrodynamic force-hydrodynamic force due to rotor pumping action
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and hydrodynamic force due to viscous drag effect, which act in opposite directions-are
of comparable magnitude and are capable of canceling each other.
Furthermore, the analysis shows that it is the hydrodynamic force that destabilizes
the system and drives the rotor into a whirling motion, which is the same as in the large-
scale gas bearings. A simple criterion of the whirl instability was established based on
first-principle analysis: that is, at the onset of whirl instability, the rotor will be driven
into forward whirl if the hydrodynamic force due to the rotor pumping effect is larger
than the hydrodynamic force due to the viscous drag effect, and otherwise it will be
driven into a backward whirl. Furthermore, a system with a net zero hydrodynamic force
will always be stable, resulting in the singular behavior of the stability boundary. As dis-
cussed in Chapter 2, the approximation of the flow in the bearing as a fully developed
Couette-type flow in the tangential direction may not be accurate with high axial velocity
and rotor speed. As a result, the singularity point may shift from the model prediction.
The whirl ratio may also be higher than the prediction, because the hydrodynamic force is
smaller with an undeveloped flow. These effects are still under investigation.
The highest possible whirl ratio 91 (over 20) is desired so that the high design speed
can be reached with the natural frequency of the micro-bearing system. This means that
the whirl number W should be close to 1, so that the destabilizing hydrodynamic force is
small and the singularity of the stability boundary can be utilized. In other words, the
length-to-diameter ratio should be equal to the clearance-to-length ratio, L/D=h/L, in or-
der to obtain a high whirl ratio. This means that for a small h/L, governed by the damping
coefficient (Equation (2-33)) and damping ratio (Coc(h/R)-1(L/D)2) requirements, the bear-
ing length-to-diameter ratio LID should be small and of order h/L. Thus, the high whirl
instability limit requirement demands a small LID: an ultra-short hydrostatic gas bearing
with an LID one order of magnitude smaller than that of a conventional hydrostatic gas
bearing yields a whirl ratio 91 one order of magnitude larger than that of a conventional
gas bearing. Or put another way, ultra-high-speed devices that require high whirl ratios
demand ultra-short (small LID) bearings.
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Chapter 4
Dynamic Behavior and Whirl Instability
of Anisotropic Hydrostatic Micro-Gas-
Journal-Bearing Systems
In the previous chapter, the ultra-short isotropic hydrostatic micro-journal-bearing
system was investigated. In that system, the two components of hydrodynamic force are
found to be able to balance each other with certain bearing geometry, causing a singular-
ity in the system stability boundary. Because of this, ultra-high-speed devices which re-
quire high whirl ratios demand ultra-short (small LID) bearings.
Furthermore, a design of the journal bearing for a micro-bearing rig can be obtained
from Figure 3-7, which is plotted below using the stability boundary (SB) and clearance h
of the bearing in Figure 4-1:
3.G fabrication unbalance
tolerance a=1pm
2.5 requirement 
- - a=3pm
2. -- a=5pm
1.0
forward / backward
0.5 whirl -, whirl
10 14 18 22 26 30 34
h (pm)
Figure 4-1: Stability boundary as a function of bearing clearance for typical
levels of rotor unbalance.
According to [4] and [30], the rotor unbalances are normally from 1 pm to 5 pam due
to the varying height of the blades caused by etch non-uniformity and misalignment be-
tween the blade ring center and the rotor geometric center. Moreover, control of the fab-
rication process is limited. Therefore, to stably operate the micro-devices at high design
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speed (2.4 million rpm at !'.p of S psig) with any possible rotor unbalance from I to Sl'm, 
the journal bearings should be designed and fabricated with a bearing clearance of 
22.2±0.8 I'm. 
Unfortunately, journal bearing clearances with such tight tolerance (±0.8 I'm) can 
hardly be fabricated according to [4]. As mentioned in the introductory chapter, the MIT 
micro-devices are fabricated on si licon wafers using Deep Reactive Ion Etching (ORlE). 
Due to the limitations of this manufacturing technology, when etching a journal bearing 
trench that is 300 I'm deep and 22.S I'm wide at a radius of 2.1 mm, the fabrication uncer-
tainty can be as much as 2 I'm in bearing clearance and 20 I'm in bearing length. Thus, 
the fabricated bearing clearance can be easily off target, resulting in a reduction of the 
maximum achievable rotor speed to roughly half the design speed. 
Furthermore, when designing a bearing to reach a specific speed, a safety margin is 
normally needed, and thus the designed micro-journal bearing should have an even higher 
stability boundary. This makes the fabrication tolerance requirement even tighter. For ex-
ample, a stability boundary of 3 million rpm, with only a modest safety margin (2S%), 
requires a tighter tolerance of ±0.6 I'm, which is impossible to achieve using the current 
fabrication technologies. 
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Figure 4-2: Elimination of Singular behavior in stability boundary and 
relieved fabrication tolerance requirements due to hydrostatic stiffness 
anisotropy. 
4.1 Symmetry: Enemy of Stability 
The novel micro-gas-journal bearing configuration presented in this chapter to solve 
the problem above is based on the idea of bearing support stiffness anisotropy. The con-
cept is to break symmetry in hydrostatic direct stiffness and thus eliminate the narrow 
singularity of the stability boundary. This relieves the fabrication tolerance requirements 
and further increases the whirl instability limit of the system. These effects are conceptu-
ally shown in Figure 4-2, with a comparison to an isotropic journal-bearing system. 
4. 1 Symmetry: Enemy of Stability 
It was suggested by Smith (1933) [27] that when there is considerable lack of sym-
metry in the bearing support stiffness, the transition speed from stable to unstable opera-
tion is high compared with critical speeds even if there is no stationary damping. And 
Ehrich (1989) [28] analyzed the stability boundary of a Jeffcott rotor model for a repre-
sentative range of values of support stiffness anisotropy and system damping ratio. The 
results showed that anisotropy is effective in suppressing of instability for lightly damped 
systems, but less so for systems with higher damping. 
It will be shown through both analytical modeling and numerical simulations that, 
the hydrostatic anisotropy introduced to the micro-journal-bearing system can greatly im-
prove the stability boundary of the system and eliminate the narrow singularity. 
4.1.1 Anisotropic Bearing System Configuration: Part-Bearing System 
In anisotropic journal-bearing systems, the hydrostatic stiffness is different in the 
two perpendicular directions (principal directions). One of the implementations of this 
kind of journal-bearing system is the part-bearing system that is used in micro-bearing-rig 
devices. There are many other ways to realize the anisotropy in the micro-bearing system 
that will be introduced later in this chapter. 
Since the bearing feed pressure and flow rate govern the hydrostatic stiffness, anisot-
ropy can be introduced by reducing or increasing the amount of flow through a circum-
ferential sector of the bearing gap. The simplest configuration is to block the flow 
through two circumferential sectors, as depicted in Figure 4-3. 
The two remaining circumferential sectors are fed with pressurized air from plena 
located on the aft side of the rotor. Since the axial clearance gap between the rotor and 
the static structure in the blocked region is small and yields high flow resistance, the hy-
drostatic pressure buildup is limited, and thus the hydrostatic force is reduced in these lo-
cations. As a consequence, the hydrostatic stiffness in the X and Y directions will be dif-
ferent, introducing anisotropy in the journal bearing stiffness. Note that the journal and 
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rotor geometries are still circular and axisymmetric, and that asymmetry is introduced 
only in the hydrostatic feed air system (without the blocked feed regions, the journal 
bearing is axisymmetric and the hydrostatic stiffness is isotropic). 
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Figure 4-3: Sketch of the part-bearing system. 
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The models for the hydrostatic force and stiffness are similar to the ones for the iso-
tropic journal-bearing system derived in Chapter 2, except that the circumferential inte-
gration ranges are limited to the two plena (2a) instead of the whole circumference (2n).
The stiffness calculated for the part-bearing system is shown in the plot Figure 4-4, com-
pared with the one calculated for the isotropic system which, has the same bearing ge-
ometry otherwise.
It is worth noting that the hydrostatic stiffness in Y direction (KY) doesn't decrease
much, while the one in X direction (K,,) is reduced by a factor of 3. Thus, using this part-
bearing configuration, the anisotropy of hydrostatic stiffness is introduced to the micro
journal-bearing system. The following analysis on the anisotropic bearing system is based
on this part-bearing configuration without losing generality.
4.1.2 Dynamic Response Curves of Anisotropic Bearing Systems
Due to the anisotropy of the system, which breaks the axisymmetry in the isotropic
system, the rotor precession orbit in the anisotropic bearing system will not necessarily be
circular. The following linear analysis shows that both the response curve and the orbits
in the anisotropic system are different from those in the isotropic journal-bearing system.
The results show that the anisotropic journal-bearing system has two natural frequencies
due to the direct coupled hydrostatic stiffness anisotropy.
First, to get a rough picture of the rotor precession orbits and response curves in the
anisotropic bearing system, the rotordynamic equations in the stator frame (Equations
(2-34)) are linearized around the centered position, which yield
mj = K~x + K ,y + Ci + MC2a cos(cot)
my = K,,x + K,,y + C, p + ma 2 a sin(ot) (4-1)
Since the stiffnesses in X and Y directions are different in the anisotropic bearing system,
there are two natural frequencies in the system. Like the natural frequency of the isotropic
bearing system, the ones in the anisotropic bearing system can be calculated from the hy-
drostatic stiffness:
Q,= ",Q, (4-2)
m m
Equations (4-1) describe forced oscillations. The solutions of the oscillations are in the
form x=xssin(ot)+xecos(ot) and y=yssin(t)+ycos(o)t). Substituting these into the above
equation, equations of xs, xe, ys and ye can be derived:
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Figure 4-5: Amplitudes, phases, and the rotor precession orbits as
functions of the rotational speed.
Thus the amplitude and the phase of the rotor response can be calculated using
Equations (4-3). The results shown in Figure 4-5 are calculated for the part-bearing sys-
tem with unbalance 3 pLm, Ap 0.5 psig, and a of 1100. The amplitudes of the responses
are normalized by the bearing clearance, which is 15 pm. Amplitude larger than 1 at the
higher resonance in the plot means that the rotor cannot cross the natural frequency, ac-
cording to the linear model.
Judging from the amplitude and the phase change of the rotor response plotted in
Figure 4-5, as expected, one can find that there are two resonances (natural frequencies)
in the anisotropic bearing system, which is different from the isotropic system. At the
lower natural frequency, the amplitude of the rotor response curve in X direction has a
peak, and the corresponding phase is shifted by 1800. Thus this natural frequency is de-
noted as the natural frequency in X direction, Q. Similarly, at the higher natural fre-
quency, the rotor response curve in Y direction has a peak with the corresponding phase
72
4.1 Symmetry: Enemy of Stability
shift of 1800, and this natural frequency is denoted as the natural frequency in Y direction
Similar to the curve for the isotropic system, the response curve in each direction in-
creases with speed in the subcritical region, while it approaches the unbalance of the rotor
in the supercritical region. Thus the rotor in the anisotropic bearing system also spins
around its mass center when the rotational speed is far above the natural frequencies.
It is important to note that the rotor precession orbit in the anisotropic bearing sys-
tem is not circular as plotted in Figure 4-5 (red ones) when the rotational speed is not
high. Moreover, when the rotor speed is near one of the natural frequencies, the orbit al-
most shrinks to a line. This feature of the anisotropic bearing system also distinguishes it
from the isotropic system.
Also note that the calculations shown in Figure 4-5 are based on the linearized Equa-
tion (4-1), and thus the nonlinear behavior of the rotor response curve, including the skew
and flatness that were observed for the isotropic system with nonlinear bearing forces in
Chapter 2, is omitted. If the nonlinearities of bearing forces are accounted for, there will
be skewness and flatness in the response curves for the anisotropic bearing system. Most
importantly, the nonlinearities of the bearing forces can greatly reduce the peak ampli-
tudes, and hence the rotor can cross the natural frequencies in the above system. This
nonlinear effect will be further investigated later using numerical simulations.
4.1.3 Whirl Instability Limit of Anisotropic Bearing Systems with Zero
Unbalance
When the rotor is precessing induced by the rotor unbalance, the bearing force varies
with time due to the anisotropy of the hydrostatic stiffness, and it is difficult to solve this
time-dependent system through analytical approaches. To simplify analysis and enable an
analytical approach, the rotor unbalance is assumed to be negligible in the following
analysis, and the eigenvalue analysis can then be used for the linearized equation of the
unsteady rotor motion to derive the stability boundary of the anisotropic bearing system.
Furthermore, it can be shown that the equation of the stability boundary for the anisot-
ropic journal-bearing system is the generalized form of that for the isotropic journal-
bearing system.
As discussed in the last chapter, when the rotor has negligible unbalance, the radius
of the rotor precession orbit is zero, or the rotor is fixed at the bearing center when spin-
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ning. Then the rotordynamics can be investigated in the stator frame with Equation (3-1),
which is repeated below:
m, = K,x + KxyY + Cx (-1
m5 = (3-1)my = Kyxx + KyY + Cyp
Note that the stiffness K and damping coefficient C in the anisotropic bearing sys-
tem are different from those of the isotropic journal-bearing system in Chapter 3, due to
the partial blockage of the journal-bearing flow. Still, KXX and KY denote the direct-
coupled hydrostatic stiffness, Kxy and Kyx denote the cross-coupled hydrodynamic stiff-
ness, and Cx and Cy denote the damping coefficients in X and Y direction respectively.
Using the Laplace transformation, the characteristic polynomial of the above equations
can be obtained:
m2s4 -m(C, +C,)sY -[m(Kx + Kyy)-CC, s2
+ (K.C, + KYYCxp+ KXXKy- KXYK =0.
where s is the Laplace variable.
Then the system described by Equations (3-1) will be unstable if one or more of the
roots of the characteristic Equation (4-4) have positive real parts. At the onset of instabil-
ity, the system is neutrally stable, and some of the roots are purely imaginary. With this
situation, the Laplace variable can be replaced by iQ, and Equation (4-4) becomes
m 20 4 +im(C, + C,}03 +[m(K. + KY )-CC, ]2
+ iKxxC,+ KyyCx + KXXKYY- KXYK = 0.
Decoupling the real parts and the imaginary parts of the above equation and noticing that
m, Ks, and Cs are all real yields
m 2n4+[m(K + KY,,)-CC Y 2 + KKy - KKX = 0
m(Cx + C, )n3 +(KxC, + KC)=0 (4-6)
The whirl frequency at the onset of instability can be derived from the second of the
above equations:
m C+K±o2 Kx _ Y + K x (4_7)
m(Cx + C,)
As a result, whirl frequency 0 is the damping weighted average of the natural frequencies
in X and Y directions.
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In order to get the threshold speed at the onset of whirl instability, substituting equa-
tion (4-7) into the first equation of (4-6) yields
KX CY + KY CX (KX - K YY)
K;,,C=-+C,-yyC (+Q KYY)2 (4-8)KXYKX = CXCY m(C, + C,). (CX + C,) 2 _.48
As discussed in Chapter 2, the hydrodynamic stiffness Kxy and Kyx are linearly propor-
tional to the rotational speed o: Kxykxyco and Kyx=kyxc, where ky and kyx are the intrinsic
hydrodynamic stiffness independent of the rotational speed. Note that the rotational speed
w-Qw, the threshold speed at the onset of instability, and the above equation then be-
comes
n2 CXCY n2(KX-K KVQW = X - Y ( + . (4-9)
Equation (4-9) shows that the stability boundary of the anisotropic journal-bearing
system depends on the ratio of the damping coefficient and the intrinsic hydrodynamic
stiffness, similar to that of isotropic journal-bearing system (refer to Equation (3-20)).
Furthermore, in the isotropic limit as described by Equations (3-2) (repeated below),
K{ =K, =Khs
- K =K K hd(3-2)
ICX = C, =C
Equation (4-9) degenerates exactly into Equation (3-11), the equation of the stability
boundary for the isotropic journal-bearing system with zero rotor unbalance. Therefore,
Equation (4-9) is the generalized form of Equation (3-11).
Note that the hydrodynamic stiffness is in the denominator of Equation (4-9), which
means that it is also the destabilizing factor in the anisotropic system. A large hydrody-
namic stiffness also results in a lower stability boundary in the anisotropic system. There
fore, one of the design guidelines of the anisotropic system is to reduce the hydrodynamic
stiffness as much as possible.
In addition to the above similarities, Equation (4-9) is different from Equation (3-11)
in the following two aspects:
First, due to the anisotropy in hydrodynamic and damping forces, the ratio of the
damping coefficient to the intrinsic hydrodynamic stiffness in the anisotropy journal-
bearing system is of form CxC/kky, instead of (C/khd) 2 in the isotropic system.
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Normally', the hydrodynamic force due to the rotor pumping action Fphd is larger or
smaller than the one due to the viscous drag effect Fvhd, and hence the net hydrodynamic
force acts in either a clockwise or counterclockwise direction. As a result, ky and kx are
of different signs, which makes CXC,/kXkx positive and makes a real root of Qw exist
in Equation (4-9).
Another difference between Equation (4-9) and (3-11) is that Equation (4-9) has an
additional term: (K,&-Kyy)C )2. This means anisotropic hydrostatic stiffness helps
stabilize the system. Furthermore, the ratio of this additional term to the first term n2 in
the square brackets is
(K. - K,, )2
(C +C - mK hs (4-10)
KXXC, + K,,YCX C2
m(CX + C,)
where Kh' is the hydrostatic stiffness and Kxx, K~y and Khs are of the same order of magni-
tude. The ratio of Equation (4-10) is on the order of 500 with a pressure difference across
the journal bearing Ap of 0.5psig, and is much larger with a higher Ap. Therefore, the ad-
ditional term (Kx-Kyy) Y)2 dominates in Equation (4-9) for the system stability
boundary.
The stability boundary plotted in Figure 4-6 (red dashed line) is calculated for the
anisotropic bearing system based on the analytical model above, with a comparison to the
stability boundary in the isotropic journal-bearing system (black solid lines). One can
find that the anisotropy introduced by the anisotropic bearing configuration is a effective
way to increase the system stability boundary, and it opens the window of stable opera-
tion so that the tolerance constraints can be greatly released.
Furthermore, the stability boundary in the anisotropic journal-bearing system as a
function of pressure difference across the journal bearings Ap is plotted in Figure 4-7 (the
red dashed line), compared with the one in the isotropic journal-bearing system (the black
solid line). Both bearing systems have the same bearing dimensions: R=2.lmm, h=15 Pm,
and L=300ptm. The comparison shows that the hydrostatic stiffness anisotropy greatly
enhances the stable operating range: i.e. at a bearing supply pressure of Ap=5psig, the
bearing top speed of 700KRPM in the isotropic case is increased to a maximum stable
There are rare cases where kx, and ky, have the same signs with certain bearing geometry, and the right hand side of
Equation (4-9) is negative. In these cases, the unstable motion of the rotor is not the whirling motion, and the system
stability boundary is not governed by Equation (4-9), which is discussed in Appendix A.
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speed of over 3 million rpm using the anisotropic bearing configuration sketched in
Figure 4-3.
3M- Isotropic
---- Anisotropic
2M
C
"M
4-0(I)
10 15 20 25 30
h (pm)
Figure 4-6: Stability boundary for the anisotropic bearing system with zero
unbalance, compared with the stability boundary in the isotropic bearing
system.
3M R=2.1mm
L=300pm
af h=15pm
.f a=0pLm
0- stable operation
range extention
/ sotro i
0
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Ap (psig)
Figure 4-7: Stable operating range extension using anisotropic bearing
configuration.
4.1.4 Stabilization Through Hydrostatic Stiffness Anisotropy
To investigate the underlying mechanisms of why the hydrostatic stiffness anisot-
ropy can greatly improve the system stability boundary, the following simplifications can
be made. Since the second term on the right-hand side of Equation (4-9) is much larger
than the first, the latter is negligible. Furthermore, the anisotropic bearing system can be
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simplified by considering anisotropy only in the hydrostatic stiffness while keeping the
hydrodynamic stiffness and damping isotropic, as in Equation (3-2). Equation (4-9) then
reduces to
w K - K
2kh I
(4-11)
where kd is the intrinsic hydrodynamic stiffness. Then, in addition to keeping the cross-
coupled hydrodynamic stiffness ed as low as possible, the anisotropic journal-bearing de-
sign can also use as large a difference in hydrostatic stiffness between the two orthogonal
directions IKx,-K,, as possible to further increase the stability boundary.
The physical mechanism behind the enhanced stability margin and increased rotor
speed at whirl instability onset is demonstrated as follows. The hydrostatic and hydrody-
namic forces acting on the rotor for an anisotropic bearing configuration are depicted in
Figure 4-8. Due to anisotropy in hydrostatic stiffness, Kx,#K, as shown above, the hydro-
static force F"' has a non-zero component in the tangential direction 0:
F,' = F hs cos()- F ' sin(9) = (K, - K. )e sin(9)cos(9). (4-12)
Y F h
F= KyF =/is
Y 0
0O x
Figure 4-8: Hydrostatic and hydrodynamic forces in the
bearing system.
anisotropic journal-
The hydrodynamic force Ehd=kdco, acts in the direction perpendicular to the rotor
deflection, and the net force in the 0 direction then becomes:
F, = k"M- (K. -K,)sin(20) e. (4-13)
Thus the net tangential force is sinusoidal in the circumferential angle , with an av-
erage value of kd2o& and a variation of IKxx-K,|s/2.
78
4.2 Numerical Simulation, Whirl Instability Limit for Systems with Unbalance and Sideload
When the rotational speed o is higher than Qw given by equation (4-11) and hence
|do>IK-K yyl, the tangential force F will be positive (when kd>O) or negative (kd<O)
independent of the rotor circumferential location 9. This means that with this speed, the
direction of FO stays the same (either counterclockwise or clockwise) no matter where the
rotor is in the bearing. Take the case where hd>O, for instance: when the rotor is dis-
placed from its centered position due to perturbations, the tangential force FO will accel-
erate the rotor in the counterclockwise direction. Since F is always in the counterclock-
wise direction (though its amplitude varies), it keeps accelerating the rotor in that direc-
tion and inputting energy into this tangential motion. Therefore, the rotor tangential ve-
locity keeps increasing and the radius of the corresponding orbit will grow. As a result,
this tangential counterclockwise motion driven by the hydrodynamic force becomes un-
stable, and the rotor engages in a forward whirl.
Conversely, when the rotational speed o is lower than Q w given by Equation (4-11)
and hence IkdCo$Kxa-Kyyl, the tangential force F is positive when the rotor is located in
some circumferential sectors of the bearing and negative when the rotor is located in
other sectors. In this situation, as the rotor moves around the bearing counterclockwise or
clockwise, it is accelerated by F in some portions of its trajectory, while it is decelerated
by F in other portions. Thus, F pumps the energy into the tangential rotor motion as
well as takes the energy out. Therefore, the energy of the rotor tangential motion will not
grow as in the above case, and the system is stable.
It is the anisotropy of hydrostatic force that acts against the destabilizing hydrody-
namic force, stabilizing the system. To make the micro-bearing system stable, the hydro-
dynamic force, as the destabilizing factor, should be made as small as possible, while the
anisotropy of hydrostatic force, as the stabilizing factor, should be made as large as pos-
sible.
4.2 Numerical Simulation, Whirl Instability Limit for Systems with
Unbalance and Sideload
The above analysis has assumed negligible unbalance on the rotor and thus allowed
the linearization of the rotordynamic equations around the centered position as shown in
Equations (3-1). However, as mentioned at the beginning of this chapter, since the rotor
unbalances are normally 1~3 pm or even larger, they are not negligible in comparison to
the bearing clearance and inevitably drive the rotor into a precessing motion. Although
the rotor precession orbit is almost a circle with its center located at the rotor mass center
at high rotational speed, the amplitude of the bearing forces acting on the rotor varies
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with the rotor position due to the anisotropy of the system. Thus, the dynamics of the sys-
tem are time-dependent, which is nonlinear and cannot be solved analytically.
Furthermore, to accurately calculate the peak amplitude of the rotor response and
hence the distance to contact, the rotor dynamics need to be investigated at the natural
frequencies of the system with the nonlinearity of the bearing forces. As shown by the
linear analysis in the last section, the rotor precession orbit in the anisotropic system is
not circular at natural frequencies (Figure 4-5). Therefore, the analytical approach to cal-
culating the peak amplitude of the rotor response curve used for the isotropic system in
Chapter 2 becomes inappropriate for the anisotropic system. Because of this, a numerical
simulation is the only suitable way to calculate the peak amplitude of the rotor response.
In addition, if the journal bearing supply pressures of the two feed plena are different,
the rotor will experience a side-load and the journal bearing clearance will decrease on
one side, introducing nonlinear behavior of the bearing fluid forces at larger eccentricities,
which also requires a nonlinear numerical simulation.
4.2.1 Numerical Simulation of the Rotordynamics for Anisotropic
Bearing Systems
Rotational Orbits of o e r s an.
speed (o rotor te nuact
Pressure
supplies to r, ---------
Beaingthe plena Stabilitygeometry Displacementburdy
Nonlinear
Velocity resonances
Forces acting masjs Of Aceeaio oo
on rotor rotor of rotorunane
Figure 4-9: Flowchart of the numerical simulation.
The rotordynamics Equations (2-34) can be simulated by using the numerical ordi-
nary differential equations (ODE) solver, with the structure of the numerical simulation
program sketched in Figure 4-9.
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In every time step of the simulation, the bearing forces are computed with the given
rotational speed, pressure supplies, and geometry of the bearing as well as the velocities
and displacements of the rotor, using the fluid models developed in Chapter 2. Then, with
the mass and the rotor unbalance, the acceleration of the rotor can be calculated according
to Equations (2-34). The ODE solver integrates the acceleration into the rotor velocity
and displacement afterward. All these calculations are repeated in every time step and en-
closed by the red dashed line box in Figure 4-9.
After all the iterations, with the rotor displacements computed from each time step,
the rotor precession orbit can then be plotted. From the orbit, one can obtain the ampli-
tude of the rotor response and determine whether the system is stable at that particular
speed.
Furthermore, by altering the rotational speed and repeating the above process of
simulation, the distance to contact can be obtained by searching the peak of the rotor re-
sponse, and the stability boundary can also be derived by searching the threshold speed at
the onset of instability.
The characteristics of the micro journal bearing
Radius (mm) Length (um) Clearance (um) Imbalance (um) Mass of the Rotor (mg)
2.1 300 15 10.5
Angle of the plenum (degree) 110
Gas properties Operation Condition
Density (Kg/m^3) Viscosity (uPars) Dp in up plenum (Psig) Dp in lower plenum (Psig)
1.25 1 17.8 0.5 0.5
Rotational speed (KRPM 5
Calculate the Natural Frequency and the Stability Boundary by linear model>
Natural Frequency (KRPM) X direction: 9.19896 Y dikection: 15.7147
Stability Boundary by linear model (MRPM) 0.123752
Close Simulate (mass center)>>> Simulate (geometric center)>>
Figure 4-10: Interface of the numerical simulation program.
Figure 4-10 shows the interface of the developed simulation program. In this inter-
face, the bearing geometry (R, L, h, a, m and a) and gas properties (density and viscosity)
are inputted into the program. Then, according to the operating conditions (the pressures
in two plena), the natural frequencies (in both X and Y directions) can be calculated and
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displayed in the program interface. Finally, with the inputted rotational speed, the rotor
precession orbit can be simulated and then plotted as in Figure 4-11.
U o=5krpm
C =Orbit of the rotor
o mass center
0 0 0.5
C
0
0 Orbit of the rotor
o E geometric center
.0
-1 -05 0 0.5
rotor eccentricity in x direction
normalized by the bearing clearance
Figure 4-11: Sample orbits simulated for the bearing shown in Figure 4-10.
In Figure 4-11, the red line with crosses is the orbit of the rotor mass center, while
the blue line with circles is the orbit of the rotor geometric center. The orbits are normal-
ized by the bearing clearance (h=15pm). It can be seen that at this rotational speed (5
KRPM), the orbit radius of the mass center is larger than that of the geometric center,
which means this speed is subcritical.
4.2.2 Numerical Simulation of the Response Curve and the Stability
Boundary for Anisotropic Bearing Systems
Using the numerical simulations described above, with orbits calculated for various
rotating speeds, the rotor response curve can be plotted and the system stability boundary
can be found.
The response curves in Figure 4-12 are calculated by the numerical simulations for
the anisotropic bearing system with parameters shown in Figure 4-10, and then normal-
ized by the bearing clearance. Compared with the response curves calculated by the linear
model, they have much flatter/broader peaks due to the nonlinearities of the bearing
forces. And since the distance to contact is positive and large (more than 20% of the
clearance, or 3pm), this system can cross the natural frequency with the corresponding
bearing settings.
The corresponding orbits of the rotor mass center (red crossings) and geometric cen-
ter (blue circles) with increasing speeds are plotted in Figure 4-13. It can be seen that the
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orbits of the rotor geometric center are similar to the ones obtained from the linear analy-
sis shown in Figure 4-5 - the rotor spins around the geometric center in the subcritical re-
gion, while it spins around the mass center in the supercritical region.
1 numerical simulation x -- linear analysis
with nonlinearity
2-
0.6
0.4 C
0.21 0.2 
----------
0.0 0 10k 20k 30k 6 10k 20k 30k
o (RPM) o (RPM)
Figure 4-12: Response curves for the micro-journal-bearing system in
Figure 4-10, calculated using numerical simulations (left), compared with
response curves calculated by linear analysis (right).
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-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 1 -0.5 0 0.5 1
1 Ub./r<M 40I-FM 1 JKRPM
. -- - ---0.5 -- +-- 0.5--- - - -
0--- -- I-- 0 --- - -- 0- - -
-0. -5 -0.5
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
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0.5 -- - - - - - -- 0.5 - - - -
0 ----± -
I I
-0.5---'- ' - - -0.5-
-1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
Figure 4-13: Simulated rotor precession orbits in the anisotropic bearing
system (9.2KRPM and 15.7KRPM are the natural frequencies in X and Y
directions).
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It is important to note that, due to the fast increase of damping as the rotor ap-
proaches the wall, large oscillations at the natural frequencies (especially at the one in Y
direction) are damped dramatically and thus the orbits tend to be flat when they are near
the bearing wall. This nonlinear effect cannot be captured by the linear analytical model,
and it makes the distance to contact larger so that the rotor can cross the natural frequen-
cies. Thus, when establishing operating protocols for the anisotropic bearing system, the
numerical simulation with the nonlinearity of the bearing forces must be used to predict
the distance to contact, instead of the linear analysis.
In addition, since the orbits at the natural frequencies are not circular due to the ani-
sotropy, the rotor is not near the bearing wall all the time when it is crossing the natural
frequencies. This is different from the case in the isotropic system where the orbit is al-
ways circular and thus the rotor is near the bearing wall all the time when it is crossing
the natural frequency. Because the bearing wall is not smooth due to the imperfections of
the DRIE etching process, the rotor has less chance to touch the bearing wall in the ani-
sotropic bearing system than in the isotropic one. Therefore, it is more possible for the ro-
tor to cross the natural frequencies in the former, which has been observed in experiments
[30].
Judging from the orbits shown in Figure 4-13, the system is stable at 100KRPM,
while unstable at 140KRPM. Thus the stability boundary is between these two speeds.
Repeating the calculations of orbits with smaller speed steps, a more accurate stability
boundary can be found.
3M
unblance
OPm
- 2pm
I 
------ 4pmn
2M
0 Micro-b5earing rig
1M 
-- Part-beating design
.'1MPressure svpply: 5psi
- o Analytical w/ 0 unb.
--- Isotropic bearing
0
10 15 20 25 30
Clearance (pm)
Figure 4-14: System stability boundary as a function of bearing clearance
with different rotor unbalance levels.
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As shown in Figure 4-14, the rotor unbalance decreases the system stability bound-
ary in the anisotropic bearing system, and the larger the unbalance is, the lower stability
boundary. In addition to the numerical simulations, the stability boundary is also calcu-
lated by linearized analysis (Equation (4-9)) with the same bearing conditions and zero
unbalance. The analytical result is plotted as circles in Figure 4-14, which fall upon the
corresponding numerical ones, and thus the simple analytical approach of equation (4-9)
is validated by numerical simulations for low rotor unbalance.
At the same time, results in Figure 4-14 indicate that the stability boundary of the
anisotropic bearing system is much higher compared with the stability boundary of the
isotropic bearing system (the black dotted lines), even with a significant amount of rotor
unbalances. Furthermore, due to the stabilizing effect of the hydrostatic stiffness anisot-
ropy, the singular behavior in the stability boundary vanishes in the anisotropic case (only
the forward whirl tendency branch is left) such that the journal bearing top speed is in-
creased and the stringent tolerance requirements are relieved.
4.2.3 Effect of Sideload on
Bearing Systems
Whirl Instability Boundary in Anisotropic
Figure 4-15:
0i
0
C5
0 E
1
0.5[
0
1 
-
C -1 -0.5 0 0.5 1
rotor eccentricity in x direction
normalized by the bearing clearance
Spinning rotor shifted from its centered position due to
sideload.
Since the two plena and the corresponding channels that supply air into the plena
cannot be fabricated perfectly symmetrically due to the imperfection of the fabrication
machines, there is always a certain difference between the two feeding systems that may
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cause a pressure difference between the plena. This pressure difference in turn induces
sideload exerting on the rotor, pushing it to the plenum with lower pressure, as shown in
Figure 4-15. The numerical simulations in this section show that this sideload can signifi-
cantly reduce the stability boundary of the system and should be avoided in operation.
Due to the hydrodynamic force, the equilibrium point is shifted left even though the
direction of the sideload is up (the pressure is higher in the lower plenum in this case).
Since the rotor is spinning near to the wall due to the sideload, it will experience different
stiffness and anisotropy; hence, the system stability boundary will be affected.
In Figure 4-16, the system stability boundary is shown as a function of rotor side-
load (the difference in supply pressures between the two opposite feed plena) for three
levels of rotor unbalance marked by the solid, dashed and dotted lines. The results reveal
that the effect of rotor sideload dramatically decreases the bearing top speed. This behav-
ior and the underlying mechanisms are investigated next. At the same time, since the sta-
bility boundary is calculated with the bearing geometry of the devices that reached a
speed of around 1.3 MRPM-the maximum experimental achieved speed range for those
devices [8]-these top speeds are also indicated in the plot as a comparison. The
sideloads during the experiments were high, up to 1 psig according to [8], and the fabri-
cation research showed that the unbalances of those devices could be 1~3 pm. Thus, the
plot in Figure 4-16 indicates that they may have crashed due to the instability of the jour-
nal bearings.
3M unbalance
Opm
---- 2pm
2...~ 4pm
max. experimentally
achieved speed range
0
0.0 0.2 0.4 0.6 0.8 1.0
Side-load (psi)
(pressure difference between the 2 plena)
Figure 4-16: Effect of rotor sideload on journal bearing stability boundary
for the anisotropic bearing system.
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As mentioned earlier, the asymmetry in feed pressure between the two bearing air
supply plena pushes the rotor toward the lower-supply-pressure side, and thus the equilib-
rium point of the rotor is no longer at the center of the bearing. For higher rotor sideloads,
the eccentricity of the rotor relative to the bearing will increase and the hydrodynamic
force 1hd will be larger and growing faster at large rotor eccentricity, according to Equa-
tion (2-23), which is shown in Figure 4-17. As a result, the intrinsic hydrodynamic stiff-
ness khd=aT/dkot9 will increase with the rotor sideload.
-8
1.0/
0. -6
0.&
0.7
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0.5
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0.0 0.2 0.4 0.6
Normalized Eccentricity (t=&/h)
Figure 4-17: Hydrodynamic stiffness and hydrostatic stiffness anisotropy
as functions of rotor eccentricity.
Also plotted in Figure 4-17 is the anisotropy of the hydrostatic stiffness IK-Kyyj,
which decreases with the rotor eccentricity and hence the sideload. Approximately, the
stability boundary is the ratio of hydrostatic stiffness anisotropy to the intrinsic hydrody-
namic stiffness as given in Equation (4-11), and therefore it will decrease with eccentric-
ity. This behavior and the effect of sideload on stability boundary are clearly captured in
Figure 4-16. It is important to note that the level of anisotropy in hydrostatic stiffness
Kxd-Kyy and the magnitude of intrinsic hydrodynamic stiffness k' constitute two com-
peting effects in the dynamic behavior of the micro-gas-bearing system: the former stabi-
lizes the system, while the latter destabilizes it. Rotor sideload has a detrimental impacts
on both effects in the light of whirl instability.
4.3 Implementations of Anisotropy
The above analyses have shown that the anisotropy of hydrostatic stiffness stabilize
the system as well as helping the rotor to cross the natural frequency. In this section, sev-
eral ways to introduce anisotropy into the micro-gas-journal-bearing system will be pre-
sented.
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4.3.1 Anisotropy in Axisymmetric Journal-Bearing with Sideload
Conceptually, the axisymmetric journal-bearing system (or isotropic system in the
previous analyses) can be transformed into an anisotropic system by applying a fixed side
force/load to the rotor.
0.2
~W0.1-
0.0
0.0 0.2 0.4 0.6
Normalized eccentricity (4=E/h)
Figure 4-18: Hydrostatic stiffness anisotropy increases with rotor
eccentricity due to sideload in axisymmetric journal-bearing systems.
When a sideload is applied to the rotor, it moves to a new equilibrium position ac-
cordingly, at which the symmetry of the system is broken and the rotor experiences ani-
sotropic stiffness as shown in Figure 4-18.
1.5-
1.0-
0.5-
0.0
0.0 0.2 0.4 0.6
Normalized eccentricity (4=F/h)
Figure 4-19: Stability boundary of axisymmetric journal-bearing
systems as a function of rotor eccentricity due to sideload.
Meanwhile, as discussed earlier, the intrinsic hydrodynamic stiffness kd increases
with the rotor eccentricity (Figure 4-17). Note that, at small eccentricities, Od increases
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slower than the hydrostatic stiffness anisotropy IKd-Kyy, while the former increases
much faster at large eccentricities. Therefore, as the sideload increases, the stability
boundary of the axisymmetric system increases with a small sideload, then decreases
with a large sideload as depicted in Figure 4-19.
However, it is difficult to implement the sideload in the axisymmetric micro-gas-
journal-bearing system. Normally, in the large-scale conventional journal-bearing system,
the rotor weight can be used as a sideload by aligning the bearing horizontally. However,
in the micro-bearing system, the rotor weight (-0. 1 mN) is much smaller than the hydro-
static restoring force (-mN at ,=0. 1 according to Figure 2-6) due to the cube-square law,
so the rotor weight is not sufficient to act as the sideload in the micro-bearing system be-
cause it can barely move the rotor.
Therefore, the axisymmetric journal bearing is not a suitable system in which to im-
plement anisotropy.
4.3.2 Anisotropy in Part-Bearing Systems
The part-bearing configuration sketched in Figure 4-3 and investigated above as an
implementation of anisotropy has been used for micro-bearing rigs.
However, with a more profound understanding of the system, this configuration is
found to have negative side effects on the rotordynamic behavior of the system. For ex-
ample, the viscous stress on the rotor in the blocked region can introduce serious cou-
pling between the radial motion and conical (tilting) motion due to the tight clearance (~2
pm) and lead the system to be unstable at a much lower speed. This is further discussed
in Chapter 6 on multi-degree-of-freedom systems.
To eliminate these unwanted side effects, an alternate configuration is used: the
four-plenum design, as sketched in Figure 4-20. In this four-plenum configuration, the
blocked regions with tight clearance are replaced by two plena, so there are a total of four
plena supplying air to the journal bearing. The four plena are divided by seals, and each
of the plena has its own external pressure supply. During the normal operation, the up
and down plena will be fed with high-pressure air, while the left and right ones are fed
with low pressure or connected to the turbine inter-row (between the turbine blade row
and the NGVs, so that the pressure drop across the journal bearing in that region is zero)
to generate the hydrostatic stiffness anisotropy. It is important to note that the pressures
supplied to each pair of opposite plena should be the same to eliminate unwanted
sideload.
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Figure 4-20: Four-plenum configuration for the part-bearing system [7].
Furthermore, the pressure difference between the up-down and left-right pairs of
plena can be varied to adjust the level of hydrostatic stiffness anisotropy. If the supplied
pressures are the same in all the plena, the system will become isotropic. Thus, the hydro-
static stiffness anisotropy of the device can be turned on and off at will. For more details
of the design and experimental testing of this type of bearings see [7].
4.3.3 Anisotropy in Micro-Turbo-Charger Devices
Since the micro-turbo-charger has the turbine and compressor disks bonded together
and the two disks (the compressor disk and the turbine disk) have different radii (Figure
1-5), the implementation of anisotropy here is different than in the micro-bearing rig dis-
cussed above.
The original journal-bearing system used in the micro-turbo-charger was isotropic,
as sketched in Figure 4-21, with the blades and thrust bearing pads bonded to the two
disks omitted in the figure. The pressure air is supplied through eight "coat hangers"
(blue circles in the sketch that are holes though turbine NGVs with shapes like coat hang-
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ers in the real devices), then flows circumferentially though the plenum between the aft-
side of the compressor disk and the static structure, and finally enters the bearing(s) axi-
ally. 
Figure 4-21: Isotropic design of micro-turbo-charger journal bearings. 
Note that the bearing system shown in the sketch is actually a dual-bearing system 
(one journal bearing on each disk). A seal can be added in the plenum to block the flow to 
one of the bearings and thus a single-bearing system can be constructed. Since the eight 
coat hangers are evenly distributed along the circumferential direction in the plenum, the 
feed system to the bearing( s) is basically axisymmetric, and thus the journal bearings are 
isotropic. 
The simplest way to introduce hydrostatic stiffness anisotropy to the micro-turbo-
charger system, which makes the fewest changes to the structure, is to block four of the 
"coat hangers" as depicted in Figure 4-22. 
Then, the air fed through the remaining four "coat hangers" goes circumferentially 
through the plenum, reaches the region where the other four "coat hangers" are blocked, 
and then enters the journal bearing( s) in that region. Due to the flow resistance of the ple-
num, the air pressure will decrease along its flow path through the plenum as plotted in 
Figure 4-23. 
91 
Chapter 4 Dynamic Behavior and Whirl Instability of Anisotropic Hydrostatic Micro-Gas-Joumal-Bearing Systems 
Figure 4-22: Introduction of hydrostatic stiffness anisotropy by blocking 
four "coat hangers". 
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Figure 4-23: Pressure distribution in the plenum with four "coat hangers" 
blocked. 
The pressure distribution shown in Figure 4-23 is calculated for a typical micro-
turbo-charger device with a single bearing on the compressor side. In the calculation, the 
flows in both the plenum and the bearing are assumed to be one-dimensional Poiseuille 
flows: circumferential in the plenum, axial in the bearing. Then the pressure distribution 
in the plenum can be calculated by modeling the plenum and the bearing as a resistance 
network with mass conservation. However, modeling the flows as one-dimensional flows 
may not be accurate, and it can only give a rough estimation of the anisotropy in the bear-
ing system. For accurate solutions, three-dimensional CFD calculation is needed. 
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Figure 4-24: Natural frequencies of the micro-turbo-charger device with 
four "coat hangers" blocked. 
The natural frequencies of the above system are then calculated and plotted in Figure 
4-24. It can be seen that hydrostatic stiffness anisotropy is introduced to the system, indi-
cated by the two different natural frequencies. However, these two natural frequencies are 
close to each other, implying that the hydrostatic stiffness anisotropy is small. 
In order to improve the hydrostatic stiffness anisotropy, a new design is proposed as 
shown in Figure 4-25. 
Figure 4-25: New design of single journal bearing for micro-turbo-charger 
device [31]. 
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In the proposed new design of anisotropic journal-bearing systems for micro-turbo-
charger devices, the plenum is divided into four sections as sketched in Figure 4-25, simi-
lar to the part-bearing system used in the micro-bearing rig. The two sets of plena in op-
posite directions are fed with the same pressure to avoid unwanted sideload. With pres-
sure difference between the left-right and up-down pairs of plena, anisotropy is intro-
duced to the system. Under normal operating conditions, the up-down plena are con-
nected to the turbine inter-row so that the pressure drops across the bearing in these sec-
tions are zero and the hydrostatic stiffness anisotropy is maximized.
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Figure 4-26: Pressure distribution in the plenum for new design shown in
Figure 4-25.
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Figure 4-27: Natural frequencies of the four-plenum design (Figure 4-25) for
micro-turbo-charger devices.
The pressure distribution along the plenum is calculated and depicted in Figure 4-26.
In the plot, the peaks indicate the locations of the "coat hangers," while the abrupt pres-
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sure drops indicate the positions of radial seals. The natural frequencies of this system
can then be calculated and plotted in Figure 4-27.
Thus, with more structure changes (addition of seals), greater hydrostatic stiffness
anisotropy is introduced into the system. The micro turbo-charger devices using this bear-
ing configuration are under fabrication.
4.4 Summary and Conclusions
The micro-journal-bearing system with hydrostatic stiffness anisotropy has been in-
vestigated using both an analytical linear approach and numerical full nonlinear simula-
tions. It was shown that by breaking symmetry in hydrostatic stiffness, this novel bearing
design increases bearing top speed and relieves fabrication tolerance requirements. This
enables stable high-speed bearing operation and extends the bearing operating range. Fur-
thermore, numerical simulations show that the nonlinearity of bearing forces increases
the distance to contact and hence helps the rotor cross the natural frequencies. Finally,
several implementations of anisotropy in the micro-bearing systems were discussed.
Given the insights gained from the anisotropic gas bearing theory and the experi-
mental results, the following bearing design implications can be established:
1. In order to improve dynamic behavior and increase the whirl ratio, the dif-
ference in hydrostatic stiffness in the two orthogonal directions (anisotropy)
should be maximized. This can be achieved (while maintaining adequate
levels of average stiffness) by supplying hydrostatic feed air at different
pressures over parts of the journal circumference.
2. In addition, the hydrodynamic stiffness of the journal bearing should be
minimized. For a given bearing LID this can be done using the criteria estab-
lished for isotropic bearing configurations by adjusting the bearing geometry
according to W= 2Rh/L 2=1.
3. The mechanical design of the bearing air supply system and piping should be
kept bi-symmetric and the pressure losses in the opposite feed systems
should be matched to avoid any rotor sideload.
4. The rotor unbalance should be kept low. However, anisotropic bearing de-
signs enable a relief in fabrication tolerance requirements and a relaxation in
rotor balancing constraints compared to their isotropic counterparts.
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Chapter 5
Experimental Assessment of Models
In the previous chapters, both fluid and rotordynamic models were established ana-
lytically and numerically and used to calculate the rotordynamic behavior, such as the
natural frequency, distance to contact, and stability boundary, of journal-bearing systems.
In this chapter, the model predictions are compared with experimental measurements
of the journal bearing flow rate, the natural frequency, the distance to contact, and the
stability boundary of the system, so that the aspects of the model are assessed by the ex-
perimental data.
5.1 Static Flow Tests
As mentioned earlier, due to the imperfection of the fabrication machines, the varia-
tion in the bearing clearance can be as large as several microns. According to the research
in previous chapters, the bearing clearance is a critical dimension that affects the natural
frequency, distance to contact, and stability boundary of the system. Thus, it needs to be
measured accurately to characterize the fabricated journal bearing. Furthermore, precise
measurement of the bearing clearance also helps develop the fabrication process, making
the fabrication more accurate.
Before the establishment of the fluid models, there were two ways to measure the
clearance. One was to measure the top opening of the etched bearing under an optical mi-
croscope during the fabrication process. However, because the microscope cannot zoom
into the bearing due to its large aspect ratio (L/h is of order 20), the measurement cannot
give any idea of the clearance in the bearing: SEM pictures show that the clearance in the
bearing can be different from its top opening. As an example, in the SEM picture of a
typical etched bearing shown in Figure 5-1, the measurement of the top opening under
optical microscope is about 12.8pm, more than 3pm smaller than the clearance in the
bearing (16.2pgm).
The other way is to cut the whole device by saw, with the cutting surface perpen-
dicular to the journal bearing trench, and then measure the journal bearing under SEM.
Figure 5-1 shows that the clearance in the bearing can be measured by this method. The
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accuracy of the measurement is only 1-2ptm, due to the blur of the bearing edge under
SEM after the die-saw process. Of course, the disadvantage of this method is that it de-
stroys the device. Another limitation of SEM measurement is that this destructive meas-
urement is not comparable with the high-speed tests used to search for the system top
speeds. This is because in these tests the rotors need to be accelerated until they crash,
and they break into pieces in the high-speed crashes, making it impossible to measure the
bearing clearances afterward. In other words, using SEM measurement, there is no way to
know the bearing clearances of the devices that are going to be spun to high speed until
they crash.
Figure 5-1: SEM picture of a typical journal bearing trench.
Because of the shortcomings of the methods above, another way to measure the
bearing clearance was developed along with the bearing fluid modeling: using the model
to reversely calculate the bearing clearance with the experimental measured flow rate.
The measurement by this method is accurate, nondestructive, and compatible with the
high-speed experiments, as will be shown next.
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During the fabrication processes of the micro-engine devices, the millimeter-sized
rotors are normally bonded to the static structures. After the whole fabrication process is
finished, the rotor is then released and is free to move before the spin tests. Thus, before
the release, the rotor is centered and a static flow test can be done experimentally by
measuring the flow rate through the journal bearing with increasing pressure difference
across the journal bearing, as shown in Figure 5-2.
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Figure 5-2: Flow rate calculated by the model compared with experimental
measurement [32] for a micro-turbo-charger device.
The dots in the plot are the static flow measurements through the journal bearing of
a micro-turbo-charger device with a rotor radius of 3mm and bearing length of 300pm.
The destructive SEM measurement indicated that the bearing clearance was about 15pm
[32].
The predictions of flow rate calculated by the fluid models were also plotted on the
chart to compare against the experimental data. The solid line is the model prediction
with the bearing clearance of 15pm, which matches the experimental data well. Thus, the
fluid models are validated as tools to measure the bearing clearance.
At the same time, the dashed and dotted lines are the predictions using a bearing
clearance of 0.5pm smaller and larger respectively. They both are noticeably divergent
(-7%) from the experimental data. This shows that using the fluid model to reversely cal-
culate the bearing clearance with the static flow test can have an accuracy of less than one
micron. The high accuracy of this method is due to the fact that the flow rate is sensitive
to the bearing clearance, because the bearing flow resistance is inversely proportional to
h3 according to Equation (2-5).
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Note that this method is nondestructive: after the static flow test, the rotor will be re-
leased, and then it is free to spin. Thus, the clearance of the journal bearing can be accu-
rately measured before the high-speed test and the destructive crash.
5.2 Natural Frequencies
As discussed earlier, the pressure difference across the journal bearing Ap essentially
sets the stiffness, and thus the natural frequency, of the gas journal bearing. In this section,
it will be shown that the natural frequency can be measured vs. Ap experimentally by the
methods briefly outlined below (detailed description can be found in [9] and [10]). Af-
terward, the model predictions are compared to the experimental measurements for both
isotropic and anisotropic micro-journal-bearing systems.
5.2.1 Natural Frequency Measurement
1.25 MH z Waveform- Result:
Data AjData Rotor or bit
Acquisition Reflectance Reduction te
Pulse Train Algorithms and phase
with respect
Philtec to known
Fiber-optic feature
sensor
6%Af "Speed bumps"
in rotor
Mass Flow Controllers
Set: Flow rates, bearing pressures
To Adjust: Rotor rpm, Bearing stiffness
Figure 5-3: Experimental setup [30] to measure the natural frequencies of
thejournal-bearing systems.
With the experimental setup schematically shown in Figure 5-3, the turbine and
bearing flow rates and pressures are regulated to achieve a particular set of rotational
speed co and pressure difference across the journal bearing Ap. The rotational speed of the
rotor is determined by tracking the passage of speed bumps on the surface of the rotor us-
ing a Philtec fiber-optic sensor that is inserted through an opening on top of the device.
Then the bearing response is deduced using a waveformn data reduction algorithm [I1I],
which is briefly outlined below.
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The imbalance of the rotor (i.e. the distance between the geometric center of the ro-
tor and its mass center) induces a preccessing motion superimposed on the rotational mo-
tion of the rotor. The precession frequency of precession-induced imbalance is known to
be synchronous with the rotational frequency of the rotor, and the precession velocity
yields an increase or decrease in the absolute velocity of the speed bumps. This is re-
flected in the fiber-optic signal, where the features of the speed bumps are cyclically
compressed or dilated in time. The resulting sinusoidal waveform is essentially a pulse-
width modulation of the reference waveform obtained in the absence of rotor precession.
A leastsquares technique is used to deduce the optimum waveform dilation necessary to
transform the whirl waveform to the reference waveform. The amplitude and the phase of
this modulating function correspond to the size of the precession orbit and to the position
or orientation of the orbit with respect to a particular feature on the rotor. The whirl-
induced response curve is obtained by repeating this procedure for a range of rotational
speeds at a fixed bearing pressure difference Ap.
Repeating the process for a range of rotational speeds at a fixed bearing pressure dif-
ference Ap will produce the corresponding response curve and thus reveal the natural fre-
quency. The unbalance of the rotor can also be measured using this method because the
amplitude of response is essentially the unbalance at high rotational speed.
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Figure 5-4: Rotor response curve measurement using an optical fiber
(courtesy of C.J. Teo).
Figure 5-4 is the rotor response curve measured by the method mentioned above for
a micro-bearing-rig device at a pressure difference across the journal bearing Ap of about
lpsig. It can be clearly seen that the system underwent a resonance at a speed of about
30Krpm, indicating that the natural frequency of the system was 30Krpm. Furthermore,
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when the rotor speed was far above the natural frequency, the rotor response amplitude
was about 2 pm, which means that the unbalance of the rotor was approximately 2 pm.
Another way to measure the system's natural frequency is based on the discovery
that the resistance of the journal bearing is a function of the rotor eccentricity. At the
natural frequency, the eccentricity of the rotor is largest, and hence the flow resistance of
the journal bearing is smallest according to Figure 2-6-a. Therefore, as the rotating speed
increases with constant flow rate through the journal bearing, the pressure difference
across the journal bearing Ap drops at the natural frequency as shown in Figure 5-5,
which resembles the response curve shown in Figure 5-4.
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Figure 5-5: Drop of pressure difference across thejournal bearing at the
natural frequency (experimental data [30]).
It is important to note that the above two methods of measuring the natural fre-
quency require one to invert the rotor, which can only be done at low Ap to get sufficient
distance to contact according to the analyses in Chapter 2. Thus, only natural frequencies
at low Ap can be measured with these methods.
The simple way to find out the natural frequency of the journal-bearing system at
high Ap is to crash the rotor. As the rotor is accelerated to the natural frequency at high
Ap, it crashes due to insufficient distance to contact, and hence the natural frequency can
be obtained. Because the natural frequency is relatively low (below 1OOKrpm), the crash
is normally not destructive according to the experimental results [30]. The rotor can still
spin after crashing at the natural frequency, and the experiment can be repeated to find
natural frequencies at other high Ap values.
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All three of these methods have been successfully implemented in experiments, and
these measurement techniques were applied to several micro-devices, such as the micro-
bearing rig and micro-turbo-charger, with the results shown next.
5.2.2 Natural Frequencies Measured for Isotropic Journal-Bearing
System
The natural frequencies of a micro-turbo-charger device were measured [6] using the
methods described above, as shown in the plot of Figure 5-6.
In the plot, the data points at low Ap (0. 1-0.2 psig) were obtained using the optical
fiber data measurement process with the rotor was inverted, and the points at high Ap
were the speeds at which the rotor crashed due to insufficient distance to contact at the
natural frequencies.
80.Ok * Experimental measurement
Model prediction
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LL Micro Turbo-Charger
20.0k- h=15pm, L=300pm
R=3mm, m=70mg
0.0 . 1'0
Ap (psig)
Figure 5-6: Natural frequency prediction compared with experimental
measurements [6] for a micro-turbo-charger device.
Also in Figure 5-6, the model predictions of natural frequency according to the bear-
ing geometry are plotted and compared with the experimental measurements. It can be
seen that the model predictions match the experimental data well. Thus both the fluid
model to calculate the hydrostatic stiffness and the rotordynamic model to calculate the
natural frequency are accurate and validated by the experimental data.
5.2.3 Natural Frequencies Measured for Anisotropic Journal-Bearing
System
In Chapter 4, it was shown through both linear analyses and numerical simulations
that the anisotropic journal-bearing system has two natural frequencies in the two princi-
pal directions, due to the hydrostatic stiffness anisotropy introduced into the system.
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Figure 5-7: Natural frequency predictions compared with the experimental
measurements [7] for the micro-bearing-rig device.
All the data points of the measured natural frequencies shown in Figure 5-7 were ob-
tained by accelerating the rotor through the natural frequencies. Some are derived from
the optical fiber data, while the others are derived from the drop in pressure difference
across the journal bearing with constant flow rate. The data showed that the anisotropy
had been successfully introduced into the micro-bearing-rig devices in practice, through
the part-bearing configuration sketched in Figure 4-3.
According to the static flow test, the clearance of the journal bearing is calculated by
the fluid model was 15.2pim. With this clearance, a bearing length of 300gm, and a rotor
mass of 10.5mg, the natural frequencies of the bearing were calculated using the models
presented in Chapter 4 and plotted in Figure 5-7. The model predictions agree well with
the experimental data; thus, the fluid and rotordynamic models are also validated by the
experimental data in the anisotropic journal-bearing system.
Furthermore, it is worth noting that the clearance used in the above calculations of
natural frequencies was obtained using the fluid model and static flow tests described in
the first section. Thus, the agreement of the natural frequency predictions with the ex-
perimental measurements once again validates the fluid models as well as that bearing
clearance measurement method.
5.3 Distance to Contact
As was emphasized earlier, one of the major challenges encountered in the experi-
ments was the ability to smoothly transition from subcritical to supercritical operation
when accelerating to high speed. As described in Chapter 2, in the linear system, the peak
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amplitude of the rotor response is determined by the system damping ratio, which is pro-
portional to the damping coefficient C. However, in the micro-bearing system, C is a
strong nonlinear function of the rotor eccentricity itself according to Equation (2-32), and
the rotor eccentricity normalized by the bearing clearance can vary from 0 to almost 1. As
a result, when the rotor crosses the natural frequency, the damping ratio can change by an
order of magnitude. Therefore, although the damping ratio is a critical design parameter
to look at as described in Chapter 3, it cannot tell whether the rotor can be inverted pre-
cisely.
The distance to contact can be used to judge whether the micro-bearing system can
be inverted: with a small distance to contact, the rotor can hardly be inverted; but with
sufficient distance to contact, it will be possible to invert the rotor. So, what is the mini-
mum distance to contact required for the rotor to be safely inverted? To answer this ques-
tion, experiments have been done that are briefly outlined below [30].
The key idea behind the experiments is that the distance to contact decreases with
the pressure difference across the journal bearing Ap, according to the analysis in the pre-
vious chapters. Thus, with the highest Ap at which the rotor can be inverted, the mini-
mum required distance to contact can be calculated by Equation (2-42) for an isotropic
system (Chapter 2) or by numerical simulations for an anisotropic system (Chapter 4).
5.3.1 Experimentally Determined Threshold in Distance to Contact
One of the experiments done to find the minimum distance to contact was done on a
micro-bearing-rig device, numbered 3-6 (device 6 in build 3). The part-bearing configura-
tion was used in this device, with a radius of 2.1mm, a length of 300pm, and a clearance
of 13.2ptm (measured by the static flow test again). The rotor had a mass of 10.5mg and
an unbalance of 3pm (measured by optical data).
During the experiment, the rotor was accelerated through the natural frequencies
with a gradually increasing pressure difference across the journal bearing Ap. The highest
Ap at which it could be inverted was found to be 2.4psig.
The distance to contact as a function of Ap was calculated using the numerical simu-
lations and the above parameters and plotted in Figure 5-8 (the solid line). Since the natu-
ral frequency increases with Ap, the distance to contact will decrease with Ap according
to Equation (2-42). This is clearly shown in the plot. Furthermore, corresponding to
Ap=2.4psig, the highest pressure difference across the journal bearing at which the rotor
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could be inverted, the distance to contact was 1.2 pm. This means that for this device, the
minimum distance to contact required for the rotor to be inverted was about 1.2ptm.
4.0
Device #3-6, a=3 pm, h=13.2ptm
R=2.1mm, L=300 pm
3.& The max. Ap at which
it can be inverted was 2.4psig
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Figure 5-8: Required distance to contact to invert the rotor: larger than
1.2pm for micro-bearing rig #3-6 (experimental data [30]).
The measurement showed that the surface roughness on each wall of the bearing was
about 0.5 pm [4], so the 1.2pm minimum distance to contact calculated by the model is
quite reasonable.
Another experiment to identify the minimum distance to contact was done on a mi-
cro-motor-generator device, #1 (the first micro-motor-generator device). This device also
used the part-bearing configuration, with the same radius and length as the micro-
bearing-rig device #3-6 above, but with a clearance and unbalance of 20ptm and 2ptm re-
spectively. The highest Ap at which it could be inverted was about 0.7psig. Following the
same procedure, the minimum distance to contact for this device to cross the natural fre-
quency was calculated to be about 1.66pm.
Furthermore, if both the minimum distances to contact are normalized by the corre-
sponding bearing clearance, the normalized distances to contact (ND2C) were found to be
around 0.083 and 0.09, close to each other.
Meanwhile, the damping ratios for the above two cases were calculated to be 0.011
(for the micro-bearing rig at Ap of 2.4psig) and 0.006 (for the micro-generator at Ap of
0.7psig) at the center position (Figure 5-9). One can see that these two damping ratios are
quite different, so it is impossible to use the damping ratio as the criterion for whether the
rotor can be inverted.
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Figure 5-9: Comparison of the damping ratios for the two devices:
micro-bearing rig #3-6 (solid line) and micro-generator #1 (dashed line).
Since the roughness of the bearing wall may have some dependence on the bearing
clearance and the system damping decreases with clearance, a slightly larger distance to
contact is needed for devices with larger clearance. Therefore, it is more reasonable to
use the normalized distance to contact of 0.09 as the threshold: a device with a normal-
ized distance to contact smaller than 0.09 may have difficulty crossing the natural fre-
quency. Note that there were only two experimental data points of the minimum normal-
ized distance to contact, so the threshold of 0.09 can only be a rough value. As more ex-
periments are done to search for the minimum distance to contact, a more accurate
threshold can be obtained.
5.3.2 Application of the Threshold in Distance to Contact
Furthermore, with this normalized distance-to-contact threshold of 0.09, the highest
Ap at which the rotor can be inverted can be predicted by the models according to the
bearing geometry and the rotor unbalance.
The distances to contact shown in Figure 5-10 were calculated for the micro-turbo-
charger device #C8 and then normalized by the turbine bearing clearance. This device
had a relatively massive rotor (70mg) and a large unbalance (5pim) compared with the
micro-bearing rig in Figure 5-8 above, resulting in a much lower distance to contact. Al-
though this micro-turbo-charger device used an isotropic single-turbine bearing, the clear-
ance of the compressor gap was comparable to that of the turbine bearing. Thus, the
damping contributed by the compressor gap was about one eighth of the one contributed
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by the turbine bearing according to Equation (2-33), and hence is not negligible in the
calculations of distances to contact.
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Figure 5-10: Normalized distance to contact calculated for the micro-turbo-
charger device #C8, compared with estimated threshold of 0.09.
Therefore, with the threshold of 0.09 indicated in Figure 5-10, the highest pressure
difference across the journal bearing Ap at which the device can be inverted is found to
be 0.25psig. And this was proven by the experiments: the device was successfully in-
verted with a Ap of about 0.2psig, while it crashed at natural frequencies with high Ap as
discussed earlier in Figure 5-6.
In fact, in the initial tests of these micro-turbo-charger devices, they were inverted at
relatively high Ap levels, and the rotors kept crashing at natural frequencies. One of the
crashes was so intense that the device (#C9) was not spinnable afterward [32]. When the
models revealed that these devices can only be inverted at Ap levels lower than 0.25psig,
the device was successfully inverted at a Ap of about 0.2psig.
5.4 Experimental Assessment of Stability Boundary Predictions
In Chapter 2 and 3, it was shown through first-order analytical approaches based on
first principles that the two components of the destabilizing hydrodynamic force, which
act in opposite directions, are of comparable magnitude due to the small LID in the mi-
cro-bearing systems. Therefore, the whirl ratio of the ultra-short micro-isotropic journal
bearing can be one order of magnitude higher than that of its large-scale conventional
counterparts.
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Thereafter, in Chapter 4, based on both analytical modeling and numerical simula-
tions, hydrostatic stiffness anisotropy was found to stabilize the micro-journal-bearing
system, eliminate the narrow singularity of the stability boundary in isotropic systems,
and greatly increase the top speed even if the bearing clearance is off the singularity point.
In the following analyses, it will be shown that these critical concepts and mecha-
nisms are consistent with the experimental observations.
Before beginning the comparison between the model predictions and the experimen-
tally achieved top speeds, it is important to note the two major features of the high-speed
tests. First, the crashes at high speed are destructive-the brittle silicon rotor breaks into
pieces after a high-speed crash, and the experiment cannot be repeated-so, only limited
experimental data was obtained for the top speeds. Secondly, the crashes can be caused
by reasons other than the whirl instability of the journal-bearing system, such as structure
failures, thrust bearing resonances, coupling between conical motions and radial motions,
subharmonic resonances, and more. Since the crashes are abrupt and fast (with a time
scale of about 0. 1ms, the same as the rotation), it is almost impossible to distinguish the
reason for most crashes due to the lack of on-site fast response measurement instruments.
Thus, with the current limited experimental data, the model of the stability boundary can-
not be fully validated.
5.4.1 Stability Boundary in Isotropic Journal-Bearing Systems
As discussed in Chapter 3, the whirl ratio 91 is determined by the whirl number W,
the ratio of hydrodynamic stiffness due to viscous drag effect to stiffness due to rotor
pumping action, according to Equation (3-16).
For large conventional journal bearings, because the length is comparable to the di-
ameter (L/D~1) and the clearance is much smaller than the length (h/L<<1), the whirl
number W =Dh/L2 is much smaller than 1 (the hydrodynamic force due to viscous drag
effect is negligible compared to the hydrodynamic force due to rotor pumping action).
For example, the large gas journal bearings investigated by Larson and Richardson in [24]
had L=25.4mm, R=15.9mm, and h from 15tm to 8 1pm. Thus, the whirl numbers W were
estimated to be 0.00075~0.004 for these devices, according to Equation (3-15). Therefore,
the whirl ratios 91 of these large conventional bearings were about 2 according to Equa-
tion (3-16), which is consistent with the observations by Larson and Richardson.
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In fact, the widely used word "half-whirl" for conventional bearing system, which
means that the natural frequency of the system is about half of the whirl stability limit
(SB), has the exactly the same meaning of 9I~2 and consistent with the model.
On the contrary, high whirl ratios 91 (up to 30) [7] have been achieved in experi-
ments with the micro-bearing systems.
In this high-speed spin test, the device was an isotropic micro-bearing-rig device
with the bearing configuration sketched in Figure 4-20. In this test, the device was accel-
erated to a rotational speed of 700Krpm and decelerated back to 0 safely at a pressure dif-
ference across the journal bearing Ap of about lpsig. The experimental operating line is
indicated by the black dots in the graph. As discussed earlier in Section 5.2.1, the sudden
drop in Ap indicated that the natural frequency of the system was about 30krpm, which is
consistent with the natural frequency predicted by the models (the red dashed line). Thus
the whirl ratio for this device was higher than 29 (the black solid line). After this test, the
device finally crashed at about 600Krpm in another test. The reason for the crash was hy-
pothesized to be structure failure.
700k-
model600k- 29 prediction
500k- of stability
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200k-
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Figure 5-11: Experimental spin test: high whirl ratio achieved in micro-
bearing device [301.
It is important to note that this whirl ratio of more than 29 is one order of magnitude
higher than the ratios observed in large conventional devices, and can be explained by the
mechanism of the balanced destabilizing hydrodynamic force as mentioned earlier, which
is unique to the ultra-short micro-bearing system.
More specifically, the bearing had a radius of 2.1mm, due to the fabrication uncer-
tainty, a length of 320pm±10pm, and a clearance of about 18pm. With a rotor mass of
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14.5mg and unbalance of 2pm, the model-predicted stability boundary is 430Krpm (with
L=330ptm) to 670Krpm (with L=3 10pm) as shown in the plot, with about a 20% pressure
difference between the up and down plena (Figure 4-20) observed in the experiments. Al-
though these predicted speeds are a little lower than the experimentally achieved speed
(700Krpm), they are of the same order of magnitude. The discrepancy inthe model pre-
diction can be explained by the following:
First, the fluid models established to calculate the hydrodynamic force are based on
the approximation of fully developed Couette flow. As mentioned in Chapter 2, this ap-
proximation may not be precise when the flow in the journal bearing has high axial ve-
locity and no pre-swirl before entering the bearing. In this case, the variation of the tan-
gential flow in the vicinity of the bearing entrance can be smaller along the circumferen-
tial direction [30]. Since the hydrodynamic force is determined by this variation (no
variation will yield zero hydrodynamic force), the actual hydrodynamic force will be
smaller than the model prediction, though they are still of the same order of magnitude.
As a result, the model assuming a fully developed flow can underestimate the system sta-
bility boundary, which is consistent with the above observations.
Second, other components in the devices, such as the turbine, can also induce hy-
drodynamic forces, which have not been accounted for in the models. These hydrody-
namic forces from other components of the device also affect the system stability bound-
ary and should be included in the high-order models to be developed in the future.
Moreover, each plenum (the volume) together with the bearing (the neck) forms a
Helmholtz resonator. Since the up-down pair of plena have a larger volume than the left-
right pair (Figure 4-20), the Helmholtz resonance frequency in the former is smaller than
in the latter, and they are all on the order of 1 million rpm according to calculations [30].
Thus, as the rotor speed reaches 700krpm, which is nearer to the Helmholtz resonance
frequency in the up-down pair of plena than that in the left-right pair, the pressure varia-
tion associated with the rotor oscillation in the former is larger than in the latter; this in-
troduces hydrostatic stiffness anisotropy into the bearing system, although the pressure
supplies to all the plena are the same. Thus, due to the difference in Helmholtz resonance
frequencies between the two plena, the bearing system is actually anisotropic at about
700krpm, and the stability boundary can be increased by the induced anisotropy. This
hypothesis is still under investigation.
As discussed in Chapter 4, the micro-turbo-charger devices were initially designed
to use an isotropic journal-bearing system (sketched in Figure 4-21). The highest crash
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speeds for these devices, as well as the corresponding bearing geometry, are listed in
Table 5-1, according to [32].
Micro-turbo-charger Device Number C2 C8
Turbine side Clearance (pm) 15.3 14.7
Length (im) 280 280
Compressor side Clearance (pm) 27 27
1 Length (pm) 250 250
Rotor unbalance measured optically (pm) 5.5 5
Experimental crashes Ap (psig) 4.9 7
RPM 250,000 390,000
with the above measured 430,700 621,600
Stability boundary rotor unbalance
predicted by models with a rotor unbalance 1 314,000 441,000
I_ jim smaller
Table 5-1: Crash speeds for micro-turbo-charger devices C2 and C8
(isotropic journal bearings) with the bearing geometry.
Still, the reason for the crashes was not confirmed. It was suggested that the crashes
were caused by the journal bearing stability, because the crash speeds are of the same or-
der of magnitude and in the same trend as the system stability boundary predicted by the
models. The differences between the predicted stability boundary and the real crash
speeds may be also due to the reasons mentioned above and uncertainties in the bearing
geometry (such as rotor unbalance and misalignment between the two disks). In fact, if
the real rotor unbalances are 1 pLm smaller than the optical measurements, the predicted
stability boundary will be only 50Krpm larger than the crash speeds.
Thus, the model prediction of the whirl ratio is close to the one observed by Larson
and Richardson for the large-scale conventional journal-bearing systems. It also predicts
a whirl ratio one order of magnitude higher for the micro-ultra-short bearing system,
which is consistent with the experimental observations. Furthermore, according to Table
5-1, the stability boundary predicted by the model is of comparable magnitude and in the
same trend as the experimentally achieved top speeds of the micro-bearing system.
These consistencies together suggest that the hydrodynamic force due to viscous
drag becomes equally important to the hydrodynamic force due to the rotor pumping ac-
tion in the micro-ultra-short bearing systems, resulting in a whirl ratio an order of magni-
tude higher than in the large-scale conventional counterparts, where the former is negligi-
ble compared to the latter.
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5.4.2 Stability Boundary in Anisotropic Journal-Bearing Systems
As already shown in Chapter 4, Figure 5-12 presents a comparison of the model pre-
dictions with the experimentally achieved top speeds for anisotropic journal-bearing sys-
tems.
31% unbalance
Opm
---- 2pmn
1%
max. experimentally
achieved speed range
0.0 0.2 0.4 0.6 0.8 1.0
Side-load (psi)
(pressure difference between the 2 plena)
Figure 5-12: Stability boundary predictions for the part-bearing system
compared with the highest speeds achieved in micro-bearing rig
builds 2 and 3.
The experiments were done on the devices of micro bearing-rig build 2 and 3, each
with bearing clearance of about 13pm and a length of 300pm. Fabrication research after-
ward showed that the rotor unbalances of these devices could be 1-3 Pm. With sideloads
(the difference in supply pressures between the two opposite feed plena) as large as ipsi
observed during the experiments, the highest speed reached by the devices was about 1.3
million rpm [8].
Then the stability boundary was calculated according to the bearing geometry de-
scribed above and plotted as a function of sideload for three levels of rotor unbalance
marked by the solid, dashed, and dotted lines. It can be seen that the highest speeds ever
reached by these devices are comparable to the stability boundary predicted by the mod-
els with a sideload of about lpsig and an unbalance of 1-3pm. Thus, this suggests that
the devices may have crashed because ofjournal bearing instability due to sideload.
5.5 Summary and Conclusions
In this chapter, the models established in previous chapters for the bearing flow, the
natural frequency and the distance to contact were validated by experimental measure-
ments. Meanwhile, an accurate and nondestructive way to measure the bearing clearance
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was introduced, employing the both fluid models and static flow tests. Furthermore, the
threshold of the minimum distance to contact normalized by the bearing clearance was
found to be 0.09 through experiments and models, and has been successfully applied to
the experiments/operating protocol.
Due to the insufficient experimental data on high-speed tests and the difficulty of
finding out the causes of the high-speed crashes, the stability boundary model cannot yet
be fully validated. However, comparing the whirl ratios observed in large-scale conven-
tional bearings (-2) and the ultra-short micro-bearing system (>29, one order of magni-
tude higher), one can see that the micro-ultra-short bearing can have a whirl ratio one or-
der of magnitude higher than its large conventional counterparts. This greatly increased
whirl ratio in the micro-ultra-short journal-bearing system can be explained by the model
established in the previous chapters. Also, the consistency between the model predictions
and the experimental top speeds indicates that the hydrodynamic force due to viscous
drag becomes equally important to the hydrodynamic force due to rotor pumping action
in the micro-ultra-short bearing systems. As a result, the whirl ratio of the micro-ultra-
short journal-bearing system is an order of magnitude higher than in the large-scale con-
ventional systems, in which the hydrodynamic force due to viscous drag is negligible
compared to the hydrodynamic force due to rotor pumping action.
Finally, the following future steps are suggested: establishing more accurate models
(such as three-dimensional CFD) to calculate the hydrodynamic forces and doing more
high-speed tests to find the top speeds of micro-bearing systems with variations in bear-
ing geometry and with/without anisotropy in order to assess the models.
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Multi-Degree-of-Freedom Systems
In the previous chapters, the research focused on journal-bearing systems with radial
(x and y in plane) motions of the rotating ((o) rotor. However, since the rotor as a rigid
body has 6 degrees of freedom in the bearing cavity, it can also engage in conical (CE, ay)
and axial (z) motions (Figure 6-1), which can couple with the radial motions and make
the dynamic behavior of the system much different from that of systems with only radial
motions.
z
Figure 6-1: Multiple degrees of freedom of the rotor.
In fact, this coupling between conical motion and radial motion was observed in ex-
periments with the micro-turbo-charger devices, and it made the devices unstable at a
much lower rotor speed than the whirl instability limit of the journal-bearing system.
Therefore, in this chapter, multi-degree-of-freedom models will be established to investi-
gate the dynamic behavior of the coupled system, and a design guideline associated with
this coupling effect can then be developed.
The chapter begins with a brief outline of the experimental observations as evidence
of the coupling between the radial motion and the conical motion. Then, with the flow
models, the coupling is found mainly from the plenum region (in the micro-turbo-charger
devices (Figure 4-21)), the seal, and the thrust bearings: a radial force is induced when
the rotor is tilted, and a torque is produced when the rotor moves radially. With the
sources of the coupling identified and the coupling coefficients calculated by the fluid
models, both a linear 4-degree-of-freedom model (the two radial motions and the two
conical motions) and a nonlinear 5-degree-of-freedom numerical model (the radial, coni-
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cal, and axial motions) are established to investigate the rotordynamic behavior of the
system. The model's predictions agree well with the experimental observations, and the
coupling between the conical and radial motions is proven to be the destabilizing factor
of the multi-degree-of-freedom system. Therefore, this coupling must be reduced or
eliminated in the bearing system design.
With the modeling efforts, one can find that the coupling is a strong function of the
thrust bearing clearances and the rotor axial position. As a result, the stability boundary
of the system can change by a factor of 2 if the rotor moves from its center position by
only 1pm. Therefore, in operation, the rotor needs to be fixed at an optimum axial posi-
tion so that the system can have the highest stability boundary. Moreover, through the re-
sults of the nonlinear 5-degree-of-freedom numerical model, the amplitude of the axial
oscillation is found to be negligible compared with the thrust bearing clearance. Thus, the
4-degree-of-freedom model is proven to be sufficient to investigate this multi-degree-of-
freedom system.
6.1 Experimental Evidence of Coupling Phenomena
The bearing supply plenum in the micro-turbo-charger devices can generate rela-
tively larger coupling forces and torques than in the micro-bearing-rig devices, because
the radius and the area of the former are much larger than those of the latter. As a result,
the coupling phenomena are mainly observed in the micro-turbo-charger devices. Of all
the devices that encountered the coupling effect, some of them used the dual-bearing sys-
tems (one bearing on each of the compressor and the turbine disks), as shown in Figure
4-22. During the experiments, with fixed rotational speed and pressure settings in the
thrust bearings, the flow rates through both thrust bearings started to decrease with the
pressure supply to the journal-bearing system at certain points, as plotted in Figure 6-2.
During the experiments, the rotor can move axially due to the unbalanced thrust
forces induced by pressure fluctuations in the device. If the rotor moves axially either up
or down, the flow rate through the thrust bearing to which the rotor moves decreases, but
the other one should increase because the thrust bearing clearance becomes larger due to
the rotor motion. Thus, decreases in the flow rates through both thrust bearings must be
induced by other rotor motions, which could be axial oscillation or conical motion ac-
cording to [30]. Further investigation (presented later in this chapter) shows that the axial
oscillation of the rotor is negligible. Therefore, the motion that caused both thrust bearing
flow rates to decrease can only be the conical motion.
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Figure 6-2: Flow rates through both thrust bearings decreased with the
pressure fed to thejournal bearing, measured in the dual-bearing micro-
turbo-charger device (experimental data from [31]).
This conical motion of the rotor was picked up by the optical fiber sensor, which
was acquiring the waveform of the "speed bumps" passing by (Figure 5-3). Through a
spectral analysis of the waveform, the frequencies of the conical motion were obtained
and are plotted in Figure 6-3.
Interestingly, these experimentally measured frequencies are not the system's coni-
cal natural frequencies [30], indicating that the motions were not due to conical reso-
nances. Instead, they were near the radial natural frequency of the journal-bearing system,
which was calculated and also plotted in Figure 6-3. Furthermore, the frequencies of the
conical motions increased with the pressure fed to journal-bearing system Ap, following
the same trend as the natural frequencies of the journal bearing. This suggests that this ro-
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tor motion, a conical motion at the radial natural frequency, is a combination of the ro-
tor's conical motion and radial motion.
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Figure 6-3: Frequency of the conical motions as a function of Ap
(experimental data from [311), compared with the model prediction of the
journal bearing natural frequency.
Other devices that encountered the coupling between conical motion and radial mo-
tion were the micro-turbo-charger devices with the single-compressor-bearing configura-
tion (Figure 6-11 with seal in the plenum to block the flow to the turbine gap). During the
experiment, just before the rotors crashed, the flow rates through both thrust bearings
were also decreasing. Meanwhile, the conical motions were also picked up by the optical
fiber sensor, and the frequencies obtained by the spectral analysis were also close to the
natural frequencies of the journal bearings. A detailed description of these observations
can be found in [6].
One hypothesis to explain these conical motions at the journal bearing natural fre-
quencies is that the rotor's conical motion and radial motion are coupled together in the
system. If this is the case, the system can no longer be treated as a 2-degree-of-freedom
system. Instead, 4-degree-of-freedom and 5-degree-of-freedom (with axial oscillation)
models are established in the following analyses to investigate this coupled system. The
agreement between the model predictions and the experimental observations shows that
this hypothesis (coupling between the rotor radial and conical motions) is validated.
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6.2 Sources of Coupling Effect
To investigate the dynamic behavior of the system with coupling and to establish the
multi-degree-of-freedom models, the coupling sources must first be identified and mod-
eled. The following analyses will show that the coupling was mainly induced by the ple-
num, seal, and thrust bearings.
6.2.1 Coupling Induced by Feed Plena
Using the fluid model established for the plenum of the micro-turbo-charger in
Chapter 4, the coupling from the plenum can be modeled and computed as follows:
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Figure 6-4: Change in plenum clearance (height) due to rotor tilt.
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Figure 6-5: Pressure distribution in the plenum due to rotor tilt.
When the rotor tilts (ax or ay in Figure 6-1), the clearance (height) of the plenum
changes accordingly (Figure 6-4), altering the flow resistance through the plenum and
hence the pressure before the journal bearing entrance, as shown in Figure 6-5 (the zero
of 0 is in the x direction). For example, as shown in Figure 6-4, if the rotor tilts oy, the
clearance of the plenum sector on the left-hand side decreases, while the one on the other
side increases. Thus the flow resistance through the former sector increases, reducing the
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pressure in this sector, while it decreases in the plenum sector on the left, raising the pres-
sure in that sector accordingly (the blue dash-dotted line in Figure 6-5).
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Figure 6-6: Radial force induced by rotor tilt.
Thus, a radial force from the journal bearing will be produced by the tilting motions
accordingly (in the negative y direction with rotor tilting angle of a in the above exam-
ple). It is important to note that, due to the symmetry of the system, the rotor tilt a, can
only introduce a radial force in y direction, while the tilt a, can only introduce a radial
force in x direction. These radial forces induced by the rotor tilts are calculated and plot-
ted in Figure 6-6 as functions of tilting angles.
Meanwhile, these pressure distributions in the plenum induced by the rotor tilts will
also generate torques acting on the rotor, which are calculated and plotted in Figure 6-7
as functions of tilting angles.
40-
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Tilt angle (10-3rad)
Figure 6-7: Torques from the plenum induced by rotor tilt.
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Note that the torque induced by the rotor tilt is in the same direction as the tilt,
which means that it is not restoring, but pushing the rotor even further away from the bal-
ance point. Fortunately, the restoring torque generated by the thrust bearings (90N-pm
with 10-3 rad tilting angle [10]) is several times larger than this destabilizing torque from
the plenum, keeping the system statically stable.
On the other hand, when the rotor moves in radial directions (x or y in Figure 6-1),
the clearances of the journal bearings change accordingly, altering the flow rates through
them. As a result, the pressure in the plenum, which is proportional to the circumferential
flow rate through the plenum, also changes, as shown in Figure 6-8. For example, if the
rotor moves in y direction, the flow rates though the sections of journal bearings in the y
direction decrease, and they increase on the opposite side. Thus, the pressure in the ple-
num of the former sector increases due to the decreased pressure drop caused by the re-
duced flow rate through the plenum, while it decreases in the latter sector accordingly
(blue dash-dotted line in Figure 6-8).
This variation of the pressure in the plenum induces a torque (in the direction of ac
in the above example). Again, it is important to note that, due to the symmetry of the sys-
tem, the displacement 8x can only produce a torque in a, direction, while the displace-
ment 8y can only produce a torque in ax direction. These torques induced by the rotor's
radial movement are calculated and plotted in Figure 6-9 as functions of rotor radial dis-
placement.
1.0 -- centered
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S0.8- ,--- Sy=3prn \
E
ressure supply: psig-
~0.0
CL clearance of plenum: 30pm
0 60 120 10 240 300 30
circumferential direction 0 (degrees)
Figure 6-8: Plenum pressure distribution due to rotor radial displacement.
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Figure 6-9: Torques induced by rotor radial displacement.
6.2.2 Coupling Induced by Thrust Bearings and Seals
Following the analysis below, one can find that the coupling can also be generated
by the thrust bearings and the seal in the plenum, due to the non-uniform viscous stress
on the rotor surface when it is tilted.
There are two thrust bearings that confine the rotor axial movement and conical mo-
tion, as shown in Figure 6-10. The upper one is denoted as the forward thrust bearing,
while the lower one is denoted as the aft thrust bearing. When the rotor is axially centered
without tilt, the clearances of both thrust bearings are equal and uniform-ho as shown in
the sketch.
bear ings ho
ho
Figure 6-10: Sketch of the thrust bearings with a tilted rotor (not to scale).
If the rotor tilts cty as shown in Figure 6-10, the clearances of the thrust bearings
change accordingly. For example, the clearance in the aft thrust bearing becomes
h(r, O=ho- raxycos(0), where r and 0 are the polar coordinates in the thrust bearing pad.
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Since the surface speed of the thrust bearing on the rotor side is vo=ro and the flow in the
thrust bearing gap can be approximated as Couette flow, the viscous stress on the surface
of the rotor is
vO r o
TO = -P _ = -P (6-1)h(r,0) ho -ayr cos()
Thus, the stress is larger on the right-hand side than on the left-hand side in Figure
6-10, resulting in a net radial force in y direction
21rR (h - h - a 2R2
F, = fr 9 cos(O)rdrd9 = -rPw 0 3 , (6-2)
where R is the radius of the thrust bearing pads. The negative sign in F, indicates that the
radial force in the aft thrust bearing is in the negative y direction. Similar analysis can
find F, in the forward thrust bearing with similar expression, but in the positive y direc-
tion. Therefore, the net radial force produced by both thrust bearings due to the rotor tilt
is zero when the rotor is axially centered.
However, it is important to note that when the rotor moves axially from the center
position, the forces from both thrust bearings are not balanced according to equation (6-2),
and thus a nonzero net radial force will be produced. For example, if the rotor moves up
axially and tilts ady, the net radial force induced by the rotor tilt is not zero and acts in the
positive y direction.
Besides the thrust bearings, the seal in the single-compressor-bearing configuration
(Figure 6-11), which is in the plenum and used to block the flow to the gap on the turbine
side, can also generate a radial force when the rotor is tilted.
Through a similar procedure and integration, the radial force induced by a, is found
to be
2(R2R+ h -aR - h -a 2R)
F= p 1  0R)120(0, (6-3)Y~a,3
where Ri is the inner radius of the seal and RO is its outer radius. With the width of the
seal L=RO-R<<Rj, the above equation can be simplified to
2o - -a 2R2 )3s
F -2rfp hoRL+ - , (6-4)
ay h -a R 2 ykO R}(
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where R=(R0 +Ri)/2 is the average radius of the seal.
sealI
4
d1,
Figure 6-11: Single-compressor bearing configuration of micro-turbo-
charger device (note seal in feed plenum).
Note that in the above analysis, the flow is approximated as Couette flow in both
thrust bearing and seal gap. To assess the approximation, three-dimensional CFD calcula-
tions using 3-D Fluent were done for comparison.
Since it is difficult to generate grids and expensive to calculate the flow in the gap
between tilted thrust bearing pads due to its large aspect ratio (D/h ~2000), the CFD cal-
culation (Fluent 3D) is employed to solve the flow between parallel thrust bearing pads
instead, so that it can utilize the symmetry of the system (described in detail in Chapter
10). In the CFD calculations, the torque Tz due to viscous drag on the rotor surface is cal-
culated and compared to the analytical predictions based on the approximation of Couette
flow. The results are shown in Table 6-1:
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Rotational speed o= xI 105 rad/s o=2x 105 rad/s
Analytical results 4.4991x10 7 N.m 8.9983x10 7 N.m
Fluent 3-D 4.5630x10-7 N.m 9.1248x10-7 N-m
Difference 1.4% 1.4%
Table 6-1: Comparisons between torques calculated by analytical model
and 3-D Fluent.
It can be seen that the difference is as low as 1.4%. Thus, the analytical model based
on the approximation of Couette flow is deemed accurate.
6.3 Four-Degree-of-Freedom Model with Coupling Effect
To add to the fluid force/torque models developed above and in the previous chap-
ters, the linear 4-degree-of-freedom model is established in this section. Then, using the
eigenvalue and eigenvector analyses, the dynamic behavior of the coupled system is in-
vestigated and compared to the experimental observations. The model predictions match
the experimental observations, and the coupling between the conical and radial motions is
found to be the destabilizing factor in the system, which should be avoided.
The rotordynamic equations that describe the radial and conical motions coupled to-
gether are:
A dX + 2Aca, = TX(y.ax ,d.,a,,d,,. + A o 2 #cos(Cta)
A d, - 2Acax = T ,(x,ax ,,a 3 , d ,,z)+ A C2# sin(ot) (6-5)
m3 = Fx(x,x, y,ax ,ay,z )+ m 2a cos(wt)
my = F , (x, y, y, ax, a, , ) m 2a sin(at)
where A=Ix=I is the moment of inertia in x and y directions, and I=2Ix by approximating
the rotor as a circular plane disk. m is the rotor mass, and a is the rotor static unbalance
(distance from the rotor geometric center to the mass center), while # is the rotor dynamic
unbalance (angle between the rotor geometric axis and the principal axis). Fx, Fy, Tx, and
Ty are the fluid forces and torques.
6.3.1 Linearized Equations and Coupling Coefficients
In order to find the unstable mode of motion through the eigenvalue and eigenvector
analyses, Equations (6-5) need to be linearized based on the assumption of negligible un-
balances a and 0. The linearized equations of Equations (6-5) are:
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Ad, +2Aa& 3 , =KL a, - k a, +C & +CTa, + gxy
Ad, -2Awd& =K a, +k Toa +CT C +C T , +g , ,x
m = K(X -k y R 6-6)
mY = KRy +k x+C>+fxax+l way
In the above equations, K xx and K yy are the system hydrostatic tilting stiffnesses
generated by the thrust bearings [9], the plenum, and the seal in the plenum (in the single-
bearing design); kTd and CT are the intrinsic hydrodynamic tilting stiffness and the tilting
damping coefficient respectively, which are produced by the thrust bearings and the seal
in the plenum (in the single-bearing design).
RKRxx and KRy, are the system hydrostatic radial stiffnesses generated by the journal
bearing(s); kd and CR are the intrinsic hydrodynamic radial stiffness and the radial damp-
ing coefficient respectively, also produced by the journal bearing(s).
The coupling coefficients gxy, gyx,fxy,fyx, 1xx, and ly, are defined as follows:
- gxy is the torque Tx introduced by the rotor radial displacement y, while gyxx is the
torque Ty introduced by the rotor radial displacement x. Both the torques are generated by
the variation of the pressure in the plenum as discussed above (Figure 6-9).
-fcyi, is the radial force in x direction Fx introduced by the rotor tilting motion ay,
whilefy, ac is the radial force F, introduced by the rotor tilting motion ctx. Both the forces
are generated by the journal bearing(s) due to the variation(s) of entrance pressure(s)
caused by pressure variation in the plenum (Figure 6-6).
- 4.,ccc is the radial force in x direction Fx due to the rotor tilting motion CE, while
lyyyocc is the radial force F, due to the rotor tilting motion a3y. Both these two forces are
produced by the thrust bearings (when the rotor is off-centered) and the seal (in the sin-
gle-bearing design), according to Equations (6-2) and (6-4).
It is useful to define nondimensional variables:
a ax a3  ,X-(6'
a0  0 0 w ho wh o ho ho
where ho and ao are the journal bearing clearance (about 15pm) and the allowable tilting
angle (about 0.002 rad, with which the rotor can touch the seal or the thrust bearings) re-
spectively. Then Equation (6-6) can be rewritten as
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KT  CT  C g c
=2  "x 1 + "x 2 - d 3 2A A A A AaOC
i3 tw4
KT CT k C g c
x4 = "x+ "x 4 +-x+ x2 +2x 2 +A A A A AaOw
jC5 M6
KR CR R a
x 6 = X5+ -x6 XX+ x , xX
ma m m mco mc
j7 M8
KRRKR CR R fyxact0 Y lao
x8 = x7 +-x8+ +x 5 + x1 + x3mW m m mcCO mc
Thus the characteristic matrix of equation (6-8) becomes
CO 0
C k 
A A
0 0
0'
C2
xJ' -2:
A |
C
0
0
0
0 0
0 gXYc
AaOwC
0 0
T CKT C Ik CK C gYXckd YX+2 : __ 0 0 0
A A Aco A , AaOwc
---------------------- L
0 0 0 0 0 c 0 0
1XaaO fXaO K R cR kR0 0 Ax C 0
mc mca mcv m m
0 0
0 YYaO
mc
0O
0'
0
k
d
0 0
K R
0 XV
m CO
4]c R
M,
Note that the elements in the top-right and bottom-left corners are the coupling coef-
ficients. Since the above matrix is dependent on the rotating speed co, its eigenvalues and
eigenvectors are also dependent on the rotational speed 0). When the system is stable, the
real parts of all the eigenvalues are negative. As (o increases, the real parts of the eigen-
values of the least stable mode increase. At a threshold speed, the real parts of the eigen-
values of the least stable mode become positive, and the system is then unstable. The cor-
responding eigenvector indicates the unstable mode that the rotor engages in, and the
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0
0
0
0
0
(6-9)
0
mccv
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threshold speed at the onset of the instability is denoted as the stability boundary of the
system.
6.3.2 Tilting stiffness and Damping from Thrust Bearings
Before going further to calculate the eigenvalues of Matrix (6-9), the tilting stiffness
(KT, kdT) and the tilting damping coefficient (CT) from the thrust bearing must be com-
puted.
The gas in the thrust bearing is governed by the 2-D Reynolds equation [29] and can
be solved by the partial-differential-equation toolbox in Matlab. When the thrust bearing
pad is tilted, due to the rotor pumping action, a hydrodynamic pressure is built up. The
nondimensional pressure field shown in Figure 6-12 is an example of the calculation re-
sults with thrust bearing geometry of ho=3 tm, R=1 mm, a rotational speed of 50,000
rad/s, and the tilting angle ccy=0.001 rad. Because of the air compressibility, although the
tilt is in ay direction, the pressure in the thrust bearing is a little higher on the right-hand
side than on the left-hand side, causing a nonzero T as well as T,.
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Figure 6-12: Nondimensional Pressure distribution in the tilted thrust
bearing due to rotor pumping action (ay=0.001rad, (o=50,000 rad/s, R=lmm).
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Integration of the pressure in Figure 6-12 gives T, = -5.8199x10-6Nm and Ty =
-2.6155x 10-'N-m. The direct-coupled tilting stiffness KT,, and the intrinsic cross-coupled
stiffness kd is then calculated: KT = Ty/ay= -0.0026N-m/rad, kTd= (T,/ay)/o= -1.1115x
107 N-m-s/rad2. Using a similar method, the tilting damping coefficient can also be calcu-
lated. By repeating the procedure with different rotor speeds, a table of tilting stiffness
and damping coefficients can be generated, (Table 6-2). Then, the tilting stiffness and
damping coefficients at other speeds can be approximately calculated by interpolation of
the data in Table 6-2. These values are then used to calculate the hydrodynamic torque
and damping torque from the thrust bearing in the rotordynamic models established be-
low.
t a Cross-coupkd rect tiltingRottinal oss- stifnssdue Diec Cross-Roatonltilting stiff- iscouss d ampDingc coupled
speed (rad/s) ness k'd to viscous damping dampingpumping: K s
1.OE+03 -1.39E-07 -1.30E-06 -2.59E-07 1.90E-09
2.0E+03 -1.39E-07 -5.22E-06 -2.59E-07 3.80E-09
5.OE+03 -1.38E-07 -3.26E-05 -2.58E-07 9.48E-09
1.0E+04 -1.38E-07 -1.29E-04 -2.57E-07 1.89E-08
2.OE+04 -1.34E-07 -5.01E-04 -2.53E-07 3.71E-08
5.OE+04 -1.16E-07 -0.0026 -2.27E-07 8.22E-08
1.OE+05 -8.30E-08 -0.0069 -1.68E-07 1.18E-07
2.OE+05 -4.4E-08 -0.0128 -8.89E-08 1.13E-07
5.0E+05 -1.39E-08 -0.0189 -2.84E-08 6.70E-08
1.0E+06 -5.40E-09 -0.0221 -1.11E-08 3.91E-08
Table 6-2: Tilting stiffness and damping coefficients calculated by the
numerical PDE solver.
Meanwhile, the direct tilting stiffness from the thrust bearings due to the external
pressure supply is calculated to be about 0.09N-m/rad, with a thrust bearing supply pres-
sure of 60psig according to [30] or Figure 10-17. This value is entered into the following
models to calculate the hydrostatic torque from the thrust bearing according to the rotor
tilting angle.
6.3.3 Predictions Using the Four-Degree-of-Freedom Model and
Comparisons with Experimental Observations
Finally, all the elements in Matrix (6-9) can be computed. The next step is to inves-
tigate the dynamic behavior of the coupled system through eigenvalue/eigenvector analy-
ses and compare them to the experimental observations.
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The crash point for the device L4-2 was 460 KRPM at Ap of 6.2psig, with the ge-
ometry and operating conditions listed in Table 6-3 [32]. With these bearing geometry
and operating conditions, the eigenvalues/eigenvectors of Matrix (6-9) can be calculated
at varying rotational speeds.
Compressor Bearing Device L4-2
omp. Bearing Clearanc 17.4 gm
Comp. Bearing Length 290 pm
Turb. Gap Clearance 50
Turb. Gap Length 240 Um
Seal Clearance 8
Seal Length 200 pm
Plenum Height 50 gm
Imbalance 0.8
Crash Ap 6.2 psig
Crash S eed 460 Krp
Seal Inner Radius: 3.29mm
Seal Outer Radius: 3.49mm
Plenum Outer Radius: 4.215mm
Turbine Radius: 3.0mm
Comp. Radius: 4.1mm
Table 6-3: Geometry and operating conditions at the crash
L4-2.
500-
Cu
a 400-
a 300-
'5 200-
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-10-
E
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Turb
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4
point for device
---- 2DOF
4DOF
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clearance length
p. bearing: 17.4pm 290pm
gap 50pm 240pm
8pm 200pm a
105 101 10
------------ t t- --- rpml'
Figure 6-13: Maximum real parts of the eigenvalues as functions of the
rotational speed for the micro-turbo-charger device L4-2, using both two-
degree-of-freedom and four-degree-of-freedom models.
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Figure 6-13 shows the maximum real parts of the eigenvalues (the least stable mode)
as functions of rotating speed, calculated by both the 4-degree-of-freedom model (solid
line) and the 2-degree-of-freedom model (radial modes only, dashed line). The rotational
speeds at which the curves cross the horizontal axis are the stability boundary predictions
from the corresponding models.
It can be seen from the plot that the maximum real part of the eigenvalues of the 4-
degree-of-freedom system asymptotically approaches that of the 2-degree-of-freedom
system at both low and high rotor speeds. This means that it is basically the rotor radial
motion that determines the stability of the 4-degree-of-freedom system at both high and
low rotor speeds. Thus, to design a 4-degree-of-freedom system, the journal bearing
should first be designed to have a sufficiently high stability boundary.
Furthermore, it is important to note that the stability boundary of the 4-degree-of-
freedom system is much lower than that of the 2-degree-of-freedom system, as shown in
Figure 6-13, indicating that the coupling has a negative impact on the stability boundary
of the system.
The zoom-in plot of Figure 6-13 is shown in Figure 6-14, and the stability boundary
predicted by the 4-degree-of-freedom system is found to be about 350 KRPM, which is
near the crash point of 460 KRPM in the experiment.
Ap=6.2 psig
40- clearance length
comp. bearing: 17.4pm 290pm
Turb. gap 5Opm 240pm
20- seal 8pm 200pm
o(rpm)
1 k 200k 300k 400k 500k
0 0-
CO
-20 
---- 2DOF
4DOFx
C -40-E
Figure 6-14: Enlarged view of Figure 6-13.
Furthermore, due to the uncertainty of the fabrication, the real seal clearance could
be 1 pm larger. If the seal clearance was actually 9 pm, instead of 8 pm, the stability
boundary predicted by the 4-degree-of-freedom model would be about 480 KRPM
(Figure 6-15), which is much nearer to the crash point. The sensitivity of the system sta-
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bility boundary to the seal clearance is due to the strong dependence of the coupling coef-
ficient on the seal clearance. This will be discussed in detail later in the chapter.
Vn
0 60- Ap=6.2 psig
clearance length
40- comp. bearing: 17.4pm 290pm
Turb. gap 50prm 240pm
20- seal 9pm 200pm( CO (rpm)
1C k 200k 300k 400k 5 k 600k
C-20-
-40.4DOF
E
Figure 6-15: Maximum real parts of the eigenvalues as functions of rotor
speed with larger seal clearance in the device L4-2.
With this rotational speed o=480 KRPM, the eigenvalues of the least stable modes
for the coupled system of device L4-2, which have the largest real parts, are:
0.2852±6011.4i. This means that this 4-degree-of-freedom system is driven into an un-
stable motion at a frequency of 6011.4x60/2n=57405rpm, which is near the average of
the natural frequencies of the journal-bearing system: 62914rpm and 55672rpm in x and y
directions respectively.
Meanwhile, with the corresponding least stable eigenvectors shown in Table 6-4, the
unstable mode of motion is found to have large amplitude in ay.
_ (a,) 0.10921 F 0.34069i
J(60 0.040745 ± 0.013058i
74(e1 .2454e-006 ± 0.089486
xs(x) -0.35267 ± 0.062334i
x 6 (i) -0.0074568 T 0.042177i
x,(y) 0.13131 0.39054i
x 8(j) -0.046706 ± 0.015707i
Table 6-4: Eigenvector of the least stable mode at the onset of instability for
the device L4-2.
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The above results are consistent with observations in the experiments: right before
the rotor crashed, both the thrust bearing flow rates dropped due to the rotor conical mo-
tion, whose frequency was close to the radial natural frequencies of the journal bearing.
Moreover, at high rotational speed, co=9 MRPM, the eigenvector of the least stable
mode is
Table 6-5: Eigenvector of the
x,(a,) 0.00059233 T 0.040418i
x2( )0.00026831 T 1.1583e-005i
X3 (a 0.031812 :F 0.033218i
X4 (aty)0.00023254 ± 0.00019825i
x 5 (x) 0.71133
X6(x) 0.00027299 ± 0.0047181i
X7 (y) 0.55353 ± 0.42875i
x8(f) -0.0026314 ± 0.003836i
least stable mode at a speed of 9MRPM for the
device L4-2.
Therefore, with large amplitudes in x and y directions, the unstable mode in the cou-
pled system at high rotational speed is essentially dominated by the rotor radial motion,
or the whirling motion. Thus, in order to make the coupled system stable at high speed,
the journal bearing should first be designed to have a sufficiently high stability boundary.
With the geometry of the dual-bearing systems listed in Table 6-6, the unstable
mode of motion can be investigated by the same analyses and compared to the experi-
mental observations presented in Section 6.1.
Dual-Bearing Devices
Comp. Bearing Clearance 14 ptm
Comp. Bearing Length 330 pm
Turb. Bearing Clearance 1 n
Turb. Bearing Length _280pm
Plenum Height 30pm
Plenum Outer Radius: 4.215mm
Turbine Radius: 3.0mm
Comp. Radius: 4.1mm
Table 6-6: Geometry for dual-bearing systems in Section 6.1.
The real part of the least stable eigenvalue of the above coupled system is calculated
and plotted in Figure 6-16 along with the rotor speed, with pressure fed to the journal
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bearing Ap of Ipsig. It can be seen that the stability boundary predicted by the 4-degree-
of-freedom model is about 125 KRPM, which is consistent with the observation in Figure
6-3: with a rotational speed of 129 KRPM, the conical motion started at Ap of about
1psig.
Cn 80-
Dual-Bearing
Ap=lpsig
o> 40-
0 20- o (rpm)
CO 0 50.0k 100.0k 0.0k 200.0kCL0-
- - -- 2DOF
X 20- 4DOF
Ca
E -401 - - - - - - - - - - - - - -
Figure 6-16: Maximum real part of the eigenvalues as a function of the
rotational speed for the dual-bearing systems of Table 6-6.
Figure 6-16 also shows that, over 125 KRPM, the coupled 4-degree-of-freedom sys-
tem is unstable, while the 2-degree-of-freedom system is still stable. This is another piece
of evidence showing that the coupling has a severe negative impact on the stability of the
system. Meanwhile, at a rotational speed of 129 KRPM, the eigenvalues of the least sta-
ble modes are 2.7655 ± 4300.5i, and the corresponding eigenvectors are listed in Table
6-7:
(a) 0.066378 0.28552i
2 (ax) -0.090879 ± 0.02119i
,(a,) -0.6129 ± 0.060464i
4 tD -0.019374 -F 0.1951i
x5(x) 0.65392
X6 () 0.00013387 ± 0.20817i
x7 (y) 0.010866 ± 0.12256i
x8 (P) --0.039015 ± 0.0034843
Table 6-7: Eigenvector of the least stable mode at the onset of instability for
the dual-bearing system of Table 6-6.
Therefore, at 129KRPM rotational speed, the unstable mode of motion in which the
rotor engaged had a large amplitude in x as well as in ay. This was the reason that the
flow rates in both thrust bearings decreased at that speed.
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Furthermore, through the following analyses, one can find that the stability bound-
ary of the coupled system is affected by the pressure supply to the journal bearing as well
as the pressure supply to the thrust bearing systems, which is consistent with the experi-
mental observations shown in Figure 6-3.
If the pressure supply to the journal bearing Ap increases from ipsig to 1.ipsig
while everything else is kept the same, the coupling from the plenum in the dual-bearing
systems becomes larger due to a larger pressure drop through the plenum. As a result, the
stability boundary of the coupled dual-bearing systems decreases from 125KRPM to
100KRPM, as shown in Figure 6-17.
W 80 -
Dual-BearingCu60 Q4DOF
a)40
o 20- ,' (rpm)
CO 0 50.0k 100.0k' O.Ok 200.0k
C-20-
E 
-40.
Figure 6-17: Stability boundary of the coupled dual-bearing system
decreases with Ap, predicted by the four-degree-of-freedom model.
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Figure 6-18: Stability boundary of the coupled dual-bearing system
increases with the static tilting stiffness.
Furthermore, Figure 6-18 shows that if the static tilting stiffness from thrust bearings
KB increases from 0.09N-m/rad to 0.1N-m/rad (by increasing the supply pressure to the
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thrust bearings Figure 10-17), the stability boundary increases from 125 KRPM to about
170 KRPM.
The influences of Ap and thrust bearing stiffness (KTB) on the stability boundary of
the dual-bearing system predicted by the 4-degree-of-freedom model are summarized in
Table 6-8.
SB KTB=0.09N-m/rad KTB=O. 1 ON-m/rad
Ap=0.9psig 151 KRPM 1 200 KRPM
Ap=1.Opsig 125 KRPM 2 170 KRPM
Ap=1.lpsig 100 KRPM 130 KRPM 3
Table 6-8: Stability boundary of the coupled dual-bearing system with
different pressure supply to thejournal bearing and static tilting stiffness,
calculated by the four-degree-of-freedom model.
Thus, with higher rotational speed and the same pressure supply to the thrust bear-
ings (125 KRPM 2 - 151 KRPM I in the table), the unstable rotor conical motion oc-
curs at a smaller pressure supply to the journal bearing Ap (1.0psig - 0.9 psig), which is
consistent with Figure 6-3. And with higher thrust bearing pressures (KTB=0.09 2 4
KTB=0.10 3 ) and the same rotational speed (~125KRPM), the unstable rotor conical mo-
tion happens at a larger Ap (1.0psig - 1. 1psig), which is also consistent with the experi-
mental observations shown in Figure 6-3.
Therefore, after all these comparisons with the experimental data, it is suggested that
there is a strong coupling between the rotor conical and radial motions in the micro-
turbo-charger devices. This coupling can destabilize the devices at speeds much lower
than the whirl instability limit of the radial motions alone, and the unstable mode of mo-
tion in which the rotor engages is a conical motion with a frequency near the journal
bearing natural frequencies. In the dual-bearing system, it is also found that the coupling
increases with the pressure supply to the journal bearing plenum Ap, reducing the stabil-
ity boundary even more; and this unstable conical motion can be suppressed by increas-
ing pressure supply to the thrust bearings.
With these findings, the following design guidelines for the micro-bearing system
can be established: 1) the journal bearing alone should be designed to have a sufficiently
high stability boundary; 2) the coupling between the rotor conical and radial motions
should be decreased as much as possible, or even eliminated (by the centrally-feed jour-
nal bearing configuration as discussed in Chapter 7); and 3) the thrust bearing system
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should be designed to support the rotor with as large a tilting stiffness as possible, so that
the conical motion can be suppressed.
6.3.4 Effects of Axial Position and Seal Clearance on Coupling and
Stability Boundary
As was shown earlier for device L4-2, with a larger seal clearance, the coupling will
be smaller, resulting in a higher stability boundary for the coupled system (Figure 6-15).
With the following analyses, one can find that the axial position of the rotor also affects
the coupling between the radial and conical motions, and hence the stability boundary of
the coupled system.
From Equations (6-2) and (6-4), used to compute the coupling forces from the thrust
bearing and seal respectively, the coupling coefficients 1 can be deduced by differentiat-
ing the forces with respect to the tilting angle cc. Thus the coupling coefficient 1 from the
aft thrust bearing with clearance of ho and radius of R is
TB dF, )- R4
da 4 h(610)Y ay =0 0
The coupling coefficient from the forward thrust bearing has the same amplitude,
but of the opposite sign. Furthermore, the coupling coefficient from the seal with a clear-
ance of ho and radial location R is
1Seal = dF _ R'L
da - h . (6-11)
a, =00
It can be seen that the coupling coefficients are strong functions of the clearance ho:
they are inversely proportional to ho2. Because the clearance is already small, just several
microns, a small decrease in clearance can greatly increase the coupling coefficients 1.
Since the radial location of the seal (-3.4 mm) is around 3 times larger than the radius of
the thrust bearing pads (~I mm), the coupling coefficients induced by the seal are compa-
rable to those induced by the thrust bearings, even though the seal clearance (-9 tm) is
larger than the clearances of the thrust bearings (-3 pm).
As discussed previously in the chapter, when the rotor is axially centered and the
thrust bearings are identical, as in the micro-turbo-charger devices, the coupling contribu-
tions from both thrust bearings cancel each other. In this case, the coupling coefficient I is
only from the seal in the devices with the single-bearing configuration, and it decreases
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with the seal clearance ho given by Equation (6-11), making the system more stable. This
has been illustrated by the comparison between Figure 6-14 and Figure 6-15.
Furthermore, since the rotor axial movement varies the clearances of both thrust
bearings and seal, strongly influencing the coupling according to Equation (6-10) and
(6-11), the stability boundary of the coupled system is sensitive to the rotor axial location.
For example, if the rotor of the device L4-2 (with the configurations shown in Figure
6-14) moves up by only 0.5 pim from the axially centered position, the two thrust bear-
ings together generate a nonzero coupling in the opposite direction of that from the seal,
reducing the net coupling coefficient 1. Then, the system stability boundary increases
from 350 KRPM to 445 KRPM, as shown in Figure 6-19 by the red dashed line.
Device L4-2
-2 Ap=6.2 psig
40 Seal clearance=8pm
CC
20- 
co rpO)
0**0
1Ck 200k 40.300k . 400k '500k
4- 0 -
o : .'
0
-40-
E
Figure 6-19: Stability boundary of device L4-2 changes with the rotor axial
position.
Conversely, if the rotor moves down, the net coupling coefficient I is enlarged by
both the contribution from the two thrust bearings and the increase from the seal, making
the stability boundary even lower (blue dotted line in Figure 6-19).
Therefore, during operation, the rotor should be pushed up to an optimum axial posi-
tion where the coupling coefficient I is the smallest in order to achieve a high stability
boundary. In fact, during the high-speed experiment that led the device L4-2 to crash at
speed of 460 KRPM, it is quite possible that the rotor was a little bit nearer to the forward
thrust bearing, resulting in a crash speed a little higher than the prediction of Figure 6-14
with seal clearance of 8pim. Furthermore, in another high-speed test before it crashed, this
device was spun at a higher speed (480 KRPM) without instability; this can also be ex-
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plained by the difference in axial position, which is difficult to control in the experiments
[32].
In order to reduce the coupling effect in the micro-turbo-charger devices, a new de-
sign was employed, as sketched in Figure 4-25. In this design, a larger hydrostatic stiff-
ness anisotropy is introduced to the system (as discussed on Figure 4-27). Most impor-
tantly, the coupling coefficients are significantly reduced in this new design by increasing
the seal clearance from 8 pm to 20 pm. As a result, according to the calculation results
shown in Figure 6-20 using the 4-degree-of-freedom model, the stability boundary of the
coupled system is much higher (>800KRPM), even if the rotor moves 1 pm down.
(n
_ 20 1 ptm down
> 00 400.0k 800.0k 1.2Mo (rpm)
S0
0
-40---
60-
E -80-
Figure 6-20: Enhanced stability boundary of micro-turbo-charger devices
due to reduced coupling effects in the newjournal-bearing system design.
The coupling between the rotor conical and radial motions is not only found in the
micro-turbo-charger devices; it also exists in the micro-bearing-rig devices, where it
comes from the seal (in both the blocked regions and the plenum regions (Figure 4-3)) as
well as from the thrust bearings.
During the operation of the micro-bearing-rig devices, the rotors are normally axi-
ally centered, and the clearances for the two thrust bearings and the seals are all 2 pm.
The calculations based on the 4-degree-of-freedom model show that, although the cou-
pling reduces the system stability boundary of the micro-bearing-rig devices, the decrease
is not as severe as in the micro-turbo-charger devices (Figure 6-21). This is because the
overlap of the rotor and the plenum in the micro-bearing rig with the part-bearing con-
figuration is only around 30 sm, much smaller than in the micro-turbo-charger (1 mm),
resulting in much smaller coupling coefficients g in the micro-bearing-rig devices (-0.5
N) than in the micro-turbo-charger devices (-30 N according to Figure 6-9).
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Figure 6-21: Stability boundary in the micro-bearing-rig devices influenced
by coupling with different rotor axial locations.
However, as the rotor speed increases, the centrifugal force of the blades bonded to
the rotor disk increases as a quadratic function of the rotor speed. With the bending
torque induced by the centrifugal force of the blades, the rotor disk deforms into an um-
brella shape. Furthermore, this "umbrella" deformation of the rotor disk becomes larger
and larger as the rotor speed increases, continually reducing the seal clearance. According
to [30], the axial displacement of the disk edge due to the deformation can be as large as
several microns at the design speed. Thus, the rotor edge will touch the seal at the design
speed (2.4 million rpm).
(A
a 1200-
3 .Part-Bearing
O 1000-.......2DOF
800- 4DOF: h of seal: 2ptm
600 ---- 4DOF: h of seal: 0.8m .
cc 400-
0L
200-
i M 2.--- 4M
0-
2..... ......-- (0 rpm )E -200-
Figure 6-22: Part-bearing system becomes unstable with smaller seal
clearance due to umbrella deformation of the rotor disk.
Moreover, according to Figure 6-22, the coupled system stability boundary (-1.3
MRPM with seal clearance of 0.8pm) can be much lower than the design speed of 2.4
MRPM due to the decrease in seal clearance caused by the disk umbrella deformation.
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Therefore, even before the rotor edge touches the seal, the system becomes unstable due
to the significant increase of coupling coefficient I from the seal.
To solve this problem, a new design (Figure 4-20) employing four plena with a
much larger seal clearance (-12 pm) is proposed [7]. Even with the umbrella deformation
of the disk at the design speed, the seal clearance in this design is still large enough (-4
pm) so that the coupling will not seriously affect the stability boundary.
6.4 Five-Degree-Of-Freedom Numerical Model
In the last section, it was concluded that the coupled system's dynamic behavior is
sensitive to the rotor axial position. Moreover, the axial forces from the plenum in the
micro-turbo-charger vary with the precessing and conical motions of the rotor (plotted in
Figure 6-23), exciting the axial oscillation motion of the rotor. This rotor axial oscillation
can then affect the motions of conical and radial modes, and thus all the 5 degree-of-
freedom motions are coupled together.
5-
0.0 due to L4
3- g-0.4-
, F due to 8X -1.2
0 -
0 1 2 4 5 0.0 0.5 1.0 1.5 2.0
radial displacement (mm) Tilt angle (1O4rad)
Figure 6-23: Axial force 8Fz from the plenum as a function of rotor radial
displacement and tilting angles.
In the following analysis, numerical simulations are employed to investigate the 5-
degree-of-freedom system nonlinearly. From the simulation results, the amplitude of the
rotor axial vibration excited by the coupling is found to be negligible (only several nano-
meters), and the above linear analyses based on the 4-degree-of-freedom model are vali-
dated.
The equations of motions for the 5-degree-of-freedom system are:
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A &, + 2A wa, = T(y,ax ,da,,.&,,z) + A mOcos(at*)
A d, - 2A cax = TY(x,ax,d,ay,.y,z )+ A )20 sin(at*)
mx= F,(x,x,y,a,a,,z) + m 2 acos(a*) (6-12)
m = xy, ,a,,z )+ m 2a sin(ax)
mz = F.(x,y,ax,a,,z,i)
where a is the static unbalance of the rotor (distance from the geometric center to the
mass center) and # is the dynamic unbalance of the rotor (angle between the geometric
axis and principal axis). Fx, Fy, F, Tx and Ty can already be calculated by the fluid models
developed in this chapter and previous chapters. From the above equations, it can be seen
that motions in x, y, z, ax and ay are all coupled together. Meanwhile, the static unbalance
a is the direct excitation of the rotor radial motions (x, y), and the dynamic unbalance # is
the direct excitation of the rotor conical motions (ax, ay). The rotor vibration in axial di-
rection z is excited through the dependence of F. on its radial displacements and tilting
angles (Figure 6-23).
A numerical scheme similar to the one in Chapter 4 is used to solve the equations
(6-12). In every time step, the forces and torques from the journal bearing, plenum, and
seal are calculated according to the rotor position and velocities, with full nonlinearity of
most bearing forces and torques in the simulations. Since the computation of the torques
and forces from the thrust bearing involves a 2-dimensional PDE computation, which is
relatively expensive, linearized and pre-calculated ones (Table 6-2) are used instead.
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Figure 6-24: Stability boundary of the micro-turbo-charger device L4-2
predicted by the nonlinear five-degree-of-freedom numerical simulation,
compared with that predicted by the linear four-degree-of-freedom model.
In Figure 6-24, the stability boundary in the single-compressor-bearing system (de-
vice L4-2) is calculated by this 5-degree-of-freedom numerical simulation. In the simula-
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tion, the rotor is assumed to have a static unbalance of 0.1 pm and a dynamic unbalance
of 10- rad, which are negligible compared with the bearing clearance (17.4 pim) and al-
lowable tilting angle (-0.002 rad). With these unbalances, the calculation results of the 5-
degree-of-freedom numerical simulation can be used to assess the linear 4-degree-of-
freedom model established above, in which negligible unbalances have been assumed.
The results show that the predictions by both models are close to each other, so the linear
4-degree-of-freedom model is verified by the 5-degree-of-freedom nonlinear numerical
model.
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Figure 6-25: Simulated rotor vibration in z direction with finite unbalances
for micro-turbo-charger device L4-2, at rotor speed of 400KRPM.
On the other hand, if the unbalances of the system are a=3 im and =1 0 rad, which
are normal for the micro-turbo-charger devices [6], simulations show that the amplitude
of rotor vibration in axial (z) direction (Figure 6-25) is very small (several nanometers)
compared with the thrust bearing clearances, and is negligible. This is due to the large
stiffness and damping in the thrust-bearing systems.
Then, in Figure 6-26, the simulated orbits (both radial and conical) of the rotor are
plotted. In the plots, the radial displacements are normalized by the journal bearing clear-
ance (ho=I7.4pim), while the conical tilting angles are normalized by the allowable tilting
angle (ao=0.002rad). Among the radial orbits, the inner red one is the orbit of the rotor
mass center while the outer blue one is the orbit of the rotor geometric center, indicating
that the rotor is spinning supercritically around its mass center at this speed (400KRPM).
Among the conical orbits, the red dashed line is the orbit of the rotor principal axis, while
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the blue solid line is the orbit of the rotor geometric axis. They are of comparable ampli-
tude, indicating that the speed is near the conical natural frequency.
o=400KRPM
orbit of rotor h =17.4pm
geometric axis a,=0.O2rad
0.1 0.1
0 0 -. ... - -...... 
orbit of rotor
mas$ center
-0.1 orbit of rotor -0.1 -i orbit of rotorgemoetric center principle axis
-0.1 0 0.1 -0.1 0 0.1
xlho aao
Figure 6-26: Simulated orbits of the rotor radial (left) and conical (right)
motions in micro-turbo-charger device L4-2 at rotor speed of 400KRPM.
6.5 Summary and Conclusions
In this chapter, a linear 4-degree-of-freedom model was established to investigate
the coupling between the radial and conical modes of motion in the micro-bearing system,
and a nonlinear 5-degree-of-freedom numerical model was also established to investigate
the effect of axial oscillation on the system dynamic behavior. Using an eigenvalue and
eigenvector analysis, the threshold speed of the onset of instability (stability boundary)
can be derived based on the linear 4-degree-of-freedom model. Through expensive nu-
merical simulations, the stability boundary of the coupled system can also be obtained by
the numerical nonlinear 5-degree-of-freedom model. The numerical simulations done us-
ing the 5-degree-of-freedom model have verified the 4-degree-of-freedom model and
shown that the axial vibrations are negligible.
Coupling forces and torques from the plenum, the seal, and the thrust bearings were
found to occur. The calculations show that radial forces can be induced by rotor tilting
motions from the plenum, the seal, and the thrust bearings, and torques acting on the rotor
can be induced by rotor radial motions from the plenum.
Most importantly, the coupling can drive the system into a conical motion with a
frequency close to the natural frequency of the radial motion, destabilizing the system at a
much lower speed than the whirl instability limit of the journal-bearing system alone.
Furthermore, in the dual-bearing micro-turbo-charger devices, the coupling increases
with the pressure supply to the journal bearing, reducing the system stability boundary;
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and the static tilting stiffness generated by the thrust bearings can effectively suppress the
unstable conical motion and stabilize the system. The predictions of the 4-degree-of-
freedom model were consistent with the experimental observations, and hence the linear
4-degree-of-freedom model was experimentally validated.
The following design guidelines were developed based on this analysis: 1) the jour-
nal bearing alone should be designed to have a sufficiently high stability boundary; 2) the
coupling between the rotor conical and radial motions should be as small as possible, or
even be eliminated (by the centrally-fed journal bearing configuration discussed in Chap-
ter 7); and 3) the thrust-bearing system should be designed to support the rotor with as
large a tilting stiffness as possible, so that the conical motion can be suppressed.
Since the coupling coefficients 1 are strong functions of the clearances of the thrust
bearings and seal, one could enlarge the seal clearances in the new design to reduce the
coupling and increase the stability boundary. During the operation of the single-bearing
micro-turbo-charger devices, the rotor can also be pushed axially toward the forward
thrust bearing into a position where the total coupling from thrust bearings and seal is
smallest, in order to enhance system stability.
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Centrally-Fed Micro-Hydrostatic Gas
Journal Bearings
As was discussed in Chapter 6 on the multi-degree-of-freedom system, axially-fed
micro-journal-bearing system (AFJB) designs are found to be able to introduce coupling
between the rotor's radial and conical motions through the seal and plenum of the aft-side
feed system, reducing the stability boundary of the coupled system.
As a possible way to eliminate this unwanted coupling, a centrally-fed configuration
(as shown in Figure 1-8-b) is proposed for the micro-journal-bearing system. Because of
the symmetry of the feed system in this configuration, no torque on the rotor can be in-
duced by the rotor's radial movement, and no radial force can be induced by the rotor tilt-
ing movement. The coupling between the rotor's conical and radial motions can then be
eliminated by this centrally-fed configuration.
Although this centrally-fed micro-journal-bearing (CFJB) system was considered for
the micro-bearing system at the beginning of the MIT micro-engine project, it was found
more difficult (more layers were needed) to fabricate the centrally-fed micro-journal-
bearings than the axially-fed ones. Therefore, the axially-fed micro-journal bearings were
chosen instead for their simpler structure, and the research has been focused on these axi-
ally-fed bearing configurations.
After observing the coupling phenomena in the experiments, this research on the ap-
plication of the centrally-fed micro-journal-bearing in micro-bearing systems was moti-
vated by the desire to eliminate the coupling. In this chapter, both fluid models and rotor-
dynamic models for centrally-fed micro-journal-bearing systems are established. Then,
based on these models, the rotordynamic behavior of the centrally-fed micro-journal-
bearing system is investigated and compared to that of the axially-fed micro-journal-
bearing system. The results show that, although the coupling is eliminated, the distance to
contact in the centrally-fed micro-journal-bearing system is much smaller than that in the
axially-fed system.
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7.1 Centrally-Fed Micro-Journal-Bearing Configuration
In the centrally-fed micro-journal-bearing configuration sketched in Figure 7-1, the
coupling between the rotor's conical and radial motions is eliminated: when the rotor
moves in the radial direction, the pressure in the bearing doesn't produce any torque that
may drive the rotor in a conical motion because it is acting perpendicular to the rotor sur-
face. Thus, the coupling coefficients in the upper right corner of the characteristic matrix
(6-9) are zeros. As a result, the conical motion is decoupled from the radial motion in the
centrally-fed micro-journal-bearing system, eliminating the coupling that reduces the sys-
tem stability boundary.
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Figure 7-1: Centrally-fed micro-journal bearing with hydrostatic stiffness
anisotropy.
In order to retain hydrostatic stiffness anisotropy in the centrally-fed micro-journal-
bearing system, the four-plenum design was kept from the axially-fed micro-journal-
bearing configuration shown in Figure 7-1. Thus, the feed system consists of 4 bisymmet-
ric sections, each with,its own external pressure supply and plenum. During operation of
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the system, the pressure supplies to the opposite plena should be equal to avoid sideload,
which reduces the stability boundary in anisotropic bearing systems as discussed in Chap-
ter 4.
As also shown in Figure 7-1, there are two sets of clearances and lengths in the cen-
trally-fed micro-journal-bearing system: the length of the bearing Lb, the length of feed Lf,
the clearance of bearing hb, and the clearance of the feed hf. In this chapter, fluid models
will be established to examine the influences of these parameters on the system dynamics.
7.2 Fluid Models for Centrally-Fed Micro-Journal Bearings
Like the fluid models developed in Chapter 2 for axially-fed micro-journal-bearing
systems, the fluid models for the centrally-fed micro-journal bearings are based on the
same assumptions/approximations and consist of three components: hydrostatic, hydro-
dynamic, and damping flow models, which are used to calculate the hydrostatic force,
hydrodynamic force, and damping force respectively.
7.2.1 Hydrostatic Flow and Forces
1
2
Fee
Stator h hb3
Bearing 4 Rotor
-Lb12 Lb12
Figure 7-2: Cross section of the centrally-fed micro-journal bearing with a
sketch of the pressure distribution along the bearing.
As shown in Figure 7-2, the air/gas is fed at point 1, with pressure of Ap. It goes
through the feed and then enters the bearing. When the bearing clearance decreases (from
the dashed line to the solid line in Figure 7-2) due to the rotor movement, the bearing
flow resistance increases, reducing the flow rate in the bearing and the feed. As a result,
the pressure drop through the feed decreases, raising the pressure in the bearing. On the
opposite side of the centrally-fed micro-journal-bearing system, the pressure in the bear-
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ing becomes lower due to the increase in bearing clearance. Therefore, a hydrostatic re-
storing force acting on the rotor is produced.
More specifically, similar to the analysis for axially-fed micro-journal-bearing sys-
tems in Chapter 2, the static pressure drop at the entrance of the feed is
7,ep2 qe 
p -P 2  2 pu = p (7-1)22 hf
where Ye is the entrance static pressure loss coefficient, which is 1.5 according to Chapter
2; u is the average velocity in the feed; and q is the flow rate through the feed-bearing
system (per unit length in the circumferential direction).
The pressure drop through the feed is
p2 -p 3 = h3 qLf. (7-2)f
There is another pressure loss at the turning point 3-4:
P 3 +2U3 p 4 +)(>2 4 2 Pu, (7-3)
where y, is the turning total pressure loss coefficient. This is 1.3 according to hydraulic
handbooks, and is assessed by CFD calculations later in this section. Equation (7-3) can
be rewritten in terms of flow rate q:
P3- 4 1 + q2 
-_4)
Due to the symmetry, half of the flow from the feed q/2 goes left through the bear-
ing, while the other half goes right. Therefore, the pressure drop through the bearing is
P4 -P 5 = qL. (7-5)hb
Summing Equations (7-1), (7-2), (7-4), and (7-5) and noting that pI= Ap and ps=O yields
-e-p +h qLf+( ) ( -1)1 + q2 +6P qL = AP. (7-6)
2 h 2 h 3 2 h,2 4hb2 h 3f f Tfrfb
Therefore,
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(7-7)
where
1e 1 12,uL 6 U
a(O)=-e-+-E(,-)- 1 b()ra + -2h2 2 hf 4hb(0)J hf hb(0)
and hb(O)=hb-aXos(0), s is the rotor eccentricity relative to the bearing center. Integration
of Equation (2-10) gives the total flow rate Q through the journal bearing
Q= q(O)RdO. (7-8)
Furthermore, according to Equations (7-7) and (7-5), the pressure P4 is
P4 (0)= h() -q(0)
Integration of (7-9) with respect to z and 0 yields the hydrostatic force Fh',
(7-9)
-Rcos(0)dO
Lb 2 (Lb 2z)J =-() (7-10)
f* dz P4 (O)(" -2 f_4__csO (-0
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Figure 7-3: Pressure distribution in the centrally-fed micro-journal-bearing
system with Lb=400pm, hb=15pm, Lf=300pm, hf=30pm, Ap=5psig, by 2D CFD
(Fluent).
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To validate the loss coefficients, 2-D CFD (Fluent 2D) calculations were done for
the centrally-fed micro-journal-bearing system. From the pressure contour as shown in
Figure 7-3, one can find that the distance from the entrance of the feed (bearing) to the
point where the flow can be treated as fully developed is short-just on the order of the
clearance of the feed (bearing). Therefore, the assumption of a fully developed flow is
reasonable.
CFD Analytical 2.5-
2.5 -w 
-L=0m, h1Om, Lb=3 0 %Pm, hb=l 5 p1wm
2L.300M , =20pm, Lb=4 0 0pm, hb=159m 2.0 '
2.0
1.5'1.5
1.0 0.0
0.5 0.5'f
0.0 . . ... ,0.0
0 1 2 3 4 50 1 2 3 4 5
Ap (psig) 4p (psig)
Figure 7-4: Calculations by the model compared with CFD: flow rate (left)
and force (right) for the centrally-fed micro-journal bearings.
Changing the supply pressure Ap and repeating the CFD calculations, the flow rate
through the bearing system and the force acting on the rotor can then be obtained as func-
tions of Ap. Shown in Figure 7-4, the flow rate through the bearing system (left) and the
bearing force (right) are calculated for two different centrally-fed micro-journal-bearing
configurations, using the CFD and the model as comparison. The agreement between the
model predictions and the CFD results indicates that the loss coefficient choices are cor-
rect for the centrally-fed micro-journal-bearing system.
Thereafter, the flow rates and the natural frequencies of the centrally-fed micro-
journal-bearing system can be calculated and compared with those of the axially-fed mi-
cro-journal-bearing system (Figure 7-5). From the plot, it can be seen that as the feed
clearance in the centrally-fed micro-journal-bearing system decreases from 20pm to
15pm, both the flow rate through the bearing system and the natural frequency decrease.
This is because a decrease in feed clearance causes a larger flow resistance through the
feed, reducing both the flow rate and the pressure in the bearing, which in turn reduces
the hydrostatic force and hence the system natural frequency.
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AFJB
- - - - CFJB (h,=20pm) - '
------- CFJB(h=15pm)
do-
0 1 2 3 5 0 1 2 3 4 5
Ap (psig) Ap (psig)
Figure 7-5: Flow rates (left) and natural frequencies (right) of the centrally-
fed micro-journal-bearing system (CFJB) compared with those of the
axially-fed micro-journal-bearing system (AFJB).
7.2.2 Hydrodynamic Force
As in the axially-fed micro-journal-bearing system, in the centrally-fed micro-
journal-bearing system, pressure is built up in the bearing with the displaced spinning ro-
tor due to the rotor pumping action, resulting in a hydrodynamic force. At the same time,
the nonuniform viscous stress on the rotor surface due to the rotor rotation makes a fur-
ther contribution to the hydrodynamic force. The following analysis will show that the
hydrodynamic force due to viscous drag effect is of comparable magnitude but in the op-
posite direction to the hydrodynamic force due to rotor pumping action in the ultra-short
centrally-fed micro-journal-bearing system.
As in the axially-fed micro-journal bearings, the pressure field due to rotor pumping
action in the centrally-fed micro-journal-bearing is governed by Equation (2-18):
8h( ) hI(0) 82P
80 6p aZ2 (2-18)
Thus,
p(z,9)= 3w ) z +cz+C2hb(9) 89 (7-11)
where ci and C2 are constants to be determined by the boundary conditions-Dirichlet
boundary condition at the exit of the bearing: p(L/2)=O and Cauchy boundary condition
at the center of the bearing: 8p(O)/8z=Kp(O), where K is a constant to be determined in the
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following analysis. Due to the symmetry of the system, the pressure can be solved only
on the right half domain: ze [0, Lb/2], and the solution on the left half is identical.
Due to the presence of the feed at z-0, there is a leakage flow from the bearing to
the feed qf as shown in Figure 7-6, making function p(z) not smooth at the center of the
bearing (z-O). Thus, applying mass conservation at this joint between the feed and the
bearing, and due to the symmetry of the system, qf is q=-2q,(O). Furthermore, due to the
flow resistance through the feed, p(O) is proportional to the flow rate q.
p(O)= 2 ,L q=- Lfq(0) (7-12)f f
qf
Fee
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qz R vq(0)4- ' q~ (0)
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p
e tr
z
-Lb/2 0 Lb/2
Figure 7-6: Decrease of bearing pressure due to the leakage flow.
Thus, according to Equation (2-15), the pressure gradient Dp/az at z-0, which is pro-
portional to the flow rate qz(0), is
ap 121 I hL- 2pq (0)= 1 f p(0) (7-13)
z 3  O h(0) z 2Lf h() '-3
Substitute p(Lb/2)=O and the boundary condition (7-13) into Equation (7-11), and c1 and
c2 can then be computed:
D Lb 3pco ahb(0)
1+/4 8 h3(9) ao
b 3(7-14)
12 L _I V 3pco ahb 0
I+ (D4 4 hb3 (0) aO
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Thus, the pressure in the bearing is
p(z,9)= Ohb(0)z 2 D Lbz -
-i (7-15)
h= (0) 89 1+(/4 8 1+D/4 4'
where
Lb h (7-16)
Lf h3
is the ratio of the flow resistance through the bearing to the flow resistance through the
feed.
Integration of Equation (7-15) with respect to z gives the force per unit length along
the circumferential directionf'F,
uCF =h42 3p h (0) I 1+(/16f 2  (z,)dz h . (7-17)
0h3(O) 89 6 1+/4
Thus,fF is only a function of 9. Further integration with respect to 9 yields the hydrody-
namic force due to the rotor pumping action in the centrally-fed micro-journal bearing,
2,rFC C.
FF =- ffCFR sin(0)d9 . (7-18)
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Figure 7-7: Hydrodynamic forces due to rotor pumping action in the
centrally-fed micro-journal-bearing system compared with the axially-fed
micro-journal-bearing system.
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Figure 7-7 shows that the hydrodynamic force due to rotor pumping action in the
centrally-fed micro-journal bearing is smaller than that in the axially-fed micro-journal
bearing, due to the leakage through the feed in the former. Furthermore, the hydrody-
namic force due to rotor pumping action becomes even smaller with larger feed clearance
(or larger flow resistance ratio (D). As is shown in the following analysis, the hydrody-
namic stiffness due to rotor pumping action in the centrally-fed micro-journal-bearing
system is a function of D, the ratio of the flow resistance through the bearing to that
through the feed. As a result, the hydrodynamic stiffness due to rotor pumping action can
be adjusted by varying the feed geometry in the centrally-fed micro-journal-bearing sys-
tem.
With the pressure due to rotor pumping action in the axially-fed micro-journal-
bearing system given by Equation (2-19) in Chapter 3 ,fIF is
fAF L2 AF (ZZ Z 3poi ahb (0) Lb
=2 fo hb3 (0) O 6 (7-19)
Thus, the ratio offF tof1F is
f CF +D/16
f = .±/ (7-20)f AF I+D/
Since ahb(9)/aO -sin(9), one can get the following equations at the centered position e=:
afCF 3pco L 1+D/16 
_F 3p Lb
= sin(0)-- 1and = sin()--. (7-21)
ae h 6 1+D/4 =0 ac 6-0 hb 6
Therefore, when the rotor is centered, the ratio of the hydrodynamic stiffness due to rotor
pumping action in the centrally-fed micro-journal bearing to the stiffness in the axially-
fed micro-journal bearing is
KCF 1+/16
(7-22)
KA 6=0 6=0
It can be seen from Figure 7-8 that as the flow resistance through the feed increases
(by decreasing feed clearance or/and increasing feed length), flow resistance ratio D ap-
proaches zero, resulting in the same hydrodynamic stiffness due to rotor pumping action
as in the axially-fed micro-journal bearing. Conversely, if the feed has a large clearance
or/and small length, the hydrodynamic stiffness due to rotor pumping action in the cen-
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trally-fed micro-journal bearing becomes about one fourth of that in the axially-fed mi-
cro-journal bearing.
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Figure 7-8: Hydrodynamic stiffness due to rotor pumping action in the
centrally-fed micro-journal bearing decreases with flow resistance ratio D.
Because the leakage flow through the feed does not affect the viscous stress in the
bearing, the hydrodynamic force due to viscous drag in the centrally-fed micro-journal
bearing is the same as in the axially-fed micro-journal bearing. Thus,
F dCFJB R 2 Lb 1-41 -2R-2rp - (7-23)hb ~V
and
KCF
=1. (7-24)
7.2.3 Damping Force
When the rotor moves, pressure in the bearing is built up due to the squeezing effect,
and the flow field in the centrally-fed micro-journal bearing is also governed by Equation
(2-28) of the axially-fed micro-journal bearing in Chapter 2.
ht (9) 82 p
,= - hb 2 , (2-28)V. 12p aZ2
where Vr is the rotor velocity in the radial direction. With exactly the same boundary con-
ditions as the ones for the hydrodynamic flow modeled in the last section, p(Lb/2)=O and
Equation (7-13), the pressure p in the bearing due to the squeezing effect caused by the
rotor velocity is
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P(z,O)=h6p V Z2 v z - -' . (7-25)
bh'(0) 1+ 0/4 8 1+ 0/4 4
Following the same procedure as in the last section, the damping coefficient in the cen-
trally-fed micro-journal bearing (CcF) is found to be smaller than the one in the axially-
fed micro-journal bearing (CF) due to leakage through the feed. And the ratio is
CCF 
- 1+ 0/16 (7-26)
CAF =0 1 /4 e=0
which is exactly the same as the one for hydrodynamic stiffness due to rotor pumping ac-
tion.
Furthermore, comparing the equation that governs the hydrodynamic flow (Equation
(2-18)) with the one that governs the damping flow (Equation (2-28)), one can find that
the former can be transferred into the latter by the substitution of -ohb(a)/80 with 2vr.
As a result, the hydrodynamic pressure in the bearing (Equations (7-15)) can also be
transferred into the damping pressure (Equation (7-25)) by that substitution for the cen-
trally-fed micro-journal bearing, which is also true for the axially-fed micro-journal bear-
ing.
Since oa8hb()/a9-ocsin(), and vr=vy-sin(o), integrations of Equations (7-15) and
(7-25) yield
C = -2k, (7-27)
where C=FdPI/v is the damping coefficient, and kp=Fid/oe is the intrinsic hydrodynamic
stiffness due to rotor pumping action. As will be shown, this has a great impact on the
whirl ratio of the isotropic system, which is essentially the ratio of the damping coeffi-
cient to the intrinsic hydrodynamic stiffness (the sum of the hydrodynamic stiffness due
to rotor pumping action and the hydrodynamic stiffness due to viscous drag effect).
7.3 Dynamic Behavior of Centrally-Fed Micro-Journal-Bearing
Systems
Based on the hydrostatic stiffness/force, hydrodynamic stiffness/force, and damping
coefficient/force, the equations of the rotor motions in the centrally-fed micro-journal-
bearing system can be established as those presented for the axially-fed micro-journal-
bearing system in Chapter 3 and 4. The dynamic behavior of the centrally-fed micro-
journal-bearing system can then be investigated.
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7.3.1 Natural Frequencies
In the last section, the natural frequencies of the centrally-fed micro-journal-bearing
system were calculated for two sets of bearing geometries and compared with those of the
axially-fed micro-journal-bearing system (Figure 7-5). The comparison showed that a
smaller feed clearance reduces the system natural frequency.
hf=10pm ---- h,=15pm
120k .. hf=20pm ------- h =25pm
R=2. 1mm, Ap=5psig
L=L =300 m
40k
0- .
12 16 20 24 28
h b (11M)
Figure 7-9: Natural frequencies increase with flow resistance ratio 0 in the
centrally-fed micro-journal-bearing system.
Generally, with a larger flow resistance ratio 0, which can be achieved by increas-
ing feed clearance or decreasing bearing clearance, the natural frequency of the centrally-
fed micro-journal-bearing system becomes larger, as shown in Figure 7-9. This is because
the pressure in the bearing increases with larger (D due to its relatively larger flow resis-
tance, resulting in a higher hydrostatic direct-coupled stiffness.
7.3.2 Distance to Contact
As discussed in Chapter 2, the distance to contact (D2C) is a crucial parameter that
determines whether the rotor can be inverted: the distance to contact of the journal-
bearing system should be sufficiently large for the rotor to cross the natural frequency (be
inverted) safely. Then, in Chapter 5, through experiments and models, the threshold of
the distance to contact normalized by the bearing clearance was determined to be 0.09.
With a normalized distance to contact smaller than this threshold, the rotor may have dif-
ficulty crossing the natural frequency of the system.
The normalized distance to contact in the centrally-fed micro-journal-bearing system
is calculated and plotted as a function of pressure supply to the bearing system Ap in
Figure 7-10; the threshold is also indicated in the plot. The normalized distance to contact
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in the axially-fed micro-journal-bearing system is also plotted (black solid line) for com-
parison.
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0.00
0 1 2 3 4
Ap (psig)
Figure 7-10: Normalized distance to contact calculated for the centrally-fed
micro-journal bearing, compared with estimated threshold.
Thus, according to the above plot, to assure a normalized distance to contact larger
than the threshold, the centrally-fed micro-journal-bearing system needs to be inverted at
a bearing supply pressure Ap lower than 0.3psig with a feed clearance of 10pm and Ap
lower than 0.1psig with a feed clearance of 15pm.
It is important to note that although the bearing dimensions of the centrally-fed mi-
cro-journal-bearing system are the same as the dimensions of the axially-fed micro-
journal-bearing system in the calculations, the distances to contact in the former are much
smaller than in the latter, due to the greatly reduced damping caused by the leakage
through the feed in the former. With a larger feed clearance (or larger D), the damping
decreases (Equation (7-25)), resulting in a even smaller normalized distance to contact
and requiring an even lower bearing supply pressure Ap to invert the rotor.
There are two major operating concerns about the ultra-low bearing supply pressure
Ap (about 0. 1psig in the above case) needed to invert the rotor in the centrally-fed micro-
journal-bearing system. One concern is that it is difficult to precisely set that low Ap:
with an accuracy of only 10%, the Ap must be controlled within a range of ±0.01psig,
which is smaller than the error of all of the valves used in the experiments. Furthermore,
there are many flows in the device, such as the turbine flow and thrust bearing flows, that
can interfere with the journal bearing flow and make the actual Ap drift away. The other
concern is that, with such small Ap, the operable window between the system natural fre-
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quency and the system stability boundary is narrow (recall the operating protocol shown
in Figure 2-21). This also adds difficulty to the smooth acceleration, through which the
operating line needs to stay in that narrow window or the rotor will crash due to the in-
stability or the large amplitude of the resonance. Thus, the centrally-fed micro-journal-
bearing system may not be an acceptable design in the sense of operability due to the
greatly reduced damping caused by the leakage through the feed.
To solve this problem, the length of the bearing can be increased to increase the
damping. According to Equations (2-32) and (7-26), damping coefficient C increases by a
factor of 8 when the bearing length doubles, and then the normalized distance to contact
can be much larger, as depicted in Figure 7-11.
0.2- : R=2. mm, a=3pm
L 600pm,h,=13.2pm
L =300pm
0.1- \_ _ _ _ _ _ _
threshold
..................
................................
0.0CFBk 15 m
6 2 3 4 5
Ap (psig)
Figure 7-11: Normalized distance to contact for the centrally-fed micro-
journal-bearing system with the bearing length Lb=60OPm.
Therefore, due to the damping increase with the doubled bearing length, the distance
to contact in the centrally-fed micro-journal-bearing system becomes much larger com-
pared to Figure 7-10, although it is still smaller than that of the axially-fed micro-journal-
bearing system. This allows the rotor to be inverted at Ap (pressure supply to the bearing
system) of 1.3psig with a feed clearance of 10pim and Ap of 0.6psig with a feed clearance
of 15im. With these pressure settings, the devices become much easier to operate.
7.3.3 Stability Boundary
Based on the analyses in Chapter 3 and 4, the stability boundary of the centrally-fed
micro-journal-bearing system can be calculated for both the isotropic configuration
(equal pressure supplies to all four plena in Figure 7-1) and the anisotropic configuration
(different pressure supplies to the left-right pair and the up-down pair of plena). The
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analysis below shows that the singular peak of the whirl ratio with the isotropic configu-
ration shifts to a smaller bearing clearance in the centrally-fed micro-journal-bearing sys-
tem due to leakage through the feed. To compromise the capability to invert the rotor as
discussed above, the anisotropic configuration is needed to achieve a high stability
boundary with long bearings in the centrally-fed micro-journal-bearing system.
According to Equation (3-12), the whirl ratio of the isotropic centrally-fed micro-
journal-bearing system ( 91 C) is
CF CCF
n kCF _ CFN p v
(7-28)
where Qw and QN are the stability boundary and the natural frequency of the system re-
spectively, C is the damping coefficient, and kp and k, are the intrinsic hydrodynamic
stiffnesses due to rotor pumping action and viscous drag respectively.
Substituting C (7-26), kp (7-22), and k, (7-24) into Equation (7-28) and noting Equa-
tion (7-27), equation (7-28) reduces to:
2
1C WCF
(7-29)
where the whirl number for the centrally-fed micro-journal-bearing system (WCF) is
WCF kF 1+(D/16 2 Rhbl 1+(/16wAF
kCF I + 04 L2 -I + 0/4 (7-30)
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Figure 7-12: Whirl ratio 9? (left) and stability boundary (right) of the
isotropic centrally-fed micro-journal-bearing system.
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The whirl ratio 9 1CF and stability boundary for the isotropic centrally-fed micro-
journal-bearing system are calculated and plotted with Equation (7-29) in Figure 7-12.
Thus, the singularity peak shifts left due to the decrease in whirl number, according to
Equation (7-30). Meanwhile, because the natural frequency of the centrally-fed micro-
journal-bearing system is larger with a smaller bearing clearance (Figure 7-9), the system
stability boundary, which is proportional to the system natural frequency, also increases a
bit at a small bearing clearance, as shown in Figure 7-12.
According to the analysis in the last section, in order to invert the rotor in the cen-
trally-fed micro-journal-bearing system at a relatively high supply pressure Ap and make
the devices more operable, the bearing length should increase to about 600 pm. However,
with this large bearing length, the whirl number WCF is much less than 1 according to
Equation (7-30), resulting in a much lower system stability boundary (below a half-
million rpm) as shown in Figure 7-13.
3M- CFJB
R=2.1nm, L7=300pm,
h =15pWm, Ap=5psig
, 2M-
-L 300Pb
n-" i --- L=600p
12 14 16 18 20 22 24 26 28 30
hh (pm)
Figure 7-13: Stability boundary with bearing length of 600pm is much lower
than that with bearing length of 300pm in the centrally-fed micro-journal-
bearing system (CFJB).
To resolve the conflict between the large bearing length desired for a large distance
to contact and the small bearing length required for a high stability boundary in the iso-
tropic bearing design, an anisotropic bearing configuration is suggested instead to im-
prove the stability boundary of the centrally-fed micro-journal-bearing system with a
large bearing length.
According to Chapter 4, the stability boundary of the anisotropic bearing system is
mainly determined by the ratio of the hydrostatic stiffness anisotropy to the intrinsic
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cross-coupled hydrodynamic stiffness (Equation (4-11)). Thus, in the anisotropic cen-
trally-fed micro-journal-bearing system, the stability boundary is approximately
KCF -KCF
w 2(k, -kCF
4M-
3M-
2M-
R=2.lmm, Lb=6 0 0pm
1M -L= 3 0 0 pm, h=15pm
Ap=5psig, Anisotropic
012 14 16 18 20 22 24 26 28 30
h b (AM)
Figure 7-14: Stability boundary of the anisotropic centrally-fed micro-
journal-bearing system with bearing length of 600pm.
Therefore, as shown in Figure 7-11 and Figure 7-14, with the anisotropic design and
a large bearing length (600 pm), the centrally-fed micro-journal-bearing system has a
high stability boundary and can be inverted at a relatively high supply pressure Ap.
7.3.4 Design Guidelines for Centrally-Fed Micro-Journal-Bearing
Systems Used in Micro-Bearing-Rig Devices
To design an acceptable centrally-fed micro-journal-bearing system, the distance to
contact should be larger than the threshold and the stability boundary of the system
should be higher than the design speed. According to the analysis in the previous section,
a long bearing is needed to obtain sufficient distance to contact, and the anisotropic bear-
ing configuration is required to achieve a stability boundary higher than the design speed
with the large bearing length. Furthermore, the mass flow rate through the bearing system
is another concern, because the larger it is, the more power is consumed by the bearing
system. Thus, the mass flow rate through the bearing system should be small as possible.
With all these requirements, it is useful to generate a design chart with overlapping
contours of the distance to contact, the stability boundary, and the mass flow rate, so that
an acceptable design can be chosen from the chart.
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Figure 7-15: Design chart for the anisotropic centrally-fed micro-journal-
bearing system with bearing length of 600pm.
Figure 7-15 is an example of the design chart generated for the centrally-fed micro-
journal-bearing system used for a micro-bearing-rig device with a bearing length of
600pm. With the bearing clearance hb varying from 12pm to 30pm and the feed clear-
ance hf varying from 2pm to 30pLm, the highest Ap needed to invert the rotor (black
dashed lines), the stability boundary (red solid lines), and the mass flow rate (blue dotted
lines) are calculated and plotted as functions of hb and hf.
In the contour, the numbers on the red solid lines are the stability boundary normal-
ized by the design speed of the micro-bearing rig, which is 2.4 MRPM, and the numbers
on the blue dotted lines are the flow rates through the bearing system normalized by the
flow rate of the device #3-4, 16.76mg/s, which is used as a benchmark. Both the flow
rates and the stability boundary is calculated at a bearing supply pressure Ap of 5psig.
Furthermore, the numbers on the black dashed lines are the highest Ap at which the nor-
malized distance to contact is equal to the threshold of 0.09. The distance to contact is
calculated with a rotor unbalance of 3pm, which is common in the micro-bearing-rig de-
vices according to [4].
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As an example, for a device with bearing clearance hb=12m and feed clearance
hj=15m, the system stability boundary is about 1.5x2.4MRPM=3.6MRPM and the flow
rate is 0.8x16.76mg/s= 13.41mg/s at the bearing supply pressure Ap of 5psig; the highest
Ap at which the rotor can be inverted is 0.8psig.
Although the above design seems to be a good one, the centrally-fed micro-journal-
bearing design will be applied to the micro-bearing-rig devices for the following reasons:
(1) According to Chapter 5, the coupling between the rotor's conical and radial motions
is relatively small in the micro-bearing-rig devices and the stability boundary decrease is
not as large as in the micro-turbo-charger devices. Therefore, there is no need to use the
centrally-fed configuration to eliminate coupling in the micro-bearing-rig devices. (2)
The bearing aspect ratio is still limited by the DRIE etching technology at this stage, so
that a 600ptm long bearing with a 15pim clearance can hardly be etched. And (3), the cen-
trally-fed micro-journal-bearing system doesn't improve other system performance fac-
tors (stiffness, flow rate, and so on) any more than the axially-fed micro-journal-bearing
system; it even greatly reduces the distance to contact.
7.4 Summary and Conclusions
The centrally-fed micro-journal-bearing system has been investigated in this chapter
as an approach to eliminate coupling between the rotor's radial and conical motions.
Fluid models to calculate the bearing forces in the centrally-fed micro-journal-bearing
system were established, and the system's dynamic behavior, including the natural fre-
quency, the distance to contact, and the stability boundary, were obtained. A nondimen-
sional parameter, the ratio of the flow resistance in the bearing to that in the feed (D, was
introduced, and the hydrodynamic force and damping force were found to decrease with
it.
Due to the leakage flow from the bearing to the feed, both the damping and the hy-
drodynamic stiffness due to rotor pumping action in the centrally-fed micro-journal-
bearing system are smaller than those in the axially-fed micro-journal-bearing system. As
a result, the distance to contact is much smaller in the centrally-fed micro-journal-bearing
system than in the axially-fed micro-journal-bearing system. Thus, in the centrally-fed
micro-journal-bearing system, a low pressure supply to the journal-bearing system Ap is
required to invert the rotor, and the operation window between the natural frequency and
the stability boundary becomes narrow at this low Ap, causing a great deal of difficulty in
operation.
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Also because of the leakage flow from the bearing to the feed, the ratio of the whirl
number in the centrally-fed micro-journal-bearing system to that in the axially-fed micro-
journal-bearing system is a function of the flow resistance ratio (D according to Equation
(7-30). As a result, the singularity peak of the stability boundary shifts in the isotropic
centrally-fed micro-journal-bearing system.
To increase the distance to contact and help operate the system with the centrally-fed
micro-journal bearing, the bearing length should be increased (300pim to 600pm) for a
larger damping ratio or distance to contact. But a large bearing length greatly reduces the
whirl number from 1 and pushes the whirl ratio off the singularity peak, resulting in a low
stability boundary in the isotropic bearing configuration. The solution to this conflict is
an anisotropic centrally-fed micro-journal-bearing system with a long bearing. With the
anisotropic configuration, the stability boundary can increase from about a half-million
rpm (with the isotropic configuration) to over 3 million rpm, with the elimination of the
narrow singular peak.
Finally, a design chart was generated for the centrally-fed micro-journal-bearing sys-
tem used for micro-bearing-rig devices. Although there seem to be some acceptable de-
signs, the centrally-fed micro-journal-bearing system is not used in the micro-bearing rigs
because bearings with a high aspect ratio (600pm long and 15pm wide) cannot be etched
by the current DRIE etching technology.
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Chapter 8
Rotordynamic Effect of Journal Bearing
Profile Variations
In the previous analyses, the walls of the journal bearings were assumed to be per-
fectly straight and parallel. However, SEM pictures reveal that the walls of most of the
journal bearings fabricated were not straight and parallel, and sometimes the journal bear-
ing profiles can be far from being so. The following SEM picture (Figure 1-10) is an ex-
ample of a journal bearing that had been targeted to be fabricated straight and parallel
with a clearance of 15pm:
Figure 8-1: SEM picture of ajournal bearing fabricated to be straight and
parallel with clearance of 15prm.
Since the profile of the journal bearing affects the flows through it and hence the
bearing forces acting on the rotor, the real system rotordynamics will be different from
the predictions based on the models established for straight-wall bearings. Therefore, to
capture these and derive fabrication requirements, research on the effects of non-straight
bearing profiles on the system dynamic performances is carried out in this chapter.
Chapter 8 Rotordynamic Effect of Journal Bearing Profile Variations
Through this analysis, one can find that the tapered bearings behave similarly to the
straight-wall ones with the same average clearance. However, all the tapered bearings
have a smaller distance to contact than the straight-wall bearings. A negatively tapered
bearing with a large profile variation can even induce a positive hydrostatic direct-
coupled stiffness that makes the system statically unstable at low Ap (pressure difference
across the journal bearing). Thus, large profile variations in the journal bearings should
be avoided.
8.1 Three Typical Journal Bearing Profiles
The SEM measurements [33] showed that there are three typical profiles of fabri-
cated journal bearings: "positive taper," "negative taper," and "bow," which are sketched
in Figure 8-2.
JI I II
Positive taper Negative taper Bow
Figure 8-2: Three typical profiles of fabricated journal bearings.
Since the gas/air is fed from the aft side of the rotor, it contracts in the positively-
tapered journal bearing but expands in the negatively-tapered one. In the bow-shaped
journal bearing, the flow path diverges first and then converges.
Because other journal bearing profiles can be derived from combinations of these
three, the research focuses on the three typical profiles in this chapter. Analytical fluid
models are established for these basic profiles first, and then the rotordynamic behavior
of the system is investigated with the bearing forces calculated by the fluid models.
8.2 Fluid Model for Journal Bearings with Profile Variations
As with the straight-wall journal bearings in Chapter 2, in order to obtain a physical
understanding of the rotordynamic behavior of the system, the three bearing forces (hy-
drostatic force, hydrodynamic force, and damping force) are calculated individually for
the non-straight-wall journal bearings. In the below analysis, solutions are first derived
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for the general bearing profile h(z). Then the above three typical profiles are substituted
in to obtain the corresponding final solutions.
8.2.1 Flows in Journal Bearings of General Profile
When the profile of a journal bearing is not straight and parallel, the bearing clear-
ance varies along the axial direction z (the direction of the hydrostatic flow), as shown in
Figure 8-3. The bearing clearance as a function of z can then be written as h(z)=ho+d(z),
where d(z) is the clearance variation relative to the entrance clearance ho.
hh(z)
I~h~ z
Figure 8-3: Bearing clearance h varies along z in a non-straight-wall journal
bearing (not to scale).
Furthermore, if the rotor eccentricity relative to the bearing center is not zero, the
clearance of the journal bearing is also a function of 0 (in the circumferential direction),
as shown in Figure 8-4.
h(z,)A0
L
Figure 8-4: Bearing clearance varies with both z and 0 when rotor is off-
centered with non-straight-wall bearing (not to scale).
Then one can get
h(z,0)= ho + d(z) - ecos(9), (8-1)
where the circumferential direction 0 starts from the direction of the rotor displacement F.
For the hydrostatic flow, since the flow rate qz is constant through the bearing due to
mass conservation, according to Equation (2-4) and the boundary condition p"(L, 6)=O,
the pressure in the bearing is
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Ph (zO)= 312 d 1 d 2 qz (0) (8-2)0J h (Z,9) h(Z,90) }
Meanwhile, as in Chapter 2, due to the entrance static pressure loss, the equation of qz be-
comes
Ap = p(0,90)+ _pu2 = L12p d4 qj)+ Lp . (8-3)
2 z fh 3 z, 0) 2 ho - c os (0),
Thus, qz can be obtained by solving this parabolic equation, and hence the pressure in the
bearing p(z, ), according to Equation (8-2). The integration of p(z, 6) with respect to both
z and 9yields the hydrostatic force F' (in the direction of c)
2r L
F s =2 R cos(9 d9 phs(z, 4dz. (8-4)
0 o
For the hydrodynamic flow, following the analysis in Chapter 2 for the straight-wall
bearing, the equation that governs the pressure field induced by rotor pumping action in a
non-straight-wall bearing can be derived:
qz + q9 =0 -> h3(z,) ap -ocsin(0) (8-5)
az R8 az (12p nz 2
With the boundary condition phd(0, )=O, the hydrodynamic pressure in the bearing phd(Z 9)
can be obtained from the above equation:
phd (Z0)=6possin () +ci d, (8-6)fh 3({,6)0
where ci is only a function of 9 and to be determined by the boundary condition of
phd(L,)=o. Furthermore, the integration of phd with respect to both z and 9 yields the hy-
drodynamic force due to rotor pumping action Fhd (in the direction of P, which is per-
pendicular to &).
21r L
F/id _ _ R sin(9v1dr hd zJz . (8-7)
00
It is useful to define a functionf(9),
f(9)= dzh (cb d C, dzo| h + -c--d) . (8-8)
0 0 h (,; 0 o (he + d(z)- cs()
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Then Equation (8-7) can be written as
F Id = -6pweR sin2 (9)f (0)d9 . (8-9)
0
Meanwhile, the viscous stress on the rotor surface is z(z,)=pwR/h(z,0). Thus the
hydrodynamic force due to viscous drag is (also in the direction of P)
P~ 21r L 2rL aR
Fhd _f Rcos(9)d fr(z, )dz -- Rcos ()d Jh z dz. (8-10)
Similarly, for the damping flow, the pressure in the bearing p dp is
zz
P*{(z, 0) = -1 2pv' h + Cd =-12p(vecos(O)+vsin(O)) f {, ,(8-11)
where v, is the rotor radial velocity vr=vscos(G)+vpsin(0), and v, and vp are the compo-
nents of the rotor velocity in 6 and J directions respectively. Therefore, the damping
force FdP can be derived by the integration ofpdP with respect to both z and .
21r L IT L
=* - Rcos(O)dO pdP (zO)dzc - fRsin()dJpdP (z,9)dz/J. (8-12)
0 0 0 0
Because the integrant of the following integration is skew-symmetric about O=T, one
can get
2f sin(0)cos(0)
0 (a + bcos (0)),
With Equation (8-8) and the above integration, Equation (8-12) becomes
F* =JFps+ F,* /==12pR cos2 (fOf)dfv+ sin2 (O)f (0)dv j (8-14)
Thus, all the bearing forces in the non-straight-wall journal bearing can be calculated
by the equations above. The following analysis shows that there is a general relation be-
tween the intrinsic hydrodynamic stiffness due to rotor pumping action iS and the damp-
ing coefficient C in journal bearings with any bearing profile.
According to Equation (8-8), the differential ofJ(0) with respect to the rotor eccen-
tricity e is
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af(9) (815
= f'(0)cos(0). (8-15)
With this and Equations (8-9) and (8-12), the intrinsic hydrodynamic stiffness due to ro-
tor pumping action becomes:
Fhd 2 F 1
k -WE -6uR sin2()f(0)d =-----=--C,
dFhd 2,r 2;,
k= =-6tpR sin 2 (9)f (9)d9+s sin2 (9)f'(9)cos(9)d9
= -6pR f sin2 (9)f (0)d9 - f1±sin(20)df(90)j
= -6pR f sin2 (9)f (9)dO + fcos(20)f(9)dj
lFP
=-6pR fcos2()f(O)d= -I
0 2 v,
1
=--C .
2e
Or,
Cf=-2k , and C.=-2k . (8-16)
Thus, no matter what the bearing profile is, it is always true that the damping coeffi-
cient is exactly two times the intrinsic hydrodynamic stiffness due to rotor pumping ac-
tion, with the opposite sign. This relation can be used to calculate the whirl ratios of iso-
tropic journal-bearing systems with various bearing profiles.
8.2.2 Bearing Flow and Bearing Forces in Journal Bearings with
Tapered Profiles
The sketch in Figure 8-5 shows a typical journal bearing with a tapered bearing wall.
With the air fed from the left, if the taper variation A is positive, the bearing is a nega-
tively-tapered one; if A is negative, the bearing is a positively-tapered one.
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h0 A/2
L z
Figure 8-5: Sketch of a taperedjournal bearing (not to scale).
Thus, the bearing clearance can be written as
h(z,)=ho+A -ecos(9)=ho 1+i - cos(,0) (8-17)
where 8-A/ho and -=-e/ho are the profile variation and the rotor eccentricity normalized by
the bearing entrance clearance ho, respectively. Substituting Equation (8-17) into (8-2),
the hydrostatic pressure phs in the tapered bearing can be obtained:
hs (z, =) 2P - 21 (8-18)phz h6 (1+ z/L -cos(0)) 2  (1+- cos(0)) 2
Therefore, according to Equation (8-3), qz becomes
-b(0)+ b2 (0)+4a(0) Ap (8-19)
2a(0)
where
a(0) - 1 n 6_pL 1 1
2 2ho2 I(i-'cos(0))2 and b()U (1_ COS(9))2(1+45-cos(9))2
Thus, the hydrostatic flow rate through the bearing is
Q= q,(O)RdO. (8-20)
0
At the same time, the integration ofphs(z, ) (Equation (8-18)) with respect to z yields
JP (z,I)dz = 6u2 . (8-21)
0fho (1-h cos(0))(1+ -5cos(0))2
Then the hydrostatic force Fhs is
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F" = -6pR L2f cos(9)dO
h 0 o (1- cos(9))(1+1s- cos(9))2 (8-22)
As shown in Figure 8-6, compared with straight-wall journal bearings, the nega-
tively tapered bearing has a larger flow rate but a smaller restoring hydrostatic force,
while the positively tapered bearing has a smaller flow rate but a larger restoring force.
This can be explained by noting that the average clearance of the positively tapered bear-
ing is smaller, while the clearance of the negatively tapered bearing is larger.
- - -- A=3pm
-~A=Opm
-.. .-- A=-3pmn
-.- R=2. Imrm, L=300pmn, ho= 15 pm
4-
z
o2-
0
-o 1
1 2 3 4 5
Ap (psig)
rotor eccentricity -
- m
6
Ap (psig)
4 5
Figure 8-6: Hydrostatic flow rate and force in tapered journal bearings with
different levels of profile variation.
Furthermore, the expression of the hydrodynamic force due to rotor pumping action
Fphd can be derived by integrations:
F = L3R In ++ (1+S)2_g2
- (8-23)ji-i27-(i+s) (1+6)2_g2 +26 1S/)#
+ I+2 9e 2(l+/2) 1
Similarly, the hydrodynamic force due to viscous drag F'hd is
F' = -21po LR
2
ho 954
The damping force F"' in 6 direction (the direction of rotor displacement, Chapter 2) is
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FdpL 3R j+8+ (1+8)2 2
hiS1+ 1-~ 92
0 g 3 +(8 
-2 5 )
(1+3) (1+8)2 2 -,5y 2 - 24(1+4/2) (1+,5/2)2 _ (2
+ _ 2
and the damping force 1P" in 4 direction (the direction perpendicular to the rotor dis-
placement, Chapter 2) is
L3R 8 1 + (1+2_2Fdp -127rpv, E In
/ . (8-26)
1-+ 2 -(1+8) (1+8)2 _ 2 +28 (1+85/2)2 _ 2
+2
As the profile variation 8->0, the tapered bearing reduces to the straight-wall bear-
ing, and the hydrodynamic and damping forces in the former can be found to equal those
in the latter, which were modeled in Chapter 2. Thus, the above equations of bearing
forces in tapered bearings are consistent with those in straight-wall bearings.
At the centered position 4-=O, the intrinsic hydrostatic stiffness and damping coeffi-
cient in the tapered bearings are
L2R 1 3l(8" 8 ~ 1 8 8
k Taper =6p E nR+) = - Straight 1+8/n(+') (8-27)kp h 3 g3I 5 +o5/2 k p 3 1+(5/2 '8
LR2 I _ 1kaper = z 2 1 1 Straight I (
9(3 1+15 (5 1+9
C T aper = CS traight 12 1 8 .8
W I I 5 1+9/2 (-9
Therefore, as shown in Figure 8-7, the ratios of the hydrodynamic stiffness and
damping coefficient in the tapered bearing to those in the straight-wall bearing are func-
tions of the bearing profile variation 6. Furthermore, one can see that the hydrodynamic
stiffness (both due to rotor pumping action and viscous drag effect) and damping coeffi-
cient are larger in the positively tapered bearings, while they are smaller in the negatively
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tapered bearings. This is also due to the average clearance: the negatively tapered bear-
ings have larger average clearance than the positively tapered journal bearings.
1.8-
kaPerlstraight eaperl traightp p1.6 aperstraight
V V
n 1.2-
.4-
1.0 - -------..................-----...
0.8-
0.6
-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3
Figure 8-7: Ratios of hydrodynamic stiffness and damping coefficient in
tapered bearings to those in straight-wall bearings.
Moreover, the average clearance of the tapered bearings is ho(1+6/2). The hydrody-
namic stiffness and damping for straight-wall bearings with this clearance are
kStraight E( L1R = - +0 ( k Straigh(8-30
S o(l+/2) 2" (ho (I + 1/2))3 2 + I ' ((23)
ksiraig +2) LR2  2 1-+0(52) kvsraight (8-31)k ~r(aght = ho(I+s/2))'
Cstraight 1 (/) = I -S+ (g2 CSraight (8-32)
Then, with the Taylor expansions of Equations (8-27), (8-28), and (8-29), one can
find that, by the first order approximation,
kTaper ~Strai'ht k'"'" kstraighr| C'"'" ~straighr (8-33)
p p IA(1+6/2) , v v ih 0(1+,/2)' ih 0(1+./2)
Thus, the hydrodynamic stiffness and damping coefficient in tapered bearings are
about the same as those in straight-wall bearings with the same average clearance.
As a brief summary, the bearing forces in tapered bearings are determined by the
bearing average clearance. With the same top opening, a positively tapered bearing has a
smaller average clearance and hence a smaller flow rate than a negatively tapered bearing.
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Furthermore, when the average bearing clearance is the same, the hydrodynamic stiffness
and damping coefficient in tapered bearings are equal to those in straight-wall bearings.
8.2.3 Bearing Flow and Bearing Forces in Journal Bearings with Bow-
Shaped Profiles
As sketched in Figure 8-8, the bow-shaped profile can be approximated by two
symmetric linear segments combined together:
h L/2
0
z
Figure 8-8: Sketch of bow-shaped journal bearing (not to scale).
Thus, the bearing clearance h(z, 0) can be written as
Ih k ( 1 + ' 5L + 2 z
h(z,9)=
[h "( I + gL - 2z _ cos(O ) )
(8-34)
S[oL ]
2
Z E 0,-L
12
Substituting Equation (8-34) into (8-2), after integration, the hydrostatic pressure in
the bow-shaped bearing becomes
p/2s(Z)=q 3pL
h3
C__ 2
(1 (o()2+ S - COS( 0)) -z E L[ 0](-512
(1 + 5- (L + 2z)/L -Jcos(9)) (8-35)
cos(0))2 (1 + -(L - 2z)/L - 4cos(0))2 }_
Therefore, according to Equation (8-3), qz in the bow-shaped bearing can be obtained:
-b() j+b 2 ()+4a(9)Ap()= ,2a() (8-36)
where
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Thus t -d2 and b(o ) he bwsae b is2 ho2 (1-(cos(0)) ' Siho (I- o()2(185o()
Thus, the hydrostatic flow rate though the bow-shaped bearing is
2ff
Q = fJq ,(9)Rd9.
0
(8-37)
Meanwhile, the integration of phs(z, ) in the bow-shaped bearing with respect to z
(Equation (8-35)) yields
Lhs L2 (I+ 9/2 - COS (0)) q, (0)p (zi)dz = 6p -2.
o ho (1- cos(0)) 2 (1+ -45 cos(0))2 (8-38)
Then, after integration with respect to 0, the hydrostatic force J4 in the bow-shaped bear-
ing becomes
2x " (+5/2 - COS (0)) q, (0)F =-6pR f2 2(/ccos(l)d+.
ho o (1- cos(0))2 (1 + S - cos(0)) (8-39)
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Figure 8-9: Hydrostatic flow rate and force in bow-shaped journal bearings.
As plotted in Figure 8-6, compared with straight-wall journal bearings, bow-shaped
bearing have a larger flow rate and hydrostatic restoring force, unlike tapered bearings
(also shown in the plot).
Furthermore, through integrations, the expression of the hydrodynamic force due to
rotor pumping action Fp"" in the bow-shaped bearing can be derived:
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8.2 Fluid Model for Journal Bearings with Profile Variations
Fhd 3 LR [n1+3+ (1+)2 _ 2 1+23
--f72W 1li -33n~ 1
-' (8-40)
(1+3) (1+5)2 _2 + (1+t)2
2 2 _ 2
Similarly, the hydrodynamic force due to viscous drag Fvhd i
Fr -2 LR 2 (1+3) _ -2 (8-41)
d ho 9
The damping force TP in 6 direction is
dp ER 1 1+4 + (1+4) 2 _2 (I+ g2F =-3)rpv, InI
E E hi 33 1+41 -22 
_2
(8-42)
1 g2 (1+') (1+,)2 $
1-2 )2 )2
and the damping force dP in ft direction is
hdL 3R 1 _+__(__ 2__2 1+23F = -3;rpv, In
(8-43)
(1+3) (1+3)2 _ 2 (I +C)2
As the profile variation 6-0, the bow-shaped bearing reduces to a straight-wall
bearing, and the hydrodynamic and damping forces in the former can be found to equal
the ones in the latter. Thus, again, the above equations of bearing forces in bow-shaped
bearings are consistent with those in straight-wall bearings.
Furthermore, at the centered position 4(=0, the intrinsic hydrostatic stiffness k and
damping coefficient C in the bow-shaped bearing are
kBow= 3  ER 1 4 2 _ 3 ,+2
k 2" = g3 (i 3 2 = k3 (a2gh
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BOW L R I 1  1  ks traight . 1 _j (8-45)V 5 1+45) P 45( 8)
Cow = Cstraigh' hi + S)S-+ . (8-46)
g3 (2)
Again, the ratios of the hydrodynamic stiffness and damping coefficient in the bow-
shaped bearing to the ones in the straight-wall bearing are functions of 8 as plotted in
Figure 8-10. Furthermore, it can be seen that the hydrodynamic stiffness due to rotor
pumping action and damping coefficient are larger in the bow-shaped bearing than in
both the straight-wall and the negatively tapered bearings. This is because both ends of
the bow-shaped bearing contract, allowing higher pressure to build up in the bow-shaped
bearing than in the tapered bearing, which has a divergent end.
k - k aight " 'owCtraight
-P P
---- kowk traight aPer/straight
0.9 -
0
0.8--
........ k'" lg"Ik , gh apr" tri
p p
0.7 I
0.0 0.1 6 0.2 0.3
Figure 8-10: Ratios of hydrodynamic stiffness and damping coefficient in
bow-shaped bearings to those in straight-wall bearings.
By an analysis similar to the one for the tapered bearing in Section 8.2.2, one can
find that
kBow k Straight kBow Straight cB1 ~ Straight 1(+.54  (8-47)P P h(1+9/4) , w v
Thus, the intrinsic hydrodynamic stiffness due to viscous drag effect in a bow-
shaped bearing is about the same as the stiffness in a straight-wall bearing with the same
average clearance. However, the intrinsic hydrodynamic stiffness due to rotor pumping
action and the damping coefficient are larger than those in straight-wall bearings with the
same average clearance, because both ends of the bow-shaped bearing contract and
higher pressure can be built up in the bow-shaped bearing.
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8.3 Rotordynamic Behavior in Non-Straight-Wall Journal-Bearing
Systems
Using the fluid models established in the previous section, one can calculate the ro-
tordynamic behavior of the system, such as the stability boundary and the distance to
contact.
Since the hydrodynamic and damping forces in tapered bearings are equal to those in
straight-wall bearings with the same average clearance, the following analysis will show
that the system stability boundary of the tapered bearing behaves similarly to that of the
straight-wall bearing. On the other hand, the singular peak of the system stability bound-
ary for the bow-shaped bearing shifts to a larger bearing clearance because of its rela-
tively larger hydrodynamic stiffness due to rotor pumping action.
Furthermore, negatively tapered journal bearings with a large profile variation A are
found to be able to induce positive direct-coupled hydrostatic stiffness at low Ap (pres-
sure difference across the bearing), making the system statically unstable. Analyses also
show that the distances to contact for all non-straight-wall journal bearings are smaller
than those of straight-wall bearings, making it difficult to invert the rotor.
8.3.1 Stability Boundary of Journal Bearings with Profile Variations
For bearings with the isotropic configuration, the whirl ratios can be calculated ac-
cording to Equation (3-12). Thus, the whirl ratio for a tapered bearing is
OTaper - Caper 2
" = kTaper - k "Taper I - WTaper (8-48)N p v
where the whirl number for the tapered bearing Waper can be obtained from Equations
(8-27) and (8-28):
WTa 2Rho 82(1_1/(l+1)) 2Rho j(
L2 12(ln(1)-8/(l+1/2)) L2  2 +
Again, Wraper is about the same as the whirl number for a straight-wall bearing with
the same average clearance (ho(1+/2)). Then it is expected that the whirl ratio in the ta-
pered bearing behaves similarly to the one in a straight-wall bearing with the same aver-
age clearance.
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Figure 8-11: Whirl ratios for taperedjournal bearings.
As plotted in Figure 8-11, the singular point of the negatively tapered bearing (red
dashed line) is ho=20pjm, and the corresponding average clearance is 21.5pm, which is
the singular point in the straight-wall bearing. On the other hand, the singular point in the
positively tapered bearing (blue dotted line) is ho=23ptm, and the corresponding average
clearance is 21.5ptm again. Therefore, the tapered bearing does behave similarly to the
straight-wall bearing with the same average clearance, in terms of whirl ratio.
R=2.lmm
L=300pm,
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Figure 8-12: Whirl ratio for the bow-shaped journal bearing.
Similarly, the whirl ratio in the bow-shaped bearing is
2Bow Bow,
wN
where the whirl number for the bow-shaped bearing WBows
184
50-
40-
30-
20-
10-
0
4 _JCa
i-
(8-50)
8.3 Rotordynamic Behavior in Non-Straight-Wall Journal-Bearing Systems
Bow =2R 3(1-1/(1+()) 
- 2Rho 1- 8 +(g2) (8-51)
L2 3(ln(1+')-t5+52/2) L2  4
Although the average clearance in the bow-shaped bearing is larger (ho(1+&2)), the
corresponding whirl number is about the same as the number for a straight-wall bearing
with a smaller clearance (ho( 1-64)). Then, according to Equation (8-51), the singularity
point ho in the bow-shaped bearing is a little larger than that in the straight-wall bearing,
which is clearly captured in the plot of Figure 8-12.
Based on the plots in Figure 8-11 and Figure 8-12, it can be seen that with the iso-
tropic configuration, the fabrication tolerance requirements for the bearing clearance ho in
the non-straight-wall bearings are still tight, because the singular peak is still narrow.
This means that there is no acceptable isotropic design that works with all the profiles in-
vestigated above. Therefore, an anisotropic design that works with journal bearings of
various bearing profiles is a positive solution to the tight fabrication tolerance require-
ments.
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3M- Tapered bearing A=3pm
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Bow-shaped bearing A=3pm
1M -..'R=-2 lmm, L=300pm
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Figure 8-13: Stability boundary in the anisotropic non-straight-wall journal-
bearing system.
In the anisotropic journal-bearing system, based on the analyses in Chapter 4, the
system stability boundary is mainly determined by the ratio of the hydrostatic stiffness
anisotropy to the intrinsic hydrodynamic stiffness, as described by Equation (4-11). Since
these two stiffnesses in the non-straight-wall bearings are of comparable magnitude to
those in the straight-wall bearings, the stability boundary of the non-straight-wall bear-
ings is also of the same magnitude as the stability boundary in the non-straight-wall bear-
ings (as shown in Figure 8-13).
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One can see from the plots that because of larger average clearances, the stability
boundary of the negatively tapered journal-bearing system (red dashed line) and the bow-
shaped journal-bearing system (blue dash-dotted line) is higher than the stability bound-
ary of the straight-wall bearing system (black solid line), while the boundary of the posi-
tively tapered journal-bearing system (red dotted line) is lower due to its smaller average
clearance.
Furthermore, as with the straight-wall bearings, anisotropy in the non-straight-wall
journal bearings can improve the system stability boundary, greatly releasing the fabrica-
tion tolerance requirements. According to Figure 8-13, with a bearing entrance clearance
ho>15pim, the stability boundary in journal-bearing systems with all kinds of profiles can
be higher than the design speed of 2.4MRPM, even if the profile variations are as large as
3pim.
8.3.2 Nonlinear and Positive Hydrostatic Stiffness with Tapered
Journal Bearings
The amplitude of hydrostatic force, the restoring force, increases with eccentricity in
all types of journal bearings, as shown in Figure 8-14. On the other hand, it is important
to note that the hydrostatic force softens in negatively tapered bearings, while it stiffens
in positively tapered bearings.
3 - Straight-wall bearing
Negatively-tapered bearing A=3pm
--....... Positively-tapered bearing A-3ptm
Bow-shaped bearing A=3pm - -
2-z
.f'~~~ -. ' R2. Imm, L=300pm
-~i',-'' h=12pm, Ap=2psig
0 2 4 6 8
e (pim)
Figure 8-14: Hydrostatic forces as functions of rotor eccentricity for journal
bearings with different bearing profiles.
The softening and stiffening hydrostatic forces are more clearly illustrated by the ra-
tios of hydrostatic stiffness Kh" to Koh' as shown in Figure 8-15, where Koh' is the hydro-
static stiffness at the center position:
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Figure 8-15: Hydrostatic stiffness as a function of rotor eccentricity for
journal bearings with different bearing profiles.
Thus, it can be seen that the hydrostatic force/stiffness in the bow-shaped journal
bearing is as linear as the hydrostatic force in the straight-wall bearing, but it is a strong
nonlinear function of the rotor eccentricity in tapered bearings. This strong nonlinearity
can induce nonlinear dynamic behavior in the system, such as subharmonic and super-
harmonic resonances, which are discussed in Chapter 9.
It is worth noticing in Figure 8-15 that the hydrostatic stiffness in the negatively ta-
pered journal bearing (red dashed line) begins to change sign at a rotor eccentricity c of
about 7.5gm.
Normally, the hydrostatic direct-coupled stiffness in the bearing should be negative
so that additional rotor displacement can induce hydrostatic force in the opposite direc-
tion, pushing the rotor back to the original position. With the positive hydrostatic direct-
coupled stiffness in the negatively tapered bearing at a large rotor eccentricity (larger than
7.5pm in the case of Figure 8-15), additional displacement of the rotor induces an addi-
tional force in the same direction, pushing the rotor even further away from its original
position and making the system statically unstable! Moreover, when the rotor is acceler-
ating through the natural frequencies, the radius of its precession orbit is large (recall that
the distance to contact is normally only 1-2pm). As a result, it is quite possible for the
rotor to enter this static unstable region and crash into the bearing wall.
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Figure 8-16: Pressure along the negatively taperedjournal bearing,
calculated by CFD.
Positive hydrostatic stiffness is caused by the decreasing flow resistance along the
negatively tapered bearing. Along the flow path, the flow resistance (the slope of the
pressure profile) in the negatively tapered bearing decreases, resulting in the concave
pressure profile shown in Figure 8-16. This decrease in flow resistance along the bearing
is faster with smaller bearing clearance h, because the resistance is inversely proportional
to the cube of the bearing clearance; thus, the pressure profile along the flow path is more
concave in tighter bearings. This effect is clearly captured in Figure 8-16, where the pres-
sures along the negatively tapered journal bearing calculated by 2-D CFD (Fluent) are
plotted for two different bearing clearances. It can be seen that as the bearing gap closes
up (from black solid line to red dashed line), the calculated pressure profile along the
negatively tapered bearing becomes more concave. As a result, the integrated force (the
area below the lines) in the tighter bearing is smaller than in the bearing with larger clear-
ance, and the net hydrostatic force pushes the rotor in the direction of the tighter bearing
gap, further reducing the gap.
The positive hydrostatic stiffness in the negatively tapered journal bearing is more
severe with a low pressure difference across the bearing Ap, large bearing profile varia-
tion 6, or large rotor eccentricity &, as shown in Figure 8-17. Although the hydrostatic
stiffness eventually becomes negative at higher Ap, the negatively tapered journal-bearing
system is statically unstable at low Ap because of the positive destabilizing stiffness, even
if the rotor is at the center of the bearing.
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Figure 8-17: Positive hydrostatic stiffness in the negatively taperedjournal
bearing changes with the pressure difference across the bearing Ap, the
bearing profile variation 8, and the rotor eccentricity a.
As has been emphasized several times before, the rotor should be inverted at a low
pressure difference across the bearing Ap to avoid the large rotor response amplitude peak
and associated small distance to contact. Furthermore, Chapter 5 shows that the relatively
heavy rotors (70mg) in the micro-turbo-charger devices could not cross the natural fre-
quency at Ap higher than 0.25psig with 5tm unbalance. Then, if the journal bearing in
these devices is a negatively tapered one with a large bearing profile variation (for exam-
ple, 3pm), at Ap lower than 0.25psig, the hydrostatic stiffness is positive according to
Figure 8-17, making the system statically unstable. So, the rotor can never be inverted in
micro-turbo-charger devices that have negatively tapered journal bearings with large
bearing profile variations. For this reason, negatively tapered journal bearings with large
profile variations should be avoided in fabrication.
8.3.3 Distance to Contact in Non-Straight-Wall Journal-Bearing
Systems
Even if the bearing profile is not a negatively tapered one with large profile variation
(so that the system is statically stable), the following analysis shows that the distances to
contact in non-straight-wall bearings are smaller than in straight-wall bearings and make
it difficult to invert the rotor.
As discussed previously, hydrostatic force is a strong nonlinear function of rotor ec-
centricity. This nonlinearity skews the rotor response curves as discussed in Chapter 2,
which in turn can affect the distance to contact. Furthermore, the damping coefficient and
hydrodynamic stiffness in the non-straight-wall bearings are different from the ones in
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the straight-wall bearings, according to Section 8.2, which can also affect the distance to
contact according to Equation (2-42). These effects are accounted for in the calculations
of the rotor response curve shown in Figure 8-18.
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Figure 8-18: Rotor response curves in journal bearings with various
profiles.
Moreover, numerical simulations have been run to calculate the distance to contact
with different profiles and different profile variations.
A I p 1.5 m 2 m 3m
Negatively-tapered 1.6 1.
Positively-ta ered 1.
Bow-sha ed 1.7 1.5 1.4
Table 8-1: Distance to contact for micro-turbo-pump devices with different
bearing profiles and profile variations, at Ap=0.5psig.
The distances to contact in Table 8-1 were calculated for the micro-turbo-pump de-
vice, in which the rotor has a relatively large mass (25.4mg) and radius (3.1mm). The
length of the bearing was 300pim, the entrance clearance was ho=15.5pm, and the pres-
sure difference across the bearing was 0.5psig. If the bearing was a straight-wall one, the
distance to contact would be 2.1 pm. Compared with the threshold normalized distance to
contact of 0.09 derived in Chapter 5, the shaded elements in Table 8-1 indicate that it is
difficult to invert the rotor with the corresponding bearings. Thus, in order to invert the
rotor at Ap of 0.5psig (with lower Ap the system may be static unstable, due to positive
hydrostatic stiffness in the negatively tapered journal bearing), the journal bearing should
be fabricated with a profile variation smaller than 1.5pm. In fact, simulations show that
the rotor precession orbits penetrate into the region of the positive hydrostatic stiffness
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and become unstable in negatively tapered journal bearings with profile variations of
2pm and 3pm.
8.4 Summary and Conclusions
Journal bearings with various profiles were investigated, and through the analyti-
cally established fluid models, bearing forces, stiffnesses, and damping coefficients were
calculated for these bearings. Then, rotordynamic behavior such as the stability boundary
and distance to contact was investigated for journal bearings with the three most common
profiles: positively tapered, negatively tapered and bow, which are.
According to the fluid models, it was found that the damping coefficient C is exactly
twice the intrinsic hydrodynamic stiffness due to rotor pumping action kP in all journal
bearings. The hydrostatic force in bow-shaped and positively tapered journal bearings is
larger than the force in straight-wall bearings, while in negatively tapered bearings it is
smaller. The hydrodynamic and damping forces in tapered journal bearings are about the
same (up to the first order or the rotor eccentricity) as the ones in straight-wall bearings
with the same average bearing clearance.
Then, based on the fluid models, the system stability boundary in the tapered bear-
ings was found to behave similarly to the boundary in straight-wall bearings with the
same average clearance. Also, it was found that hydrostatic stiffness anisotropy can im-
prove the system stability boundary in journal bearings with all types of profiles, so that
the fabrication tolerance requirements for the bearing clearance can be greatly released.
A negatively tapered journal bearing can induce positive hydrostatic direct-coupled
stiffness, which is caused by the diffuser effect and can make the system statically unsta-
ble, especially at a low pressure difference across the journal bearing Ap. Analysis has
shown that this positive hydrostatic stiffness is more severe in negatively tapered journal
bearings with a large profile variation. Thus, such negatively tapered bearings with large
profile variation should be avoided in fabrication, especially for devices that need to be
inverted at low Ap.
Furthermore, hydrostatic stiffness is found to be a strong nonlinear function of rotor
eccentricity in tapered bearings, and this nonlinearity in turn skews the rotor response
curves. Most importantly, numerical simulations of the rotor response curves show that
the distances to contact in the non-straight-wall journal bearings, especially those with
large profile variations, are smaller than the distances to contact in the straight-wall bear-
ings. Therefore, large profile variations should be also avoided. More specifically, ac-
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cording to the simulation results, profile variations should be smaller than 1.5pim for
journal bearings used in the micro-turbo-pump devices so that they can be inverted at Ap
of 0.5psig.
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Chapter 9
Nonlinear Dynamics of Micro-Journal-
Bearing Systems
As described in Chapter 5, the resonance at the natural frequency can be picked up
by measuring the variation in pressure difference across the journal bearing while keep-
ing the flow supply to the bearing constant (Figure 5-5). When a resonance occurs, the
amplitude of the rotor orbit changes abruptly, altering the flow resistance through the
journal bearing (Figure 2-6-a). As a result, with the constant flow rate through the journal
bearing (controlled by a flow controller), the pressure difference across the journal bear-
ing Ap changes, indicating the resonance. Using this method, the system natural frequen-
cies have been successfully measured and compared well with the model predictions
(Figure 5-7).
In Figure 5-5, only one peak showed in the response curve, indicating the single
natural frequency of the isotropic system. However, for some devices, there were sev-
eral resonances observed in the experiments.
1.3
1.35
1.4-
1 .5
1.55
0 20K 40K 60K 80K 100K 120K
co (rpm)
Figure 9-1: Multiple resonances observed in the experiment for the micro-
bearing-rig device with part-bearing configuration [301.
Chapter 9 Nonlinear Dynamics of Micro-Joumal-Bearing Systems
For example, there were a total of 3 peaks of Ap variation in Figure 9-1, indicating
that the rotor underwent resonances at speeds of 22krpm, 42krpm, and 60krpm. Com-
pared with the model predictions, the first two were found to be the natural frequencies in
the two principal directions respectively (the device used a part-bearing configuration).
Then the question arises-what is the third resonance at the speed of 60krpm?
Through the nonlinear analysis presented in this chapter, one can find that this reso-
nance was actually a third-order subharmonic resonance. Furthermore, because there are
only odd orders of nonlinearity in the hydrostatic force due to its skew symmetry, the
nonlinear resonances can only occur at the speeds that are odd times (fractions) of the
natural frequency. According to the analysis based on the system with the third-order
nonlinearity in hydrostatic force, the anisotropic journal-bearing system can engage in
nonlinear resonances at speeds of 1) one third of the natural frequency, 2) three times the
natural frequency, or 3) combinations of the natural frequencies. Through an analytical
approach using the multi-scale method, the conditions under which nonlinear resonance
can occur are derived and verified by the numerical simulation. Most importantly, the
analysis shows that the third-order subharmonic resonance can also occur in the isotropic
bearing system and its orbit is found to rotate slowly--different from the fixed orbits of
the nonlinear resonances in the anisotropic system. This subharmonic resonance in the
isotropic bearing system has not been observed before, according to [34]; however, it is
verified by the numerical simulations presented in the chapter.
9.1 Nonlinearity in Hydrostatic Force
In the previous chapters, it has been shown that hydrostatic stiffness can be a strong
nonlinear function of rotor eccentricity, especially in the tapered journal bearings (Figure
8-15). With this nonlinearity, the rotor response curve is skewed left or right depending
on whether the stiffness is stiffening or softening (Figure 8-18). Since the nonlinearity of
the hydrostatic force is the cause of the nonlinear resonances, it is useful to investigate its
properties first before proceeding to analyze the nonlinear resonances.
If one follows the analyses in Chapter 2 on the hydrostatic force, the pressure at the
entrance (Figure 2-3) of a straight-wall bearing is
-144 p2L2 + j(144p2L2 +288 7pp 2h2LAp (9-1)
=_ yph2
When the rotor moves from its centered position by an infinitesimal displacement f,
the bearing clearance becomes h()=ho-scos()=ho(l- cos(G)), where is the rotor dis-
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placement normalized by the bearing clearance ho. The Taylor expansion of Equation
(9-1) in (which is much smaller than 1) is:
p 2 - ao +aj cos0+a 2 ( cos9) 2 +a, (cos6) + (4), (9-2)
where the coefficients ao, ai, a2, and a3 are
a = ,+41 a -[10+10 -16 -128 H
2 (1 + 4) 1 2  (I + 4)3/2 (I+ 41)/2]
a 2 +411 ~~ L 288pu2
a = -2 _, p , and 1 -Ap/P.
-v1 +4n h"2 rp
In the isotropic configuration, the integration of the pressure in the bearing yields the
hydrostatic force Fh
27r
F h= -cos(O)R pLdO =K, + kN 3 + 5 ) 93
where Ks is the linear term (K, denotes the direct-coupled hydrostatic stiffness) and kNe
is the nonlinear term:
RL IT_" S r. RL 2r 43Ks - 2a fcos(0)d9=---RLa, ,and kN a 32 -cos ()d =--.1 .RLa 3 .
It is important to note that the terms with the second order of are integrated to be zeros
because of the symmetry of the system.
On the other hand, in the part-bearing configuration (Figure 4-3), with the infini-
tesimal displacement S in x direction and SY in y direction, the bearing clearance can be
expressed as h(O)=ho(1-Xcos() -SYsin(6)). Thus the pressure at the bearing entrance P2
is
p 2 = ao + a, -(SX cos(O) + 9Ysin(9)) + a2 -(SX cos() + 9Y sin(9)) 2
+ a3 -(6X cos(9) + SY sin(9)) 3 + o((sX cos(O) +,5Y sin(9))4) (94)
Again, with integration, the hydrostatic forces in x and y directions become
a12 r+al2
F = - cos(0) 2LRd9+ f-cos(9)jRd, (9-5)
-a/2 2-aI2
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a12 r+a/2
Fhs = -sin() RdO+ -sin(O)P2 RdO. (9-6)
-a/ 2 2(96
-a12 Ir-a|2
Substituting Equation (9-4) into (9-5) and (9-6) yields
F = KSX + k16X 3 + k2 SXSY 2 + 0(SX ,8Y5)
F hs = K ,,Y + k38Y3 + k4SYSX 2 + O (X5,6Y5 ) '
where
Kxx= - (a2+sin(a)/2)RLa , K,, = -(a/2 -sin(a)/2)RLa,
RLa Ra/2 3+L sin(2k= 3 Cos4 ()do+ cos4 (O)do 3[ +sin(a)+n,2r-a/2 4 2 4
RLa3 a12 4r+a/2 4(9)d ) RLa3 [3i(( - - sin )do+ sin ( = L 2sin(a)+ ,
2 -a12 z-a1224
2DT (a|2 z+a/2
and k2 = k 4 = - 3Ra 3  cos 2 (6)sin 2 (9)do+ f cos 2 (0)sin 2 (O)do
-a/2 ;r-a/2
3RLas
= - (2a - sin(2a)).
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Note that the k2 and k4 terms couple the rotor motions in the two directions, and ki,
k2, k3, and k4 all have the same sign with ae(0,R).
One can find that, no matter whether the system is isotropic or anisotropic, when the
rotor is centered in the bearing, there are no second-order nonlinear terms in the hydro-
static forces. As a result, the system has no second-order nonlinear resonances. In fact,
because of the symmetry of the journal-bearing system when the rotor is centered, the
hydrostatic force (as the restoring force) is an odd function of the rotor displacement ,
and hence has no nonlinear terms of even orders of 4. So, the micro-hydrostatic journal-
bearing system can only engage in odd orders of nonlinear resonances.
9.2 Nonlinear Resonance in Isotropic Systems
With the features of the hydrostatic force nonlinearity obtained above, the nonlinear
resonance can then be analyzed by the multi-scale method.
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Simple one-dimensional third-order nonlinear resonances have been investigated by
many researchers based on the Duffing oscillator, which can be found in textbooks on
nonlinear oscillations (for example, [38]). However, the two-dimensional third-order
nonlinear resonances of the micro-journal-bearing system are much more complicated
than these one-dimensional resonances.
The following analyses will show that there can be a third subharmonic resonance in
the isotropic journal-bearing system. Furthermore, analyses of the anisotropic journal-
bearing system can be found in the next section.
Substituting the hydrodynamic and damping forces Fhd=--Khdy, Fyhd-Khx, FdP= C ,
FdP=Cf , and the hydrostatic force (Equation (9-3)) into Equation (2-34) yields
mx = Kx + kN (x2 2 x-Khd 2 a cos(wt)
m= Ky + kN (x2 + y 2 )y +Khd C+P + ic 2 a sin(cot)
It is useful to introduce the complex displacement rnx+iy. Then the above equation re-
duces to
_22 kN i2 C Khd 2 iot (9-9)N=Gr+IrI r+---+i-r+ca ae',(9)
in m in
where QN is the natural frequency of the system. Note that the hydrodynamic stiffness Khd
damping C, and nonlinear hydrostatic stiffness kN are all small compared with Ks.
For simplicity, a general form of Equation (9-9), which can be derived by changing
variables, is investigated instead:
i +(1+klr| )r +ci+ikdr - w 2 i', (9-10)
where kjr12r is the nonlinear term. The natural frequency of the system described by
Equation (9-10) is 1 rad/s. Because the terms of k, c, and kd are all small-
O(k)~O(c)~O(kd)-O(e)-they can be expressed as k=eK, c=C, kd=eKd, where 6<<1.
Then the system can be investigated using the multi-scale method, which uses two time
scales (both slow and normal time) to describe the system's motion and is widely used to
investigate nonlinear systems. The solution of Equation (9-10) can then be assumed to be
r r (t T) +.r, (t, T) +2 (t, T)+..., (9-11)
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where T=st is the large time scale that describes the slow motion of the system. Then,
d2/dt2 = 2/at2+2ea2/ataT+/?a2/Ta72. Substituting the above equation into (9-10) and collect-
ing terms according to the orders of eyield
-2 f + ro =o 2 eiwt
at2
a2r (.102 r a . (9-12)
-t2 + r, =- O C'+iKdro + Kr| 0 +2 ro
The general solution of the first equation is
r = Aeit + Be-t +Fet, (9-13)
where A and B are complex functions of T only, and F= Ol/(1-d). If A or B is not zero,
the rotor then engages into an asynchronous precession with the system natural frequency,
resulting in a nonlinear resonance. The following analysis shows the conditions under
which A or B is not zero and the system undergoes a nonlinear resonance.
Substituting Equation (9-13) into the second equation of (9-12) yields the dynamic
equation of ri:
+ r, = -[(i(C + Kd)A + K( A* A2 + 2AB*B + 2AF 2 + 2iA')eit
+ -i(C- Kd)B + K(B*B2 + 2BA*A + 2BF2 -2iB')eit
+ 2KA*BFei(c- 2)t + KA2Fe-(-N2)t
+ (i(C> + Kd) + K(2A*A + 2B*B + F*F)) Fe't + 2KABF*e-O
+ KA*F2 e( 2 -) + KB*F22co+1)t + 2KAB*Fei (O+ 2)t + KB2F*e-( +2)t
+KA2B*e't + KA*B 2 e1-t
When the rotor speed is near three times the natural frequency, wn3, the oscillating
terms with frequencies of 1 and -1 (or the terms with eit, e-it, ei(-' 2)t and e-'i(-2) are the
secular terms (which give solutions of r1 growing with time) and should be eliminated;
otherwise, the amplitude of ri increases with t and the assumption of its being small is no
longer valid. Therefore, with or3+(S, or cot=3t+3T, the equations of A and B can be ob-
tained:
198
9.2 Nonlinear Resonance in Isotropic Systems
i(C+Kd)A+K(A*A+2B*B+2F 2 ) A+2iA'+2KA*BFeT =0
-i(C-Kd)B+K(B*B+2A*A+2F 2)B -2iB'+ KA2Fe-'T =0
(9-14)
With A and B in the forms A=ae' ", B=beO, where a, b, p, and # are all real, the above
equations can be rewritten as
i(C+Kd)a+K(a2 +2b 2 +2f2)a+2i(a'+iap')+2Kabfe eT *+A =0
-i(C-Kd)b+K(b 2 + 2a 2 +2f 2 )b - 2i(b'+ib#')+ Ka2fe-i('T-+) = 0
(9-15)
Furthermore, separating the real and imaginary parts from each other in the above equa-
tions yields
2a'+(C + Kd)a + 2Kabf sin(q7) = 0
2b'+(C -K)b+Ka 2 f sin(77) =0
-2a'+K [(a2 + 2b 2 +2f2)a + 2abf cos(7)] = 0
2b'+K [(b2 + 2a 2 +2f 2 )b +a2fcos(7)] =0,
(9-16)
where rpoT-2(p#. In the steady state, a and b do not change with time, and thus
a' =b' =0.
Then, the first two equations of (9-16) become{(C+Kd)a+2Kabf sin(7) =0
(C-K)b+Ka 2fsin(rq) =0
Therefore, a=b=0 is the trivial solution, and the nonzero solution is
(9-17)
C+Kd
2Kfsin(t)'
2 1 C 2 - K 2ba = - =i) 2b
2 (Kf sin (q))2
Note that in the steady state, q doesn't change with time either, and hence S + #' = 2P'.
Thus the last two equations of (9-16) become
4C b2 +2f 2C+Kd
5C-4Kd b2 +2f 2
C+Kd
+ 2bf cos(q)J = 0
C-K
+2 d bf cos(q7)I=0C±KdK)
(9-19)
The equation of #' can be derived by canceling the terms with cos( q) in the above equa-
tions:
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9+ 3C+Kd+K C+4K 2
C-KY C+Kd
Then the phase speed $' and (9' are obtained,
, C-Kd 5-k
3C+Kd
C+K
andP= d3 C+Kd 2
+ C-Kd f2J
Substituting Equation (9-21) into (9-19) yields
28 13C - 4 Kd b2 +6
K C+Kd
/2 C+2K
f2 + 6C +dbf cos(q).C+Kd
With the expression of b (Equation (9-18)), the right-hand side of the above equation is
found to be a parabolic function of cot(q), which has a minimum value of
(3C + Kd )2
(13C-4Kd)(C+Kd)
(13C-4Kd)(C+Kd)
4K 2f
2
Thus, only if
(3C+Kd)2
(13C-4Kd)(C+Kd)
(13C-4Kd)(C+Kd)
4K 2 f 2
can there exist a solution of q, and hence a nonzero solution of a and b according to
Equation (9-22). Or with w=3+ie, only when o satisfies the following inequalities can
the system engage in the subharmonic nonlinear resonance:
(3c+kd )2
(13c-4kd)(c + kd) f
2 k+ (13c4kd)(c+kd4 kf 2 k>0
(9-25)
(3c + kd )2  (13c -4kd)(c + kd)
(13c-4kd)(c + kd) k+ 4kf 2
The rotor response ro can then be derived by substituting Equation (9-21) into (9-13):
ro = a exp(it +iv (t))+ bexp(-it + i(t))+ f exp(icot). (9-26)
Because
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C-Kd
f2)0 (9-20)
where K=K - d
3C+Kd( C+Kd
(9-2 1)
(9-22)
6
- > 6-
K
(9-23)
(9-24)
Co
6)
-3<
- 3
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exp(it + iv (t)) + exp(-it + i# (t))
= [cos(t + V(t)) + cos(t - 0(t))] + i[sin(t + p(t))- sin(t -#(t))
= 2cos(t + ) cos ( f + 2icos(t + sinU2
=2exp -i 2cos t+ ,
Equation (9-26) can be rewritten as
ro = exp2i f exp )io -i
+ (a+b)cos t+ 2)+i(a -b)sin t+ .
Furthermore, since rFT-2q-V+#, the following equations can be obtained:
(co-3)t-2p+#=q7,and3 t+ +r7= t . (9-28)
Therefore, according to Equation (9-27), ro becomes
ro = exp i f exp 3i t + 2'+ l(
\ ~ 'I (9-29)
+ (a + b)cos~t + +i(a -bOsin (t+ .
y
x
Figure 9-2: Third-order subharmonic resonance with fixed orbit (sketch).
The terms in the square brackets describe a third-order subharmonic motion with a
fixed orbit as depicted in Figure 9-2.
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Moreover, there is another phase factor outside the square brackets, exp(-i(+P)/2),
and according to Equation (9-21) one can find
= not + 00 + ,P (9-30)2 2
kc k +kd 2-kdwhere no -i k (,>-3)+k c-k b 2+ f 23c+kd 3c+k (2c+2kd c-kd
Thus, with this phase factor, the orbit described in the square brackets is rotating
with a speed of 00, which is slow (of order E), as sketched in Figure 9-3.
0 x
Figure 9-3: Rotating third-order subharmonic orbit (sketch).
Therefore, at a rotational speed near three times the natural frequency so that the
condition of Equation (9-25) can be satisfied, the rotor engages in a combination of four
different motions: spinning at o, precessing at o with the amplitude of the rotor unbal-
ance, subharmonic resonance at about the system natural frequency with the amplitude
given by Equation (9-18), and rotation of the orbits at a much lower frequency no.
The above analyses can be verified by numerical simulations (ODE solvers in Mat-
lab). The plots in Figure 9-4 are the simulated results for the system with k=0.08, c=0.06,
kd=0.02, and initial conditions of x=1 .5, y=O, vx=- 1, v,=1, at different rotational speeds.
Therefore, when the nonlinear subharmonic resonance happens, it has a larger am-
plitude: the amplitude changes from 1 without the subharmonic resonance (left plot) to
about 3 with the resonance. The simulations also show that the orbit of the subharmonic
third-order resonance in the isotropic journal-bearing system is rotating at a much lower
speed, which is of order c.
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3 3 I -. - -
(o=3.3 o=3.4
2- 2- 00
1 -1
- 0
-1 -- 1
-2- -2
k=0.08,c=0.06,k,=0.02 k=0.08,c=0.06,k,=0.02
-3 -3' -1
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
Figure 9-4: Numerically simulated orbits for the nonlinear isotropic system
(Equation (9-10)) at different rotational speeds: (o=3.3 (left) and o=3.4 (right).
At the same time, with the values of k, c and kd, the minimum rotating speed o to
excite the subharmonic resonance can be calculated according to Equation (9-25), and it
turns out to be 3.34. Thus, the system should not undergo the subharmonic resonance at
the rotational speed o below 3.34, while it should at co higher than 3.34. This is validated
by the simulation results in Figure 9-4.
9.3 Nonlinear Resonance in Anisotropic Systems
Then, by the following analysis, due to the presence of the two natural frequencies,
one can find that the nonlinear resonances in the anisotropic system can be much more
complicated than in the isotropic system. The secondary resonances can happen not only
at speeds of 3 times the natural frequencies, but also at other combinations of the two
natural frequencies in the anisotropic system.
Similar to the isotropic case, the rotordynamic Equations (2-34) can be written in
terms of stiffness, damping, and nonlinearity of hydrostatic forces (Equation (9-7)):
mX = KxX + kX' + k2XY 2 +kY + cj + ma2 cos(Ot)
mY = K,,Y+kY 3 +kYX 2 +k,,X +cY + m2 sin(ot) (9-31)
The above equations have been normalized by the rotor unbalance. Again, because
the nonlinear terms (ki, k2, k3, k4), the hydrodynamic terms (ky, ky), and the damping
terms (cx, cy) are small compared to the linear terms of the hydrostatic force (Kx, Kyy), the
above equation can be expressed as follows:
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k+Q X = w2 cos(Cot)+ 6 (KX' +K 2 XY 2 +K ,Y+CJX)
+ Y= J2 sin(ct)+e (K3Y3 + K4YX 2 + KYX +CY) (932)
where Ox = -K/m and Q, = -K,,/m are the natural frequencies in x and y direc-
tions respectively, K1=ki/mc, K2=k2lmc, K3=k3/mE, K4=k4/mg, C=cx/me, Cy=cy/mE, and e
is a constant of the order k1/K,,.
Again, with the multi-scale method, the solution to Equation (9-32) is assumed to be
X = X,, (t, T) +,EX,(t, T) + 62 X 2(t, T) +---33
Y= Y(t, T)+ EY, (t, T)+ 2 (t, T)±+
Substituting Equation (9-33) into (9-32) and collecting the terms according to the orders
of ., noting that d2/dt2=02/at2+2 w//ataT+'D 2/O2, yieldsI2 +0X = 2 cos((ot)
at2 X X O(9-34)
2 + Y = 02 sin(cot)
These are for the 0th order of e, and the equations of the order e are
2 +Q X =K 1X 0 3 +K2 X0  2 +K,,Y+C -X 0 -2 a2
] 2 Y+Q ,=K3YO+K 4Y 0 X02+KX +C, YO- 2 a YO
The general solution of X and Yo to Equation (9-34) is
X = A(T)exp(iQnt) + F exp(it) + c.c.
YO= B(T)exp(iQot)+ G exp(ict)+ c.c. (936)
where A(T) and B(T) are complex functions of T, "c.c." means complex conjugate terms
of the terms before it, F=f and G=-ig, withf and g:
1 O 2  1 0)2f =f2 2 , K 2 2 .(9-37)
Substituting X and Yo into Equation (9-3 5) yields the equations of X and Y1:
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+ x X,=
(3K (A*A + 2F*F)A + 2K 2(B*B + G*G)A + iCxQxA - 2inxA')exp(iQ t)
+ (3KIA2F )exp(i(2Mx + c)t) + (3K 1A2F*)exp(i(2Q - )t)
+ (3KF2 + K 2G2 )Aexp(i(Qx + 2co)t) + (3KF*2 + K 2G*2 )Aexp(i(n - 2o)t)
+ K 2B2Fexp(i(2n, + 0)t) + K 2B 2F* exp(i(20, - CO)t)
+ 2K 2BFG exp(i(Q,+ 2o)t)+ 2K 2BF*G* exp(i(0, - 2o) t)
+ 2K 2ABGexp(i(Qx + , + w)t)+2K2ABG* exp(i(Q +Q, - w)t)
+ 2K 2AB*Gexp(i(n) -Q, +w)t)+ 2K 2AB*G* exp i(Q -Q, -C)t)
+ KA 3 exp(i3Qt) + K 2AB 2 exp(i(Qn + 2Q)t) + K 2AB*2 exp(i(Qx - 2 Q)t)
+ (K,G + iC~oF + 3K (F*F + 2A*A) F + K 2 (2B*BF + 2FG*G + F*GG))exp(iw t)
+ KxB(T)exp(if2)t) + (KF 2 + K 2G2 ) F exp(i3wot) + c.c.
and
+t2 Y Y,=
(3K, (B*B + 2G*G)B + 2K4 (A*A + F*F)B + iCQB - 2iQB')exp(il t)
+ 3K 3B2G exp(i(2n, + c)t) + 3K 3B 2 G* exp(i(2Q, - c)t)
+ (3K3G2 + K4F 2 )Bexp(i(Q, + 2w)t) + (3K 3G*2 + K4F*2)Bexp(i(Q, - 2c)t)
+ K4A 2 G exp(i(2, + o)t)+K 4A2 G* exp(i(20X - w)t)
+2K 4AFGexp(i(Qx + 2co)t) + 2K 4AF*G* exp(i(Ox - 20t)
+ 2K 4ABF expQi(Q +Q, + o)t)+ 2K 4ABF* exp(i(Q +C, -C)t)
+ 2K 4AB*Fexp(i(Qx - + w)t) + 2K4 AB*F* exp(i(n, - , - o)t)
+ KB3 exp(i3,t) + K 4 A2Bexp(i (2nx +Q ) t) + K 4 A2B* exp ( 2QX - , )t)
+ (3K3 (2B*B + G*G)G + K4 (2A*AG + 2F*FG + F 2G*) + KxF + iC/OG)exp(iwt)
+ KYA(T)exp(iQt) +(K3 G2 + K 4F 2)G exp(i3wt )+c.c.
Based on the results above, the ordinary secular terms (with the frequency of corre-
sponding natural frequencies) in Equations (9-35) are found to be
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(3K, (A*A + 2F*F) A + 2K 2 (B*B + G*G) A + iCQA - 2iQ)xA')eix't +C.C.
(3K 3 (B*B + 2G*G)B+ 2K (A*A + F*F)B + iC,,B - 2iB') e"'t + c.c.
It is useful to rewrite A and B as
A (T) = a(T)eh(T) , B(T) = b(T)eiT) (9-39)
where a() ,b(T), p(), and 0(T) are all real. The ordinary secular terms can then be re-
written in terms of a, b, ir ,and #:{( 3K (a2 + 2f 2 + 2K 2 (b2 + g2 )+ 20 (9'+ iC, )) a - 2ifla'] e + c (9-40)
3K3 (b2 + 2g2) + 2K4 (a2 + f 2 ) + 2Q, (o' + iCy)) b - 2iQb'] ein"t+i + c.c.
Furthermore, in the steady state, a'= 0 , b' = 0 , and the above equations reduce to
(3K,(a2 +2f 2 ) +2K 2 (b2 + g2) + M ('+ iC,)] ae i t+h + c.c (9-41)
[3K, (b2 +2g2 )+2K (a2 +f 2)+2,Y (#'+iCY ) ]be"-t'' + c.c.
In addition to these ordinary secular terms, there are additional secular terms when-
ever the rotational speed a is one of the following:
1. oy--Qx/3 , Qy/3
2. a&(fx±fy)/2 (assuming fx>Q,)
3. &x_-3fx, o%_3- ,
4. oj_-2Qx±Q, o an2Q, Qx (if 2Q,>Qx)
Therefore, the secondary (nonlinear) resonances may occur at these speeds. Before
continuing to the nonlinear resonances, the response of the rotor at speeds far away from
these secondary resonances is calculated as follows:
Since there are no additional secular terms under this condition, the ordinary secular
terms given in Equation (9-41) should vanish; otherwise, X and Yi will increase with
time and the assumption that they are small (of order e) becomes invalid. Therefore, one
can find the following equations for a and b:
3K (a2 +2f 2 ) + 2K 2 (b2 + g2) + 2Q, ('+iC) ae' = 0{[3K, (b2 +2g2) +2K 4 (a2 + f 2 (1+ 2Q,'+iC,) be'O = 0
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According to the above equations, a and b have to be zero, because the damping co-
efficients C, and C are not zero. This means that besides spinning, the rotor only engages
in precessing motion, according to Equation (9-36). In other words, when the rotational
speed is not near the secondary resonances stated above, there is no nonlinear resonance
in the system.
9.3.1 Secondary Resonance near Ox/3 or ly/3
When the rotational speed is around one third of the natural frequency in x direction,
3 cox+,S, there are two additional secular terms on the right-hand side of the first equa-
tion of (9-3 5), with the frequency of 3 co:
(KIF2 + K2G2 )F exp(i3ot) = (Kf 2 - K 2g 2 )f exp(iQt + iST), (9-43)
where T=st is the large time scale as defined above. Since all the secular terms should
vanish as analyzed above, the following equations can be derived:
[3K, (a2 +2f2 )+2K2 (b2 + g2 )+20x 0'+C,) ae+( Kf 2 -K 2g2)fe T = (9-44)
(3K3b2 +2g2)+2K, (a2 + f 2 +2Q, (#'+iC beO =0
Judging from the second equation, b=0. Then the first one becomes
(3K, (a2 +2f 2 ) +2K22 + 2O'+ iC ) a = (Kjf2 -K 2g2 ) fe O T -hT ) (9-45)
Since a does not change with time in the steady state, the phase on the right-hand side
should not change with time either:
q = ST - ( (T) = const. (9-46)
Then, =S or p=3T-77. The norm squared of (9-45) is
[(3Ka2 + 6Kf 2 + 2K 2g 2 + 2MxS)2 + (C )2 a 2 = (Kjf 2 -K 2 g 2 )2 f 2. (9-47)
It is a third-order polynomial equation of a2. Furthermore, any third-order polyno-
mial equation of the form x3+clx 2+c2x+C3=0 has three roots: x1, x2 and x3, with x 1x 2x 3= -C3.
So for the equation above, the product of the 3 roots of a2 should be
a2 -a 2 a2 = 2 92 2 > 0 . (9-48)1 * 2 3 3 3K,
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Then, there must be a real positive root for a2, and hence a real a, as long as the equation
above is not zero. Therefore, the super-harmonic resonance around K,/3 does exist, with
the amplitude determined by Equation (9-47). According to Equations (9-36), the re-
sponses in X and Y directions are, with the orbit sketched in Figure 9-5,
X 0 = 2a cos (2,t + (p(T)) + 2f cos(at) = 2a cos (30)t - q) + 2f cos(at) (9-49)YO = 2g sin(cot)
y
0
Figure 9-5: Third-order superharmonic resonance in x direction (sketch).
Following the same procedure, when the rotational speed is near one third of natural
frequency in y direction, 3arQ,+6, one can find that a=0 and b is determined by the
equation below.
(b2)3 + 4g2+4K4 f 2 +4Q (b2)2
3K3 3K 3 '
+ 2g 2+ 2K f2 +--- , + C n b 2g2 
K4 f2 2 2(-0
3K3 3K3 9K3Y 3 3K3
Similarly, since
b1 -b-b 2= 2 K4 f2 2>0 (9-51)
23 3 3K3
there must be a real positive root for b2, and hence a real b, as long as the equation above
is not zero. Thus the super-harmonic resonance around Q,/3 also exists, with the ampli-
tude determined by Equation (9-50). The responses in X and Y directions are, with the or-
bit sketched in Figure 9-6,
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X = 2f cos(ait)
YO = 2b cos (3cot - q) + 2g sin(cot)
0
Figure 9-6: Third-order superharmonic resonance in y direction (sketch).
9.3.2 Secondary Resonance near (Q. - fly)/2
When the rotational speed is near half of the difference between the two natural fre-
quencies in x and y directions, it can be written as 2C =Q-Q+e6. Then the additional
secular term on the right-hand side of the first equation of (9-35) (x component) is, with
the frequency of Q+2o,
2K 2BFG exp i(C,+ 2o)t) = 2K 2BFG exp(i(Q~t + ST)), (9-53)
and the new secular term on the right-hand side of the second equation of (9-35) (y com-
ponent) is, with the frequency of Qx-2 c),
2K 4AF*G* exp i(), - 2w) t) = 2K 4AF*G* exp(i(Qyt -T)). (9-54)
By eliminating all the secular terms, one can obtain the following equations:
(3K, (a2 + 2f2 +2K 2(b2 + g2) + 2f2+iC,,) A +2K 2BFGe'6 T =0
(9-55)(3K 3 (b2 +2g2) + 2K 4 (a2 + f 2 2+ ,+ iC,,Q ) B+2K4AF*G*e~-OT = 0
With the first equation multiplied by A* and the second multiplied by B*, the above
equations become
(3K, (a2 +2f 2 ) +2K 2 (b2 +g 2 ) + 2Qx'+ iC, ) a2 = -2K 2 A*BFGeT (9-56)
(3K(b2 +2g 2 )+2K 4 (a2 + f 2 ) + 2 + iC )b2 = -2K 4AB*FG*e- T
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According to Equation (9-7), K2=K4.Then, the complex conjugate of the second equation
equals the first one in the above equations:
(3Ka 2 +6Kf 2 + 2K 2b2 + 2K 2g 2 + 2Q,p'+iC, ) a2
=(3K3b2 +6Kg 2 + 2K 4a 2 + 2K 4f 2 + 2Qq,'-iCQY)b2
Thus, the following equations can be obtained from the imaginary parts of the above
equation:
a 2C = -2C, Q,. (9-58)
Because CxQx and Cf , are of the same signs, a2 and b2 can only be zeros. So there is no
nonlinear resonance near (Ox- ny)2.
9.3.3 Secondary Resonance near (0.+1y)/2
When the rotational speed is near the average of the two natural frequencies in x and
y directions, it can be written as 2o +Qx+,+eSo. Then the additional secular term on the
right-hand side of the first equation of (9-35) (x component) is, with the frequency of
2K 2B*FG exp(i(-y +2w)t) =-2iK2bfg exp(i (Oxt+9T -#0)), (9-59)
and the additional secular term on the right-hand side of the second equation of (9-35) (y
component) is, with the frequency of 2o-Q,
2K 4A*FG exp(i(-Qx + 2o)t) = -2iK 4afg exp(i(Qt +,ST - (p)). (9-60)
By eliminating all the secular terms together with the ordinary ones in (9-41), one can de-
rive the following equations:{(3K, (a2 + 2f) + 2K 2 (b 2 + g2) ±+2 q '+iC XQ, ) a = 2iK2 bfge (9-6-)
(3K 3 (b2 + 2g 2 ) + 2K 4 (a2 + f + 2)± ,#'+2iCyy )b = 2iK4afge(T-(- 6
There is a trivial solution a=b=0 to the above equations, and the following analysis shows
that there are also nonzero real solutions of a and b under certain conditions.
In the steady state, a and b do not change with time. Therefore, the phase on the
right-hand side of Equation (9-61) should not change with time either:
77= ST -v(T)-#0(T) = const. (9-62)
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Thus, (o' + 0b' =1 or (p+#=6T- q. Then the first equation of (9-61) divided by a and multi-
plied by Q, plus the second divided by b and multiplied by Q becomes
(3K, (a2 +2f2)+2K 2 (b2 + g2))n, +(3K (b2 +2g2)+2K4(a2 +f2))oQ
+2RK,8+i(C, +C,) Qx, = 2i jx + a YjK 2fge") (9-63)
Meanwhile, since the first equation of (9-61) multiplied by a equals the second one
multiplied by b, the following equation can be derived from the imaginary parts:
a2 CXOR =b 2 CK,. (9-64)
Substituting the above equation into Equation (9-63) yields
i(Cx+Cy)+ 3Kl C, b2+2f2 +2K 2(b2+g2) 1+2
(9-65)
+ 3K 3 (b2+2g2)+2K 4 C, b2+f22 =2i KC+C,) KgeCxQx OYV, c QC 2,C
with the norm squared of
(Cx +C,) 2 + 3K, C, 2 +2f2 +2K 2 (b 2 +g2) } +28
2\KC Q b2 = f(~c Kfg(b2 f~j~J~2 2 - (9-66)
+ 3K3 b2+2g2)+2K4( b 2 +f2 __4 x + K2f2 2
CAQ Q CxCCfC,
Therefore, with KI=ki/me, K2=k2/me, K3=k3/me, K4=k4/me, Cx=cx/me, C,=cy/me, and
8-(Qx+ Q,-2o)/e, the following equation of b2 can be derived from the above equation:
-r3 + 2+ + b2
_QX cC k, )Q, k, cXQX k,) (9-67)
c,+ c, 4k f 2 2  6 2k2 f2 2k 2 + 6k 2 4w-2(Q, +o,)
-1 - -- +I+g-
k cxcQxQ, Ox Q~kj Qxk, Q~kj k,
Because ki, k2, and k3 are all of the same sign according to Section 9.1, the coeffi-
cient of b2 is positive. Then, to have a real root of b, the right-hand side of the above
equation must be real and positive:
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4k2 f 2g 2
2(Q,+,)-4 6 2k2 2 k g2 _ C,+, 4k2f 2g2  (9-68)
k, K2X KCkl fxkl 0Yk1 k, cxcnQ,
Only when the above inequalities are satisfied can there exist a real positive solution of b2,
and hence a nonzero real b. Then, the responses in x and y directions are
FX = 2a cos(QCt + V) + 2f cos(at)
Yo = 2bcos( ,t +) + 2g sin(0t) (9-69)
To verify the above analyses and plot the resonance orbits, a numerical simulation
(ODE solver in Matlab) was employed. In the simulation, the system has the two natural
frequencies Q,=1.9rad/s and Q,=lrad/s, with damping coefficients and hydrodynamic
stiffness cx=cy=-0.02 and kt=-0.01, and the following nonlinearity coefficient ks:
k1=k2=k3=k4 =-0.04. Then, according to Equations (9-68), there are secondary resonances
(a and b are nonzero) only at the rotational speeds o between 1.53rad/s and 1.72rad/s.
The system was simulated at speeds of co=1.5rad/s, o=1 .6rad/s and o=1.8rad/s, with the
orbits plotted in Figure 9-7.
5 5
o=0=..
=1.8
0 0
I 2= 1. 9, fl,= Ifl= 1. 9, fa =
c,=c,=-0.02 c,=c,=-0.02
k,=k 2=k,=k 4=-0.04, k'=-0.0 I k,=k,=k,=k 4=-0.04, kd=-0.0 I
-5'-5 01
5 0 5 -50
Figure 9-7: Simulated orbits for the anisotropic system at the rotor speed
near the secondary resonance (f1.+(1y)I2: (=1.5 and 1.8 (left), (=1.6 (right).
It can be seen from the plots that there are no secondary resonances in the system at
rotor speeds outside the range predicted by Equation (9-68) (left plots of Figure 9-7), but
there are such resonances in the system at speeds within the range (the right plot). Thus,
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the analytically derived conditions under which the secondary resonance (0,+f,)/2 can
occur are verified by the numerical simulations. Furthermore, it is important to note that
the amplitude of the orbit is larger with the nonlinear resonance than without it. Thus, op-
eration close to this nonlinear resonance should be avoided, or the rotor may crash into
the bearing wall.
9.3.4 Secondary Resonance near 3!. or My
When the rotational speed is around three times the natural frequency in x direction,
it can be written as oT3f+eS. Then there is an additional secular term on the right-hand
side of the first equation (x component) of (9-35), with the frequency of eo-2Qx:
3KIA*2 F exp(i(a - 2Q) t) = 3Ka 2 f exp(iQt + ST - 2i(p), (9-70)
and there is no additional secular term in the y component of equation (9-35). Thus, by
eliminating all the secular terms, one can obtain
(3K, (a2 + 2f 2 ) + 2K2 (b2 + g 2 )+ 2Q.,,,p'+ iCQ )ae"0 + 3Ka 2fe' T -2i' =0
(3K(b 2 +2g2) +2Ka2+ f 2 )++2Q,'+iCy )be' = 0
Again, judging from the second equation, b should be zero. Then the first equation
becomes
(3K, (a2 +2f 2 ) + 2K 2 g 2 + 2fql '+ iCxR )a + 3Ka 2feO -3Iq= 0. (9-72)
With the trivial solution a=0, nonzero a also exists under certain conditions based on the
following analysis.
In the steady state, a does not change with time. As a result, the phase q=fT-3 (o is
also constant. Therefore,
('= 3/3. (9-73)
Equation (9-72) then becomes
3K, (a2 +2f 2 )+2K2g 2 + 2Qx 5/3 + = -3K afe''N. (9-74)
The norm squared of the above equation is
(3Ka2 + 6K, f 2 + 2K 2b2 + 2K 2g 2 + 2 ./3)2 + (C,2 ) 2 = 9K,2a2f 2 , (9-75)
which is a parabolic equation of a2, with the roots of
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a 2 = _p-4q
2
where p=3f 2 + 4K 2 92
3K,
48
+ - ,9K1
, q= (2f2+ 2K2 2
3K,
2
9K, x
(9-76)
+(Cxnx,)2+ .
9KI
In order to get a positive real root of a2, and hence a real a, the following conditions
must be satisfied:
48
p<0o:C- >9K,
2 88
9K,
24K23f2+ 2 2
3K,
28K2 27f+ g2
3K,
(9-77)
+4(CQ )2+
9Kff 2
It can be seen that the solution domain of the above first inequality is contained by that of
the second inequality. So, with .8=>-3)X, the conditions become
K) M 3- 63k
M -3_ _63k1
x0 M
f 2 +3k 2 +2  ,2
fi 2kf2
2+ 3k 2 2
fix
y
x
Figure 9-8: Third-order subharmonic resonance in x direction (sketch).
Under these conditions, the subharmonic resonance around 3Q, can exist with the
amplitude determined by Equation (9-76). Then, according to Equations (9-36), the re-
sponse in X and Y directions are, with the orbit sketched in Figure 9-8,
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k, >0
k, <0
(9-78)
+2k, f2 )
A
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SXo=2acos(0,t+(
Yo =2g sin(cot),9
T))+ 2fcos(at) = 2acos (t +(0 + 2fcos(cot)
(9-79)
where 0p=-q/3, derived from Equation (9-74).
On the other hand, when the rotational speed is near three times the natural fre-
quency in y direction, o=-3Qy,+, the following equation can be derived by following the
same procedure above:
3K 3 (b2 +2g 2 )+2K 2f 2 + 2Q, 8/3 +iCQ = 3iK 3bge 3i'i (9-80)
Therefore, only under the following conditions,
K 3 MY - (I63k3 2
80, g
1 w 3~- ~63k3 2
8%, g
3k2
+ f2
Y
3k2
+ 2
Y
gy 2
2k3g 2
y y
2 k+ ' ,'
2kg 2)
k3 >0
k3 <0
can there exist a nonzero real solution of b, with amplitudes of
b -r± r 2 -4s.,
2
(9-81)
(9-82)
where r = 3g 2 4K 2+ 2 2 +
3K 3
48
9K3 '
, s _ 2g2 +
2
2K 28 
3K 3 9K3 Y)
Then the nonlinear resonance orbit is, with $o determined by Equation (9-80),
X = 2f cos(ct)
Yo =2bcos 
-t+#0 +2gsin(ct)
T3
The orbit is sketched in Figure 9-9.
(CY Q)2+ 2
9K3
(9-83)
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y
x
0
Figure 9-9: Third-order subharmonic resonance in y direction (sketch).
9.3.5 Secondary Resonance near 20x-fl, and 2fy-Ox
With the rotor speed &=2Q-,+cS, there is an additional secular term in the x
component of Equation (9-35),
2K 2A*BG exp(i(w-nx +Q,)t) = 2K 2A*BGexp(iQt +iST ), (9-84)
and an additional secular term in the y component,
K4 A2G* exp (2 M - w) t) = K4A2G* exp iQMt -1OT6). (9-85)
Then, by eliminating all the secular terms, one can get
(3Ka 2 + 6Kf 2 +2K 2b2 + 2K2 g 2 + 2Mp'+ iCQn) A =-2K2A*BGe T  (-
(3Kb 2 +6K 3g 2 + 2K 4a2 +2K 4f 2 + 2 + iC,, ) B =-K 4A2 G*e-"'T
It can be seen that the complex conjugate of the above second equation multiplied
by 2B* equals the first one multiplied by A, with K2=K4. Then, separating the imaginary
parts from the real parts yields
-a 2Cf, = 2b 2 Cn,. (9-87)
Therefore, a and b can only be zeros: a=b=O, which means that there is no secondary
resonance near 2Mx-fy. By following the same procedure, one can find that there is no
secondary resonance near 2My-Q, either.
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9.3.6 Secondary Resonance near 20.+y and 20Y+1.
With the rotor speed or2Q,+Q+g8, there is an additional secular term in the x
component of Equation (9-35),
2K 2A*B*Gexp(i(w -Qx - Q,)t) = -2iK 2abgexp(iQxt +iST -iVo-i#), (9-88)
and an additional secular term in the y component,
K 4A*2G exp (i (c - 2Qx ) t) = -iK 4a2 g exp(int + iOT - 2iqp). (9-89)
Therefore, eliminating all the secular terms yields
{(3Ka 2 + 6K~f 2 + 2K 2b2 + 2K2g 2 + 2Q,,p'+ iC, ) a = 2iK2abgeh5T-2i *
t(3K3b2 + 6K 3g 2 + 2K 4a2 + 2K 4f 2 + 2QY'+ iCQ,)b =iK4a2 geOT j-(--0
Besides the trivial solution a=b=O, the following analysis shows that there can also
exist nonzero real solutions of a and b under certain conditions.
In the steady state, a and b do not change with time. Therefore, the phase on the
right-hand sides of Equations (9-90) should not change with time either:
q =,6T -2q(T)-#0(T)= const. (9-91)
Thus, 2'+ #'=8 or 2p+=6T- q. Then the first equation of (9-90) divided by a and
multiplied by 20y plus the second divided by b and multiplied by Ox becomes
2QY (3K, (a2 +f 2 )+ 2K 2(b2 +g2))+ (3K 3 (b2 + g2)+ 2K 4 (a2 + f2))
+2Cf,/+i(2Cx+C,)OQ, = 4bQ,+ a 2 xjK 2gel. (9-92)
Meanwhile, the first equation of (9-90) multiplied by a equals the second one multi-
plied by 2b. Then, one can obtain the following equation from the imaginary parts:
a2Cnx = 2b 2CQ . (9-93)
Substituting the above equation into (9-92) yields
i(2C,+CY)+ 3K C b2 +2f + 2K 2(b2 +g2)) 2 + 2
. (9-94)
+ 3K3(b 2 +2 g2) +2K4 b ' 2 + f 2 1= 2i -- + CY K 2bge (*7
Cf2' ) , 0 (f CQX
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The norm squared of the above equation is
(2C,+ C,) 2
+ 3K(b 2 +
+ -(3K, 2 C b2
C); X
+2f2
2g2) + 2K 4 2CYQ b2
+2K 2(b2+g2) +29
+ f2f)1 =4
+f n- 4
2
2 C~
-- + CA ) K2b 2g 2
Ox CXQX
which is a parabolic equation of b2. With K1=k/me, K2=k2/mE, K3=k3/m6, K4= k4/mg,
Cx=c /me, Cy=cy/me, and &=(Qx+Qy-2 c)/, it is useful to define
a, m
12 4 k2
-+ 9Yk
') + 4 k2h+ 32k > 0,
CxKxQx Ck, QY k,
2
a3 - -
X,
+ cy
cn X
2 
k2
) k,_
g 2 >0
4 k2 + 6 k3 g2anda-a
Oxk, QYk,
c - 2Q, 
- ,±2y
Then, the following equation of b2 can be derived:
a1b 4 +(2a~a 4 -4a 3)b2 + a4 +(2cx + c,) 2 k2 =0. (9-96)
In order to get a real positive b2, and hence a nonzero real b, the following conditions
must be satisfied:
(2aa 4 - 4a3 ) < 0 < 2a 3 > a1a4
4a3(a3 - aa4) a 2(2c + c,) 2 k 2 a4 < a 3
al 4a3~
Since the solution domain of the above first inequality is contained by that of the second
inequality, the final condition becomes
co: 2Q, + , + k1a3  k1a,
2a, 8a 3 (
to ' 2QX + Q + kas k3a__
'2al 8a3 (
2
2c, + c,\ 
- kja2
k, ) 2
2
2c, + , 
- kja2
k, ) 2
Thus, there can be a secondary resonance at the speed around 2Mx+ny, as long as the
above condition is satisfied. Take the system in Section 9.3.3 on the secondary resonance
of (fOx+KQy)/ 2 , for example (Ox=1.9, Q,=1, kj=k2=k 3=k4=-0.04, cx=c,=-0.02, kg= -0.01):
according to the Equations (9-98), there are resonances only at the rotational speed
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(9-95)
12
a2= --
f,
+ 2k 2
ny k,
2ck- +
k,
(9-97)
k, >0
k, <0
(9-98)
) 2 +
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o>5.06. Then the orbits of the system at o=5.0 and o=5.1 are simulated and shown in
Figure 9-10. The numerical simulations show that there is no resonance at rotational
speed o=5.0, but there is a nonlinear resonance at o=5.1. Thus the analytically derived
conditions under which the secondary resonance 20l,+f, can occur are verified by the
numerical simulations.
Furthermore, it is important to note that the secondary resonance has a much larger
amplitude (1 -4 about 7), which may cause the rotor to crash into the bearing wall. Thus,
operation close to this nonlinear resonance should be avoided.
8 8
co=5.0 o=5.1
4- 4-
0- 0-
-4- -4-
O,= 1. 9, Q,= 1 01. 9, fl,= 1
c,=c,=-0.02 c,=c,=-0.02 -
k,=k2=k,=k4=-0.04, kd=-0.01 k,=k 2=k,=k 4=-0.04, kd=-0.01
-8 -4 0 4 8 -8 -4 0 4 8
Figure 9-10: Simulated orbits for the anisotropic system at speeds near the
secondary resonance 20,+Qy: o=5.0 (left) and w=5.1 (right).
On the other hand, when the speed a=f,+2f,+e, the secular terms to be eliminated
are
(3Kja 2 + 6K, f2 + 2K2b 2 + 2K2g2 + 2p'+C,,)a =-K 2b2 fe i
(3Kb2 + 6Kg2 +2K4a2 +2K4f2 + 2,0'+ iC,!,)b =-2K4abfe (
where qrmT-q--2#, and 7o'+ 2#'= . Following the same procedure as the above yields
this equation of a2
c2a+4 (2cc 4 -4c)a 2 + c4 +(c, +2c,) 2 /k2 =0, (9-100)
where
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2X 2(C 12 4 k2 C CQ 4 k 3 k 2 2 2 f2> 0
y x k 3  y ky y 3 Ox k 3 >yC, k3
12 2 k2 g24 k2 6 kqf2 d c 2 +2O -Rn - 2Qc2 - --- 2+ 2+ 2,and C 4c +
2 , K2 , k, n, k, nx k k,
Therefore, to obtain a real positive root of a2, and hence a nonzero real
ing conditions must be satisfied:
2[ k3 kC c+2c k3C2
2c, 8c3  k 2
2
0) I + MY + k3c 3  k3C C +2c kC2
' 2c, 8c3 k3 2
k3 >0
k3 <0
a, the follow-
(9-101)
Using the same system as in Section 9.3.3, one can calculate that the secondary reso-
nance can only exist at a rotational speed o>4.15. The orbits of the rotor at o=4.1 and
o=4.2 are simulated and shown in Figure 9-11.
8r
R,=1. 9, f,= I
c,=c,=-0.02
k,=k 2=k,=k,=-0.04, kd=-0.01
)-4 0 4 8 f8 -4 0 4 8
Figure 9-11: Simulated orbits for the anisotropic system at speeds near the
secondary resonance Ox+20y: m=4.1 (left) and w=4.2 (right).
Again, the analytically derived conditions under which the secondary resonance
Q,+20, can occur are verified by the numerical simulations. Also, the secondary reso-
nance has a much larger amplitude (1 -> about 5) and hence should be avoided in opera-
tion.
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9.3.7 Experimental Observations of Nonlinear Resonances
Coming back to the experimental observation of Figure 9-1, with the analyses above,
it can be seen that the nonlinear resonance indicated by the pressure peak at about
60krpm was actually the subharmonic resonance of 3M,. For clarity, Figure 9-1 is replot-
ted below, with the peaks labeled with the corresponding types of the resonances: Q. and
92 in black, indicating the resonances due to the two natural frequencies, and 3My in red,
indicating the nonlinear subharmonic resonance that happens at speeds of three times the
natural frequency in y direction 3M,.
1.3--
1.35
S1.4-
1.45
1.5
1.55
0 20K 40K 60K 80K 100K 120K
o (rpm)
Figure 9-12: Experimental data showing the secondary resonance at speed
of 3My [30].
2
1.9
1.8
nx/3
1.7
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0 10K 20K 30K 40K 50K 60K
w (rpm)
Figure 9-13: Experimental data showing the secondary resonances of
(zfx+Qy)/2 and Qx/3 [30].
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Besides the subharmonic resonance, other types of nonlinear resonances have also
been observed in the experiments, as shown in Figure 9-13. With the fixed flow rate sup-
ply to the journal bearing, the device was accelerated from the speed of 10krpm, which
was far below the natural frequency in y direction, to about 5Okrpm, the natural frequency
in x direction. First of all, the pressure peaks at -26krpm and ~52krpm were due to the
natural frequencies of the system, which were consistent with the model predictions.
Then, the small pressure peak at about 39krpm, which was between the two naturals, im-
plied that the system had engaged in a secondary resonance of (Qx+Q)/2. There was an-
other secondary resonance, the third-order superharmonic resonance of QX/3, indicated by
the small pressure peak at the rotor speed near 18krpm.
9.4 Summary and Conclusions
The nonlinear dynamics and third-order secondary resonances in the journal-bearing
system have been investigated by the multi-scale method.
In the isotropic system, it is found that the subharmonic resonance can happen at
speeds near three times the natural frequency (3 0N). Furthermore, the orbit of the sub-
harmonic resonance in the isotopic journal-bearing system is found to rotate at a speed
much slower than the rotor speed, which is different from the fixed nonlinear resonance
in the anisotropic system.
In the anisotropic system, the secondary resonances that may occur include super-
harmonic resonances at one third of the natural frequencies in both directions (Qx/ 3 , Q,/3),
subharmonic resonances at three times the natural frequencies in both directions (30,
392), and the resonance at the combinations of the two naturals: (nx+f,)/2 , 2x+f2, and
Qx+20y. The conditions under which these nonlinear resonances happen were derived in
the analyses, and these analytically derived conditions were verified by numerical simula-
tions. The model predictions agreed with the experimental observations; thus, the model
was validated.
Since these secondary nonlinear resonances normally have large amplitudes that
may cause the rotor to crash, they should be avoided during normal operation, especially
the subharmonic ones. Also, according to Chapter 8, tapered bearings are found to induce
strong nonlinearity of the hydrostatic force, which causes the nonlinear resonances during
operation. Therefore, again, tapered bearings with large profile variations should be
avoided in fabrication.
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It is important to note that this is only a preliminary investigation on the nonlinear
dynamics of micro-journal-bearing systems. Besides the third-order nonlinear terms,
there exist higher odd-order ones in hydrostatic force, which in turn may cause higher-
order nonlinear resonances. According to the numerical simulations based on the bilinear
stiffness system done by Ehrich [34], these higher-order resonances have even larger am-
plitudes. Furthermore, several devices have crashed at speeds of high odd multiples (7x
or even 9x) of the natural frequency in the experiments [30]. Also according to Ehrich
[34], there is even some chaotic behavior at certain rotor speeds due to the nonlinear
bearing forces, making the system much more complicated. Besides the nonlinearity of
hydrostatic force, the nonlinearities of hydrodynamic and damping forces may also affect
the system's dynamic behavior. Although it is important to do deeper investigation on the
nonlinear dynamics of micro-journal-bearing systems, they are not within the scope of
this thesis work and may form another research project.
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Chapter 10
Hydrostatic Thrust-Bearing Systems
As mentioned earlier in the thesis, besides the journal bearing, thrust bearings are
also needed in the micro-rotating devices to support the rotor. They are important to the
micro-rotating devices because they not only generate axial stiffness in the device confin-
ing the rotor axial movement, but also produce tilting stiffness confining the rotor conical
movement; the latter is crucial to the stability of the multi-degree-of-freedom system dis-
cussed in Chapter 6. The micro-thrust bearings are located above and below the rotor, as
sketched in Figure 1-5 to Figure 1-7. The one located above the rotor is called the for-
ward thrust bearing (FTB), while the one below the rotor is called the aft thrust bearing
(ATB).
Both the hydrostatic and the hydrodynamic thrust-bearing systems used in the mi-
cro-engine devices were thoroughly and successfully investigated by Teo [9][10]. The re-
sults showed that hydrostatic systems with high pressure supplies (60~70psig) can gener-
ate relatively higher stiffness, and hence should be used for the micro-devices. Further-
more, the stiffness produced by the hydrodynamic thrust bearing depends on the rotor
speed and is zero when the rotor is not spinning. Therefore, the hydrodynamic thrust
bearing cannot support the rotor at all when the rotor speed is low. So, if the device uses
hydrodynamic thrust bearings to support the rotor, hydrostatic bearings are still needed to
avoid contact during the start-up, making the thrust-bearing system essentially a hybrid
system.
The method Teo used to investigate the hydrostatic thrust bearing and then to com-
pute the axial stiffness and tilting stiffness was the Green's Function Method. This
method can give accurate results, but is expensive to implement because it involves a
numerical computation for a 2-dimensional PDE. In this chapter, a different and faster
approach, the Image Method, is introduced as a complementary way to compute these
two stiffnesses. Furthermore, this method is evaluated by 3-D CFD (Fluent 3D) calcula-
tions as well as the experimental data.
Two types of hydrostatic thrust bearings are used in the micro-engine devices: the
circular thrust bearing (Figure 1-5 and Figure 1-6) and the annular thrust bearing (Figure
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1-7). The former is used in the micro-bearing-rig and micro-turbo-charger devices, while
the latter is used in the micro-turbo-pump devices. These two types of bearings are both
covered in the following analysis.
10.1 Circular Hydrostatic Thrust Bearings
The circular thrust bearings are located at the center of the device, as shown in
Figure 1-5 and Figure 1-6. Figure 10-1 shows the structure of a typical circular thrust
bearing used in the micro-bearing-rig devices (the sketch in the left bottom corner is a
cut-out from Figure 1-6).
11711.1t 13e n I o
i ROtOr
nozzles
=100pm
th=2 m
_ Thrust
bearing land
O~ R=700 pm
a=1b
Figure 10-1: Sketch and dimensions of the structure of a typical thrust
bearing used in a micro-bearing rig (not to scale).
In the hydrostatic thrust bearing, the pressurized air is fed through 14 to over 70 dis-
crete nozzles, which are evenly distributed along the circumferential direction with a
length of 100gm and diameter of 10gm. Then the air flows through the thrust bearing gap
with a clearance of 2~3gm. The radius of the thrust bearing pad is normally from 0.7mm
to 0.9mm.
10.1.1 Flow Field in Hydrostatic Thrust Bearings
Because the air pressure fed to the thrust bearing is about 4 atmospheric pressures,
and the exit pressure is the atmospheric pressure, the flow in the thrust bearing is com-
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pressible. The flow in the thrust bearing can be assumed to be a fully developed
Poiseuille-type flow combined with Couette-type flow due to the small clearance (-2pm)
and low Reynolds number (~30). The flow rates in the radial (r) and tangential (6) direc-
tions in the thrust bearing gap are then
h 3 ap
'r 12p ar
h 3 _ p Corh' (10-1)
QO +12p ra9 2
where P is the pressure in the bearing, p is the viscosity of the air, and o is the rotational
speed of the rotor. Applying mass conservation in the thrust bearing gap, one can get
-- (rpQ, )+ (pQ)= s(r,9), (10-2)
r ar r ao
where p is the density of the air and s(r,O) is the flow source. With the typical dimensions
of the micro-thrust bearing, the nozzles have a much smaller diameter (10p1m) than that
of the thrust bearing pad (1400ptm), and thus they can be treated as point sources in the
bearing. Then s(r,O) for each nozzle is thg(F - ), where rh, and rj are the mass flow
rate and the position of the nozzle i respectively, and 5(F) is the 2-dimensional Dirac
delta function.
Since the flow through the thrust bearing gap is fully developed as assumed above,
the air in the thrust bearing can be treated as isothermal, because the Prandtl number (Pr)
of air is around 1 and silicon is a good heat conductor. Then the density of air, as an ideal
and isothermal gas, is proportional to its pressure. The combination of Equations (10-1)
and (10-2) then yields
h p3 ap +I a f o h 3 P ap r
thg(F -r )- r P- ------ .P - ----- ( --- +-rh-, (10 -3 )r ar P 12pr) r aO PO 12,u rO 2
where Pa is the atmospheric pressure and pa is the air density at Pa. The right-hand side of
the above equation is exactly the same as the Reynolds equation for the film flow.
When the rotor is not tilted, bearing clearance h is uniform in the thrust bearing. As-
suming the rotor is not rotating (the rotation effect is investigated later in the chapter), the
above equation then reduces to
AP2 (10-4)
h 3p- .i(04
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which is a Poisson equation of P2, with the boundary condition P=Pa at r=Rb, the exhaust
of the bearing. This equation can be solved by various methods. Among them, the Image
Method is a fast and accurate analytical approach.
Since the electrostatic field is also governed by the Poisson equation, the Image
Method can be briefly described using the electrostatic field as a example (detailed de-
scriptions of this method can be found in textbooks on electrostatic fields).
As shown in Figure 10-2, the electrostatic potential field generated by a positive
point charge above a grounded plate is governed by the Poisson equation, with the
boundary condition that the electrostatic potential on the plate is constant and zero. If the
plate is replaced by a negative charge with the same intensity at the image position of the
positive one, the potential at the virtual surface of the original plate is also zero and con-
stant. According to Green's theorem, the Poisson equations with the same boundary con-
ditions have exactly the same solution. Thus, the electrostatic potentials in the upper half
space of both settings are equal. As a result, the original complicated problem can be
solved with an equivalent simpler one.
V=0 _.........._V=0
-q
Figure 10-2: Image Method for the electrostatic field.
This technique can then be used to solve the pressure fields in thrust bearing gaps,
and the image setting for the circular thrust bearings can be found in Appendix B.
10.1.2 Model Assessment
To evaluate the assumptions of isothermal Poiseuille-type flow and Couette-type
flow, 3-D compressible CFD (Fluent) calculations were run as described below.
Figure 10-3: The thrust bearing grids used in 3-D Fluent calculations.
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It is worth noting that there are two symmetric lines in the thrust bearing: LI and L2,
as shown in Figure 10-1. The CFD configuration can take advantage of this, and instead
only a slice of the bearing was calculated as depicted in Figure 10-3.
Figure 10-4 shows the pressure distribution in the bearing calculated by the CFD
model with the mass flow rate through each nozzle of 0.02mg/s. In the calculation, the
wall temperature was set constant at 300K, due to the high conductivity of silicon.
1.0
0.8
0.6
0.4
0.2
0 P/Pi
Figure 10-4: Pressure distribution normalized by the inlet pressure in the
thrust bearing with the mass flow rate of 0.02mg/s per nozzle, calculated by
3-D Fluent.
It can be seen that the pressure at the center of the thrust bearing is essentially con-
stant - the nozzles act as a "fence" for the pressure "reservoir" in the center.
300- ----
298-
- L2
296 17
294-
292-
290.
0 200 400 600
r (gm)
Figure 10-5: Temperatures in the thrust bearing gap with bearing wall
temperature of 300K, by 3-D Fluent.
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Temperatures in the thrust bearing gap along the LI and L2 lines calculated by the
CFD are shown in Figure 10-5. One can see that the temperature variation in the thrust
bearing gap is no more than 8 Kelvin, and hence the isothermal approximation is vali-
dated.
Furthermore, the pressure distributions calculated by the Image Method are com-
pared with the CFD results, shown in Figure 10-6.
1.0-
0.8-
0.6-
CFD Analytical \
04- L1 -0.- L2 - - -
0.2- mn.=0.04mg/s
h=1.5pm
0.0
0.0 0.2 0.4 0.6 0.8 1.0
r IRb
Figure 10-6: Pressure normalized by the inlet pressure along Li and L2,
calculated by the Image Method and 3-D Fluent.
Integrating the pressure in the thrust bearing yields the thrust force, which is plotted
in Figure 10-7.
0.6-
Image Method
. 0.5. u 3-D CFD
0.5
Li~0.4-
p0.3-
0.2-
0.01 0.02 0.03 0.04 0.05'
m, (mg/s per nozzle)
Figure 10-7: Thrust force as a function of the mass flow rate per nozzle,
calculated by the Image Method and 3-D Fluent.
These comparisons show that the results of the Image Method match the 3-D com-
pressible Fluent results well with the given flow rates, and thus the assumptions of iso-
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thermal Poiseuille-type flow and Couette-type flow in the thrust bearing are validated.
The Image Method is also proven to be accurate to model the flow in the micro-
hydrostatic circular thrust bearing. Furthermore, the results also agree with [9].
The next step is to calculate the mass flow rate through each nozzle, and hence the
thrust force with a given pressure supply. To do this, pressure losses through the nozzle,
the inlet, and the corner need to be calculated for a given mass flow rate.
With the assumption of isothermal Poiseuille flow, the pressure drop through the
nozzle is
2 _ 2 _ 256pL P.P -2 = 4 P, (10-5)
where P is the pressure at the entrance of the nozzle, P2 is the pressure at the exit of the
nozzle, and a and L are the radius and length of the nozzle respectively. The entrance loss
is still determined by the empirical formula APe=1.5pv2/2.
Furthermore, the pressure loss at the corner can be derived empirically by curve-
fitting the CFD results with the formula below:
AP,=K, A v2 (10-6)
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where A1 is the flow area before the corner, which is the area of the nozzle cross section:
na2/4; A 2 is the flow area after the corner, which is nah; and K and K2 are the coeffi-
cients to be determined by the curve-fitting.
tb 0.08-
a0)
0.06- ,'
04
/ CFD Model with K=0.572, K2=0.65
0.02 = -- Psupply: 58psig
0 ---- P supply: 87psig
1.5 2.0 2.5 3.0
Bearing Clearance h (pm)
Figure 10-8: Curve-fitting to find the loss coefficients at the corner.
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Thus, with the curve fitting shown in Figure 10-8, K, and K2 are found to be 0.572
and 0.65 respectively. Note that the curves of the mass flow rate start to be flat at a bear-
ing clearance of about 3pm, indicating that the flow starts to choke in the nozzle, causing
the mass flow rate to be independent of the bearing clearance. This choking phenomenon
has been excessively discussed by Teo in [9] and found to be the cause of instability in
the thrust-bearing system.
0.8-
0.6-
0 0.4-
0.2-
n '
40 80
Pressure Supply (psig)
0120
CFD Model Predictions
h=1.5p&m m -
h-2.Opm A ----
h=3.0pm * -.....
,h
4o 8o 120
Pressure Supply (psig)
Figure 10-9: Model predictions with different supply pressures and bearing
clearances, compared with 3-D Fluent results: the mass flow rate (left) and
the thrust force (right).
To further assess the accuracy of the loss coefficients, several more CFD (3-D Flu-
ent) calculations with different bearing clearances and supply pressures were done and
compared with the model predictions. Figure 10-9 shows that this empirical model of the
losses works well with the Image Method for the micro-thrust-bearing system.
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r -'b'bQ
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%0
%0
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Experiments
* FTB Pressure: 20psig
* FTB Pressure: 40psig
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Total Thrust Bearing
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Figure 10-10: Static flow tests (experimental data from [6]) in the thrust
bearings, compared with the model predictions.
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10.1 Circular Hydrostatic Thrust Bearings
To validate the model experimentally, a static flow test can be done by keeping the
pressure supply to one of the thrust bearings constant and varying the supply pressure to
the other at the same time. Since both bearing clearances change as the rotor moves axi-
ally with the varying pressure, the flow rate through the former bearing changes as shown
in Figure 10-11, although its pressure supply is fixed all the time.
The comparison shows that the model predictions agree well with the experimental
data, in both trend and magnitude, and thus the Image Method is also validated by the ex-
perimental data.
With this Image Method, the natural frequency of the thrust-bearing system can then
be calculated, and the results are plotted in Figure 10-11.
Micro Bearing-Rig
2.5M -
2.OM- ,
1.5M - ,' Pressure Supply
7psig
; - -- - 100 psig
1.0M , . ._F-_r _
2.0 2.5 3.0 3.5 4.0 4.5 5.0
Total Thrust Bearing Clearance h (pm)
Figure 10-11: Natural frequency prediction by the model for the hydrostatic
thrust bearing used in the micro-bearing-rig devices.
Thus, to get a maximum thrust bearing natural frequency (higher than the design
speed of 2.4 million rpm), the total bearing clearance (the sum of the forward thrust bear-
ing and the aft thrust bearing clearances) should be about 4pm.
10.1.3 Effect of Rotor Rotation
When the rotor is rotating, the air in the bearing is dragged with the rotor disk in the
tangential direction. The centrifugal body force induced by this tangential flow can re-
duce the pressure and hence the thrust force in the bearing. The following analysis using
both the analytical approach and 3-D Fluent show that this pressure decrease is negligible
compared with the external pressure supply to the bearing. As a result, the rotation effect
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on the thrust force in the bearing is also negligible compared to the thrust force produced
by the external static pressure.
The steady Navier-Stokes equation (r component) in polar coordinates (r and 0) be-
comes
p u ~ ~ + au, uap s u =,('rar 'U lr U 9  _
' ar r aO r tZ) a r
a(+r aj r+I 2 NO + a2) 
(10-7)
1 8 Bu, u, 1 2u,2 ua 2u
r ar ar r 2 r 2 a02 r 2 ao aZ 2
To simplify the above question and focus on the centrifugal force induced by the tangen-
tial flow, the pressure supply and hence the mass flow rate through the nozzles can be as-
sumed to be zero, so that the system becomes axisymmetric. Then all the a/ao terms in
the above equation can be dropped. Furthermore, with the similar scaling analysis in
Chapter 2 for journal bearing flow, all the viscous terms except the last one can be negli-
gible and the above equation becomes
O( u u2 u, P a 2ur uu =--+p a2 (10-8)' r r a z ar 2
With the mass conservation equation
Ia(rpu,)+---(pu)+-(puz)= 0 , (10-9)
r ar r ao az
one can find that udR-uz/h, or uz<<uo. Therefore, uzaur/az is negligible compared with
u62/r in Equation (10-8). Furthermore, since the ratio of purur/r to pi2 ur/az2 is on the
order of 0.04, much smaller than 1, the former is negligible as well. Equation (10-8) then
reduces to
aP u2 a2U
p O = P-aZ2  (10-10)
ar r 8
The second term on the left-hand side of the above equation is the centrifugal force
induced by the tangential flow. Assuming no flows through the nozzles, the flow in the
thrust bearing is fully developed and hence the tangential flow is the Couette-type flow
uO = airz/h. (10-11)
Substituting the above equation into (10-10), and with the non-slip boundary conditions
Ur(0)=ur(h)=0, Ur(Z) can be obtained:
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orz(z3 -h3) 1 aP hUr,(z) =- 2r 3h+- Z(z -h) (10-12)12p h2 2pu cr
Integration with respect to z yields the flow rate in the radial direction Qr:
Q = 2nr _ r h3 +----- -- h3 (10-13)(_12p (10 )2p ar 6
Because of mass conservation and symmetry, Qr should be equal to 0. Then, the
pressure gradient can be derived from the above equation:
DIP 3 2
-= - p2 r. (10-14)
Dr 10
Again, the air can be assumed to be isothermal. The integration of the above equation
yields the pressure in the thrust bearing P
P (r) = P exp 3 p, co2 (r 2 - R 2)-1 .(10-15)
2 Pa 2 0
Since the exponent (~0.06) is much smaller than 1 with the design speed (co=2.4 MRPM)
and thrust bearing radius (R=0.7mm), the expression above can be approximated as
P(r)= 3 PaW2 (r2 - R). (10-16)
20
Then, with the integration, one can find that the thrust force due to the centrifugal force
caused by the rotor rotation F is
F = 3z 2R4. (10-17)
40
The thrust force is independent of the bearing clearance h, indicating that the cen-
trifugal force induced by the rotor rotation doesn't affect the axial stiffness. Furthermore,
the above analysis is validated by the 3-D Fluent calculation, as shown in Figure 10-12.
It can also be seen that the thrust force due to centrifugal force is so small (-0.003N)
that it is negligible compared with the thrust force due to external static pressure (-0.3N
according to Figure 10-9). Furthermore, the corresponding pressure decrease (~0. 13psi) is
also negligible compared with the pressure supply through the nozzles (-60psi).
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- Model
CFD, on the rotational wall
CFD, on the stational wall
Rotational Speed: 0.95MRPM
Radius of the bearing: R=0.7mm
0
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CFD
0.4 0.8 1.2 1.6
Rotational Speed (MRPM)
Figure 10-12: Pressure distribution in the thrust bearing (left) and the thrust
force (right) due to the centrifugal force, without flows through the nozzles,
calculated by both the model and 3-D Fluent.
Note that the above analysis assumes there are no flows through the nozzles. The
following CFD results show that even with the flows through the nozzles, which can cou-
ple with the tangential flow induced by the rotor rotation, the thrust force decrease is still
negligible.
0.8
0.6
0.2
10.ppi
o=1.9MRPM
Inlet Pressure: P,=87psig
Figure 10-13: Pressure distribution in the thrust bearing with rotor speed of
1.9 MRPM and supply pressure of 87 psig, calculated by 3-D Fluent.
Since an analytical solution is impossible for this complicated problem because of
the strong nonlinearity of Equation (10-3) with rotation, the 3-D CFD is employed to in-
vestigate the effect of the rotor rotation together with the flows through the nozzles on the
thrust forces. Figure 10-13 shows the pressure distribution in the thrust bearing with both
the pressure supply to the nozzles (87psig) and the rotor rotation (1.9MRPM) calculated
by the 3-D Fluent. Compared with Figure 10-4, it can be seen that the pressure fields in
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10.2 Annular Hydrostatic Thrust Bearing
the vicinity of the nozzles are distorted by the rotor rotation. But this difference is only
distinguishable in that small region. Therefore, the thrust force as the integration of the
whole pressure field is not much affected by the rotor rotation, which is verified by the
comparison between the CFD (3-D Fluent) results and model predictions listed in Table
10-1. The comparison shows that the rotor rotation coupled with nozzle flows can only
induce a thrust force decrease of 2% to 4%, which is negligible.
CFD results Model
Rotational speed (MRPM) 0 0.95 1.9 -
Flow rate per nozzle (mg/s) 0.0396 0.0390 0.0386 0.0400
Pressure at the center (psig) 55.98 55.65 54.10 57.14
Thrust force (N) 0.495 0.495 0.486 0.5056
Table 10-1: The flow rates, pressures, and thrust forces in the thrust
bearing calculated by 3-D Fluent and the Image Method, with rotor rotation
and supply pressure of 87psig.
10.2 Annular Hydrostatic Thrust Bearing
Unlike the other micro-rotating devices, the micro-turbo-pump used an annular
thrust-bearing configuration (Figure 1-7). Besides supporting the rotor axially, the for-
ward annular thrust bearing used in this device also functioned as a seal which prevented
the high-pressure liquid in the pump region (located at the center) from leaking to the tur-
bine region (located in the outer space of the rotor). That was the major reason why annu-
lar thrust bearings were chosen instead of circular ones. How the forward annular thrust
bearing acts as a seal is discussed by Teo in [9] and is not covered here. This section only
focuses on using the Image Method to calculate the thrust force.
The sketch in Figure 10-14 shows the structure of the annular thrust bearings used in
the micro-turbo-pump devices with the dimensions and the typical pressure distribution
in the bearing calculated by 3-dimensional CFD (3-D Fluent).
The gas in the annular thrust bearing is governed by the same equation as the circu-
lar one-the Poisson equation (10-4)-but with different boundary conditions: the pres-
sure at the outer boundary is the atmospheric pressure, P(Ro)=Pa, and the pressure at the
inner boundary is the pump pressure, P(RI)=Pp.up. In order to use the Image Method, a
series of image points are needed to mimic the boundary conditions (details can be found
in Appendix C). The comparison in Figure 10-15 between the pressures calculated by the
Image Method and 3-D Fluent shows that the Image Method also works well for the mi-
cro-hydrostatic annular thrust bearings.
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Figure 10-14: Structural sketch (left, not to scale) of the micro-hydrostatic
annular thrust bearing and the pressure distribution in the bearing
calculated by 3-D Fluent.
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Figure 10-15: Pressure distributions normalized by the inlet pressure along
symmetry lines Li and L2 in the micro-hydrostatic annular thrust
bearing with pump pressures 0 (left) and 29 psig (right), compared
with the CFD results.
Using the same loss models derived in the last section for the circular thrust bearings,
the mass flow rates through the nozzles in the annular thrust bearings can be calculated
with given pressure supplies. Then, the pressure field in the annular thrust bearing and
hence the thrust force are obtained as functions of the pressure supply to the bearing.
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Figure 10-16: Mass flow rate per nozzle and thrust force calculated by the
model for the annular thrust bearing, compared with the CFD results.
Figure 10-16 shows that the Image Method together with the loss model also
matches the CFD results and hence works well in the annular thrust bearing.
10.3 Tilting stiffness
Besides the axial stiffness, the tilting stiffness provided by the circular thrust bearing
is also important to the micro-rotating devices, as discussed in Chapter 6. The tilting
stiffness can be calculated by the Green's Function [10]. The following analysis shows
that it can also be calculated by the Image Method with perturbation.
When the rotor is tilted by a infinitesimal angle a, the clearance of the thrust bearing
is h(rO=ho+arcos(6)=ho(l+ercos()/Rb), where s-aR,/ho<<l. Substituting this into
Equation (10-3) and assuming the rotational speed is zero again, the expansion of Equa-
tion (10-3) to the first order of e can be obtained:
a r +P2 ( r P2
---- (r(1+3-Cos() 
-- + 1+3.-cos()) +10-J2)r ar R ar r 2 ao R ao
/ (10-18)
_24pu P ti-l)
kPa
The solution of P2 with the perturbation of the tilt can be written as
P 2  p2 + e +O(C2). (10-19)
Substituting the above equation into (10-18) and then collecting the terms of order P
yields
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Al2  24p P
ho2 A (10-20)
The above equation of Po is exactly the same as Equation (10-4), and thus has the solu-
tion shown in Figure 10-4. Furthermore, the equation of P1 can be derived by collecting
the terms of order d:
2 _ [i r, DP" 1 D 1 PAP -- 3 --- r-cos(O) + -cOS(0)
rar Rb Dr r2Do' Rb
L- (10-21)
C3[cos( r AP2+cos(O)aPO2 sin(O)DIP02 1
Rb 0  Rb ar rRb MI
The first term on the right-hand side of the above equation is given by Equation (10-20),
and the last term is around zero and symmetric about the symmetry lines Li and L2 ac-
cording to Figure 10-4, so its contribution to Pi is negligible. Then the above equation
can be solved with the approximation of the second term on the right-hand side as shown
in the analysis below.
The mass flow rate in the radial direction induced by Po is
3| p. ap2
rh, = .o D (10-22)
24 p P t8r
Due to the symmetry of the system and mass conservation, the above equation can be ap-
proximated as
tr, = ~ (r - RN )Iti 2r(1-3
where I th i is the total mass flow rate through all the nozzles, O(x) is the step function
with a value of 1 when x>0 and 0 when x<0, and RN is the radial location of the nozzles.
Then Equation (10-21) becomes
272p P r 8( RN)AP2I ~ ---- cos(0) - i + rR h . (10-24)h p I RbI 2 )rrRb
Furthermore, the second term in the square brackets of the above equation is an area
flow source distributed between RN and Rb. This source can be divided into slices of the
same number of nozzles. As an approximation, each slice can then shrink to the position
of the corresponding nozzle, and hence becomes a point source with an intensity of
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Rb
J . dr=rh -(Rb-RN). (10-25)
RN
Thus Equation (10-2 1) can be approximated as
AP2 ~= 3 cos( ( R-RN
h P . [(10-26)
= 72p P", Cos (0) 1h,{5 
-6)
-o p.~os
14P.
Combining Equations (10-20) and (10-26) yields the equation of the total pressure P in
the thrust bearing, according to Equation (10-19):
AP2  (02 + 6 ~ - 24u P ( - 3e6cos(g,))rhS(F - F). (10-27)
Thus the original problem (non-uniform bearing clearance with the tilted thrust pad)
can be approximated to a simpler one, in which the clearance is kept uniform while the
mass flow rate through each nozzle is modulated according to the equation above. The
tilting torque can then be approximately calculated by the Image Method, and hence the
tilting stiffness can be determined. The calculated results for the thrust bearings used in
the micro-turbo-charger device are shown in Figure 10-17.
0.14- Thrust Bearings for micro Turbo-Charger
I 0.12-
0.10-
R=ln, RN-0.7 5mm,
~-0.08- a1pm, L=100pm
h =6pm, centered
0.06 .
40 50 60 70 80 90 100
Pressure Supply (psig)
Figure 10-17: Tilting stiffness (left) and pressure field (right, 70 psig supply
and 2x10~4 rad tilting angle) in the thrust bearings of the micro-turbo-
charger device by the Image Method.
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10.4 Summary and Conclusions
The Image Method has been used to investigate the hydrostatic thrust bearings in the
micro-devices. With this approach, the pressure field in the thrust bearing and hence the
thrust force can be calculated for both circular and annular thrust bearings, and the results
are validated by both the CFD calculations and the experimental data. Furthermore, the
tilting stiffness in circular thrust bearing can also be calculated by this method with per-
turbation.
The effect of rotor rotation on the pressure in the thrust bearing was also investi-
gated using both the analytical approach and 3-dimensional CFD (Fluent). The results
show that the decrease in pressure and thrust force due to centrifugal body force caused
by the tangential flow in the bearing induced by rotor rotation is negligible compared to
that induced by the high external static pressure supply.
Since the Image Method doesn't involve numerical calculation of the two-
dimensional Reynolds equation, it is much faster than the Green's Function method. Thus,
it is the recommended method for fast evaluation of the thrust bearing axial and tilting
stiffness. However, since it cannot solve the original Reynolds equation in which the ro-
tor rotation and the non-uniformity of the bearing clearance are coupled together, the Im-
age Method cannot be used to solve the hydrodynamic pressure in the thrust bearing in-
duced by rotor pumping action. Thus, in order to calculate the hydrodynamic torque in
the thrust bearing due to the rotor pumping effect when the rotor is tilted, a numerical
scheme is still needed.
242
Chapter 11
Journal-Bearing System Design for Self-
Sustained Micro-Engine
The self-sustained micro-engine (SSME) currently under development at MIT GTL
is a prototype micro-engine that can self-sustain and output power, with the major chal-
lenge of closing the system thermodynamic cycle. The goal of this project is to design
and fabricate this self-sustained micro-engine system with all the components (micro-
turbine, micro-compressor, micro-bearing, and micro-combustor) integrated and to dem-
onstrate the break-even operation experimentally.
Based on the models and knowledge of journal-bearing systems obtained in the pre-
vious chapters, journal-bearing systems for the self-sustained micro-engine devices are
investigated and designed in this chapter. The micro-bearing design for the self-sustained
micro-engine is challenging for several reasons: 1) the relatively heavy rotor (over 700mg,
compared with 10mg in the micro-bearing rig); 2) a low damping ratio due to the limited
bearing length (less than 450pm) and the heavy rotor, resulting in a small distance to con-
tact; 3) variation of the bearing clearance (over 1Opm) during operation due to the ther-
mal and centrifugal expansion of the rotor; 4) the fact that dual-bearing systems are
needed to eliminate coupling between the rotor conical and radial motions; and 5) mis-
alignment between the two micro-journal bearings in parallel caused by fabrication im-
perfections.
Meanwhile, dual-bearing systems are investigated based on the journal bearings
used in the self-sustained micro-engine devices. Due to fabrication imperfections, the
misalignment between the two journal bearings in these systems can be as large as 6 pm.
In these misaligned dual-bearing systems, four parameters are needed to describe the ro-
tor imperfection instead of the single unbalance used in the single-bearing system. Ac-
cording to the numerical simulation results, the rotor camming motion due to the mis-
alignment is found to reduce both the distance to contact and the stability boundary of the
dual-bearing systems.
Chapter I1 Journal-Bearing System Design for Self-Sustained Micro-Engine
Last, several designs are suggested for self-sustained micro-engine devices with
misalignment of 6 pm and without any misalignment.
11.1 Design Requirements for Micro-Journal-Bearing Systems
Used in Self-Sustained Micro-Engines
According to Sirakov [35], the design speed of the self-sustained micro-engine is
600Krpm and the rotor will be made of several silicon layers, as shown in Figure 11-1.
compressorjournal bearing
Compressor Compressor
Blades Shroud
Compressor Disk
shaft
Turbine Disk
Turbine Turbine Turbine
journal bearing Blades Shroud
Figure 11-1: Sketch of the self-sustained micro-engine rotor (thrust bearing
pads are not shown and the sketch is not to scale).
Both the turbine and the compressor disks have a radius of 8mm and a thickness of
450pm. The generator is integrated in the compressor shroud. Due to the high rotor speed
and tall blades (800pm-990pm), the centrifugal force on the blades can bend the two
disks; thus, both shrouds are also designed to reduce the bending moment and hence the
disk deformation. The mass of the whole rotor is 733mg, with a rotor unbalance of about
I pm according to [4] and [31]. Compared with the rotor mass in the previously discussed
micro-rotating devices (10mg for the micro-bearing rig, 25mg for the micro-turbo-pump,
and 70mg for the micro-turbo-charger), the rotor mass of the self-sustained micro-engine
is one order of magnitude higher.
According to Chapter 5, coupling between the rotor radial and conical motions can
destabilize the system and should be avoided. Therefore, with the rotor structure depicted
in Figure 11-1, the journal bearings should be located at the circumferential peripheries of
both the compressor and the turbine disks, with the air fed from between the two disks, so
that the coupling can be eliminated.
Furthermore, in order to implement the hydrostatic stiffness anisotropy, the turbine
shroud needs to be replaced by a compensation ring, as shown in the sketch of Figure
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11-2. The compensation ring has two functions in the self-sustained micro-engine devices:
to balance the bending momentum induced by the centrifugal force on the turbine blades
and to seal the flow between the feeding plena.
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Figure 11-2: Implementation
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Under the operating condition, the hot exhaust air (over 1000 Kelvin) from the com-
bustor can heat both the static structure and the rotor. According to [35], the temperature
of the static structure is about 688K, and the turbine disk temperature is 891K. To prevent
heat transfer from the turbine disk to the compressor disk, which can impair the compres-
sor's performance, thermal isolation shafts are used, as shown in the sketch. As a result,
the temperature of the compressor disk is about 475K. The temperature differences be-
tween the static structure and the rotor can change both the journal bearing clearances
under operating conditions due to thermal expansion. With the linear thermal expansion
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coefficient of silicon (which is -4x 10-6 K in this temperature range), the clearance of the
compressor journal bearing can increase by 6.8pm, while the clearance of the turbine
journal bearing can decrease by 6.5pm. Furthermore, the centrifugal force of the disks
due to the high rotating speed can also expand the rotor and hence reduce both journal
bearing clearances by 3-5im at the design speed according to [36].
As the start protocol, the rotor is inverted at a low pressure difference across the
journal bearings Ap without ignition. Spinning supercritically, it is accelerated to the de-
sign speed cold at high Ap, and the combustor is then ignited. After ignition, the rotor
spins at the design speed and eventually reaches the temperatures stated above.
Accelerated to the At the design
natural fre- design speed before speed and nor-
quency,cold the ignition of mal operating
combustor conditions
Clearance of the turbine h -5pm h, -1 l.5pim
journal bearing
Clearance of the compres- k he -3ptm hc +3.8ptm
sor journal bearing
Table 11-1: Clearances of the turbine and the compressor journal bearings
under different operating conditions.
During this start procedure, the clearances of the journal bearings vary according to
the operating conditions as summarized in Table 11-1, assuming the fabricated clearances
of the turbine journal bearing and the compressor journal bearing are ht and he respec-
tively. Note that, as the rotor accelerates across the system's natural frequency, the rota-
tional speed is low; hence, the centrifugal force is small, and at this speed, the combustor
is not ignited yet. Therefore, under these conditions, the bearing clearances are essentially
unchanged from the fabricated ones. However, they can vary as much as 11.5ptm during
the whole start procedure. This is one of the major challenges to designing a successful
journal-bearing system for the self-sustained micro-engine devices.
Although it is easier to invert the rotor at a lower pressure difference across the jour-
nal bearings Ap, the lowest reliable and feasible Ap that could be used experimentally to
invert the rotor is about 0.2psig according to [31]. Therefore, when designing the journal
bearing systems used for the self-sustained micro-engine devices, the following require-
ments should be satisfied:
1. The rotor has sufficient distance to contact (larger than the threshold normal-
ized distance to contact obtained in Chapter 5) at Ap of 0.2psig to be in-
verted.
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2. The rotor can be accelerated to high speed when the system is cold; i.e., the
stability boundary of the journal-bearing system with the centrifugal expan-
sion but without the thermal expansion should be higher than the design
speed of 600Krpm.
3. The rotor can spin stably under operating conditions; i.e., the stability
boundary of the journal-bearing system with both the centrifugal and the th-
ermal expansion should be higher than the design speed.
11.2 Dual-Bearing System without Wafer Misalignment
As shown in Figure 11-2, in order to eliminate the coupling between the rotor radial
and conical motions, a dual-bearing configuration is used in the self-sustained micro-
engine devices.
If the two bearings are etched at the same time after the two disks are bonded to-
gether (or "single cut" according to [4]), they can be perfectly aligned.
Generally, if the second bearing is identical to the first one, the system stiffness and
damping coefficient are twice as large as the ones in the original systems. Then, the natu-
ral frequency of the dual-bearing system is \f2 of the natural frequency of the original
single-bearing counterpart. According to the analyses in Chapter 2 (Equation (2-40)), the
peak amplitude of the rotor response curve is smaller in the new system, resulting in a
larger distance to contact, because the unbalances are same in both systems. Meanwhile,
since the stability boundary of the anisotropic journal-bearing system is mainly deter-
mined by the ratio of the hydrostatic stiffness anisotropy to the intrinsic hydrodynamic
stiffness, it does not change in the new system. So, adding the second identical bearing
can improve the system dynamics by increasing the distance to contact and stiffness
while maintaining the stability boundary.
However, since the variations of the two bearing clearances are different during op-
eration (Table 11-1), it is not necessarily the optimal design to make the two bearings
identical. To find the optimal design with different bearing clearances, Figure 11-3 of the
distance to contact and stability boundary contours are generated by the numerical simu-
lations. The horizontal axis is the compressor journal bearing clearance h, in microns,
while the vertical one is the turbine journal bearing clearance h, in microns. Both the
clearance values on the axes indicate the original clearances (without the thermal and
centrifugal expansion of the rotor), or the bearing clearances just after fabrication.
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Figure 11-3: Distance to contact and stability boundary as functions of
bearing clearances for perfectly aligned dual-bearing systems.
The numbers on the black solid lines are the normalized distance to contact with a
given set of clearances at a pressure difference across the journal bearings Ap of 0.5psig.
By "normalized," it means the ratio of the smallest distance to contact normalized by the
corresponding bearing clearance in the two journal bearings to the threshold, which is
0.09, derived in Chapter 5. Therefore, if the number is larger than 1, the rotor can be in-
verted at Ap of 0.5psig with the given set of bearing clearances. The numbers on the
black dotted lines are the normalized distance to contact with the given set of bearing
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clearances at Ap of 0.2psig. Obviously, with smaller Ap, the distance to contact is larger
and it is easier for the rotor to be inverted.
The numbers on the blue solid lines are the normalized stability boundary with a
given set of bearing clearances when the system is cold, at pressure difference across the
journal bearings Ap of 5psig and with the sideload 6p of 0.5psi (the pressure difference
between the pairs of plena in opposite directions, which is common according to the pre-
vious experiments [30]). Here, by "normalized," it means the ratio of the stability bound-
ary to the design speed (600Krpm). Therefore, if the number is larger than 1, the stability
boundary of the system is higher than the design speed with the given bearing clearances.
For example, on the lines numbered 1.5, the stability boundary is 1.5x600Krpm
(=900Krpm).
It is important to note that since the rotor expands at high speed, both bearing clear-
ances decrease as the speed increases. Thus, in the simulations to calculate the above sys-
tem stability boundary, the decreased bearing clearances are computed according to the
equation below and accounted for, assuming both the turbine and the compressor disks
are plain cylindrical disks:
Ah = -2.524 x 10-9 R3O 2 . (11-1)
Therefore, the clearances with which the stability boundary is calculated are actually
smaller than the fabricated ones. For example, on the blue lines of 1.5, the actual bearing
clearances of both the journal bearings at the threshold speed of onset of instability
(900Krpm) are 11.5pm smaller than the original/fabricated ones. This is a large decrease
compared with the bearing clearances themselves (about 20 jm).
The numbers on the red solid lines are the normalized stability boundary with a
given set of bearing clearances when the self-sustained micro-engine is hot and under
normal operating conditions after ignition, at the pressure difference across the journal
bearing Ap of 5psig and with the sideload 8p of 0.5psi. Due to the thermal expansion of
both the static structure and the rotor, the bearing clearances are further changed from the
ones with the centrifugal force effect. According to the analysis in the last section, the
clearance of the turbine journal bearing can further decrease by 6.5pm from the cold sys-
tem at the same speed, while the clearance of the compressor journal bearing can increase
by 6.8pm. Therefore, as a example, on the red lines marked 1.5 (speed of 900Krpm and
hot), the turbine journal bearing clearance is a total of 18pjm smaller than the origi-
nal/fabricated one, while the compressor journal bearing clearance is a total of 4.7pm
smaller.
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Thus, based on the contours and design requirements described at the beginning of
this chapter, the acceptable designs lie in the space below the black dotted line numbered
1, above the red line, and right to the blue solid lines numbered 1. However, with 50%
safety margins for the stability boundary, the acceptable design space then shrinks to the
up right corner (the shaded area in Figure 11-3).
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Figure 11-4: Rotor unbalance and bearing sideload Sp reduce the stability
boundary.
In order to further investigate the sensitivity of the stability boundary to the rotor
unbalance and the bearing sideload, the contours in Figure 11-4 are generated. It can be
seen that the sideload has a larger negative influence on the stability boundary than the
rotor unbalance does. Furthermore, the 50% safety margin is enough to compensate for
the decreases in the stability boundary due to these two effects.
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In the above calculations as well as the ones following, to calculate the bearing
forces in the simulations, the flow is assumed to be a fully developed quasi-steady flow,
as in Chapter 2. Furthermore, because the length-to-diameter ratio and the gap (distance
between the two bearings)-to-diameter ratio of the micro-bearing systems in the self-
sustained micro-engine are on the order of 0.03, the rotor can be approximated as a thin
disk.
11.3 Dual Bearing System with Wafer Misalignment
The above contours are for the dual-bearing system without misalignment between
the two bearings, which can be achieved by the "single cut"-etching the two bearings in
a line after the two disks are bonded together. However, this technology is far from feasi-
ble yet, because the bearing to be etched in the "single cut" is longer than 1mm, making
its aspect ratio out of the range that can be etched based on today's technology.
So, it is more realistic to etch the two journal bearings at the turbine disk and the
compressor disk separately before bonding. With this method, there is always a certain
wafer misalignment between the two disks due to the imperfections of machines and the
fabrication processes. The analyses below show that this misalignment can have a great
impact on the dynamic behavior of the system.
11.3.1 Rotor Camming Motion Due to Wafer Misalignment
Original position
compressor disk
turbine disk
After rotating 180"
F compressor disk
turbine disk
Figure 11-5: Rotor camming motion due to misalignment between the two
journal bearings in a dual-bearing system.
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As shown in Figure 11-5, when there is a misalignment between the two bear-
ings/disks, the rotor engages in a camming motion when it spins.
With the fabricated/original position, both disks are sitting at the centers of their cor-
responding bearings, and hence the bearing clearances around them are uniform. How-
ever, when the rotor rotates around a certain axis by 180 degrees, the clearances are no
longer uniform. Moreover, if the misalignment is large enough (compared with the bear-
ing clearance), the rotor can touch the bearing wall, and then it can no longer rotate.
Even if the misalignment is small, one can see that both clearances keep changing
and are functions of time as the rotor rotates. Thus, the rotor camming motion makes the
system time-dependent. With this nonlinear effect, the system dynamics can only be in-
vestigated by numerical simulations.
11.3.2 Parametric Description of Rotor Imperfection
MC
CGC
plea
............
Figure 11-6: Four parameters required to describe the rotor imperfection in
dual-bearing systems with wafer misalignment.
In the single-bearing system, only one parameter is needed to describe the imperfec-
tion of the rotor: the unbalance that represents the distance from the mass center to the
geometric center of the rotor. However, in the dual-bearing system with wafer misalign-
ment, one parameter is not enough because there are three centers on the rotor, as shown
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in Figure 11-6: the compressor geometric center (CGC), the turbine geometric center
(TGC), and the mass center of the whole rotor (MC).
Since the three centers do not coincide with the wafer misalignment, they form a tri-
angle and thus three parameters are needed to describe the locations relative to each other:
the misalignment a (distance from TGC to CGC), the distance from the MC to the TGC b,
and the angle between segments TGC-CGC and TGC-MC /1. Moreover, to describe the
direction of the wafer misalignment relative to the static structure (or the anisotropy), an-
other parameter is needed: the angle a between TGC-CGC and the x axis.
According to [4], the wafer misalignment between the compressor and turbine disks
a can be as large as 6pm (the worst case), with the most possible value about 4pm. This
misalignment can be in any direction, so that a varies from 0 to 2n.
Besides the wafer misalignment between the two disks/bearings, there are other mis-
alignments in the multi-layer rotor. They are the misalignments of each layer relative to
the next one due to the photo-resist pattern misalignments. These misalignments are typi-
cally 2pm according to [4], and also occur in random directions. With this information
and the mass of each layer, it can be derived that the mass center (MC) of the whole rotor
lies in the shaded circle shown in the sketch of Figure 11-7.
1
0.845pm
TGC 2 r 3 CGC
0.576a
d4
a
Figure 11-7: Mass center of the rotor lies in a circle located between the
geometric centers of the turbine and compressor disks.
The center of the circle (point 5) is located on the segment TGC-CGC and 0.576a
from the TGC. The radius of the circle is 0.845pm. Therefore, the parameters b and ,
which describe the relative location of the mass center, can be determined. It is conven-
ient to replace them with another two parameters: the distance from the mass center to the
center of that circle r, and the direction of the mass center relative to the segment TGC-
CGC 9. Then, r is smaller than 0.845pm, and Ocan vary from 0 to 2n.
To successfully design a dual-bearing system with all the imperfections in the rotor,
the designed system should be able to be inverted (cross the natural frequency) and accel-
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erated to the design speed with all possible combinations of a, a, r and 9 from normal
fabrication. In other words, given a pair of bearing clearances h, and he, systems with all
possible combinations of a, a, r, and 9 must be simulated to see whether all the possible
systems can reach the design criteria with this pair of clearances h, and h,. Because there
are infinite possible combinations, it is not feasible to do simulations with all the combi-
nations. Therefore, several representative values are chosen for each of these four pa-
rameters to check whether the possible systems with these limited combinations of the
four parameters can satisfy the design requirements.
Since the angles a and 9 are evenly distributed from 0 to 2R, their representative
values should also be evenly distributed from 0 to 2n. Thus, the representative mass cen-
ter angles 9 are chosen as 00, 900, 1800, and 2700, or the points 1, 2, 3, and 4 in Figure
11-7. The misalignment angles a can be chosen as 00, 300, 600 and 900 due to the symme-
try of the system as shown in Figure 11-6.
11.3.3 Design Guidelines for Dual-Bearing Systems with Most-Likely
Imperfection
According to [4], the most possible wafer misalignment between the two disks a is
4pm. Thus 4pm is chosen as the representative value of the wafer misalignment a. Fur-
thermore, using the Monte Carlo method, the distribution pattern of the mass center in the
rotor frame can be derived as shown in Figure 11-8.
0.12
0.5
'a TGC CGC
0 *t--'.06
-0.5 -.. gO-04
0 0.5 1 1.5 2 2.5 3 3.5 4 0. 0.
Along TGC-CGC x (pm) 0 0.2 0.4 0.6 0.8
Figure 11-8: Mass center distribution in the rotor frame.
The plot on the left-hand side shows simulation results with 10,000 samples. It can
be seen that the mass center is located in the circle with a radius of 0.8454pm. The plot
on the right-hand side in Figure 11-8 shows the probability density of r. Since the density
function peaks at about 0.45pm, r=0.5pm is chosen as the representative value in the
most possible case. Thus, with these two representative values of a and r, combined with
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the representative values of a and , the systems with all 16 possible combinations of
these four parameters are simulated for each set of h, and h, in the design space.
misalignment a=4pim,r=0.5pm, mass=733mg
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Figure 11-9: Distance to contact and stability boundary as functions of
bearing clearances for dual-bearing systems with a wafer misalignment of
4pm and r=0.5pm.
For example, with bearing clearances h,=30pim and h,=22pm, 16 possible systems
with various combinations of those four parameters are simulated to calculate the dis-
tance to contact. After these simulations, 16 distances to contact are obtained, and the
smallest one is chosen/plotted for the design contours with h,=30ptm and h,=22pim. Fol-
lowing the same procedure for other bearing clearances, the whole contour of the distance
to contact can then be generated. Following the same procedure for the stability boundary
(when the systems are cold and hot), the stability boundary contours can also be gener-
ated. The distance to contact and stability boundary contours for these most possible
cases are plotted in Figure 11-9.
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Therefore, there are acceptable design points in the space below the black dotted line
numbered 1, above the red solid line numbered 1.5, and to the right of the blue solid line
numbered 1.5 (the shaded area in Figure 11-9). It is important to note that with the wafer
misalignment, both the stability boundary and the distance to contact are much lower than
those without the wafer misalignment (Figure 11-3) because of the rotor camming motion.
11.3.4 Design Guidelines for Dual-Bearing Systems with Worst-Case
Imperfection
misalignment a= 4 pmn, r=lpm, mass=733mg
38-
--- Normalized D2C @ Ap=O.2psig
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36 - NSB @Ap=5psi, 5p=0.5psi HOT
34-
32-
00
- - - - ------- .
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Compressor Joural Bearing Clearance hc (pn)
Figure 11-10: Distance to contact (at Ap of 0.2 psig) and stability boundary
as functions of bearing clearances for dual-bearing systems with a wafer
misalignment of 4pm and r=lpm.
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In the worst case, the wafer misalignment a can be as large as 6pm, and r can be as
large as 1 pm. However, even if the wafer misalignment is still 4pm, with r=1 pm, there is
no feasible design point as shown in the contours of Figure 11-10, because the distances
to contact are all smaller than the threshold distance to contact at the pressure difference
across the journal bearings Ap of 0.2psig. Therefore, to work with the worst case of 6pm
wafer misalignment, the rotor needs to be inverted at an even lower Ap, 0.1psig, as shown
in the contours of Figure 11-11.
misalignment a=6um,r=lum, mass=733mg
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Figure 11 -11: Distance to contact (at Ap of 0. 1 psig) and stability boundary
as functions of bearing clearances for dual-bearing systems with a
wafer misalignment of 6pm and r=1pm.
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Therefore, according to Figure 11-11, if the safety margin of the stability boundary
is reduced to 40%, and if it is feasible to invert the rotor at a pressure difference across
the journal bearings Ap of 0. 1psig, there can be acceptable design points in the space be-
low the black dotted line numbered 1, above the red solid line numbered 1.4, and to the
right of the blue solid line numbered by 1.4 (the shaded area in Figure 11-11). However,
if it is not feasible to get the Ap of 0. 1psig when the rotor is inverted, it seems that there is
no acceptable design.
However, there is a way to invert the rotor at Ap of 0.2psig in this worst case: invert-
ing the rotor on a single compressor bearing by blocking the turbine side bearing. Using
this method, the rotor is then supported only by the single compressor bearing and the
system natural frequency decreases from 35Krpm to 21Krpm at a Ap of 0.2psig, resulting
in a larger distance to contact according to Chapter 2. After inverting the rotor by this
single bearing configuration, the rotor speed can be safely increased to a speed higher
than the natural frequency of the dual-bearing systems (35Krpm), while still below the
stability boundary of the single-bearing system (58Krpm). Then the turbine area can be
unblocked, turning on the turbine journal bearing without changing the rotor speed. At
this point, the rotor speed is already in the supercritical region of the dual-bearing system,
and the rotor has been inverted.
SBdual
Ss- gle
58
0 ~35K ~------------- da0
Cd.-- 
------------- g Fsingle
0 .-- '..---~~ 21K
0.2psig Ap
Figure 11-12: Inverting the rotor with the single-compressor bearing at a
pressure difference across thejournal bearings Ap of 0.2 psig.
Using this method, the acceptable designs of dual-bearing systems with 6pm wafer
misalignment are not limited by the distance to contact of the dual-bearing, but by that of
the single-compressor bearing, as shown in Figure 11-13.
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However, it can be seen that the safety margin of the stability boundary still needs to
be reduced to 40% to get acceptable designs. Thus, the design points lie in the space to
the left of the black solid line numbered 1, above the red solid line numbered 1.4, and to
the right of the blue solid line numbered 1.4 (the shaded area in Figure 11-13).
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Figure 11-13: Distance to contact (at Ap of 0.2 psig with the single-
compressor-bearing, and at Ap of 0.1 psig with the dual-bearing) and
stability boundary as functions of bearing clearances for the dual-bearing
systems with a wafer misalignment of 6pm and r=ltm.
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11.4 Suggested Designs and Conclusions
Using the design contours generated for dual-bearing systems with and without wa-
fer misalignment, the acceptable designs can be chosen. Meanwhile, it is important to
note that the flows through the journal bearings come from the device itself under normal
operating conditions. Thus, the journal bearings must consume as little flow as possible
to save power. On the other hand, the mass flow rate is a function of the bearing clear-
ances, which is shown in Figure 11-14 and normalized by the mass flow rate through the
turbine.
Mass flow rate through journal bearings, normalized by the one through turbine
38 -Q
36 009
0
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23-
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Compressor Journal Bearing Clearance hc Pm)
Figure 11-14: Mass flow rate through the bearing system under normal
operating conditions, normalized by the mass flow rate through the turbine.
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Thus, to design journal bearing systems that work with the self-sustained micro-
engine, the clearances should be as small as possible to reduce the mass flow through the
journal bearings. Based on this knowledge, the following designs are suggested:
1. For dual-bearing systems without wafer misalignment (which can be ob-
tained by future "single-cut" technology), if the clearances of the journal
bearings on the turbine disk and the compressor disk must be identical, then
both clearances should be 26im (Figure 11-3). The journal bearings con-
sume 7.7% of the mass flow through the turbine.
2. For dual-bearing systems without wafer misalignment, if the bearing clear-
ances can be different, then h,=20pm with ht=26.5 trm is the optimal journal
bearing design (Figure 11-3), consuming 5.6% of the mass flow rate through
the turbine.
3. For dual-bearing systems with wafer misalignment as large as 6pm,
h,=21tm with h,=29tm is the optimal journal-bearing design (Figure 11-12).
The mass flow rate through the journal bearings is 6.8% of the flow rate
through the turbine. In this case, the rotor may need to be inverted, either at a
pressure difference across the bearings Ap of 0. 1psig with the dual bearing or
at a Ap of 0.2psig with the single-compressor bearing.
In this chapter, dual-bearing systems were investigated based on the journal-bearing
designs for the self-sustained micro-engine devices. Four parameters were found neces-
sary to describe the imperfections of the rotor in the dual-bearing system with wafer mis-
alignment between the two bearings. It was found that the rotor camming motion driven
by the wafer misalignment can greatly reduce both the system stability boundary and the
distance to contact in the dual-bearing system.
In the above calculations, the fluid models are essentially the same as the models es-
tablished in Chapter 2. Thus, the flow in the bearing has been assumed to be quasi-steady
and fully developed. As was discussed in Chapters 2 and 5, when the rotor speed and the
flow axial velocity are high, the model prediction can be not accurate. As a result, the
stability boundary can be higher than the model predictions, because the destabilizing
hydrodynamic force is lower with an undeveloped bearing flow.
Because the length-to-diameter ratio and the gap (distance between the two bear-
ings)-to-diameter ratio of the bearings are on the order of 0.03, the rotor is approximated
as a thin disk. If the shafts are made longer to get better thermal isolation performance,
this approximation may be invalid. In this case, the rotor conical motion under the torque
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produced by the dual-journal-bearing system and the thrust bearings must be accounted
for in the simulations.
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Chapter 12
Summary, Conclusions, and Sugges-
tions for Future Work
In this chapter the entire thesis is summarized and several suggestions are made for
future research work.
12.1 Summary and Conclusions
In this research work, micro-hydrostatic gas-bearing (both journal-bearing and
thrust-bearing) systems were investigated.
12.1.1 Basic Fluid and Rotordynamic Models
First of all, a fluid model and a basic rotordynamic model were established analyti-
cally in Chapter 2, based on first principles and assumptions/approximations of fully de-
veloped quasi-steady flow in the journal-bearing system. The models are capable of deal-
ing with all the elements of (1) micro-devices, (2) dynamic response characteristics of ax-
ial-flow hydrostatic bearings, (3) evaluation of stiffness, natural frequency, and damping,
and (4) evaluation of instability boundary.
The fluid forces were analytically modeled component by component. The hydro-
static direct-coupled force, induced by the Lomakin effect, is found to increase with the
pressure difference across the bearing Ap, and hence causes the natural frequency of the
system to also increase with Ap. Furthermore, the hydrostatic force is a nonlinear func-
tion of the rotor eccentricity, making the rotor response curve either lean right with stiff-
ening hydrostatic stiffness or lean left with softening hydrostatic stiffness. This skewness
of the rotor response curve is accompanied by a hysteresis phenomenon.
Because of the relatively small LID (<0.075) in the micro-bearing system, the hy-
drodynamic force has two components of comparable magnitude: the one due to viscous
drag and the one due to rotor pumping action. Since they act in opposite directions, it is
possible that the two hydrodynamic force components cancel each other and the net hy-
drodynamic force vanishes.
Chapter 12 Summary, Conclusions, and Suggestions for Future Work
The damping force is generated by the squeezing effect caused by the rotor transla-
tional motion, and is found to strongly depend on length over clearance of the bearing.
Both the hydrodynamic stiffness and the damping coefficient are strong nonlinear func-
tions of the rotor eccentricity-they quickly increase as the rotor approaches the bearing
wall. As a result, the rotor response curve becomes wide and flat.
According to the modeling, the distance to contact is large with large bearing length
and radius, small bearing clearance and natural frequency, and small rotor mass and un-
balance. The distance to contact should be large (larger than the normalized distance to
contact threshold of 0.09) for the rotor to be inverted, which requires a low pressure dif-
ference across the journal bearing Ap because the damping ratio is inversely proportional
to the square root of Ap according to the scaling laws [37]. On the other hand, the stabil-
ity boundary must be high for the system to reach the high design speed, which requires
high Ap for a high natural frequency for a given whirl ratio, determined by the bearing
geometry. As a result, an operating protocol was developed to achieve controlled accel-
eration to high speed.
The predictions of the mass flow rate through the bearing, the natural frequencies,
and the distance to contact agreed well with the experimental observations, and thus the
models were validated. An important feature of the flow model is that it can reversely
calculate the bearing clearance according to a static flow test; thus, the flow model pro-
vides an accurate and nondestructive method to measure the bearing clearance. Further-
more, through experiments and modeling, the threshold of the distance to contact normal-
ized by the bearing clearance is found to be 0.09 for a safe transition through the reso-
nance at the natural frequency. With a distance to contact larger than this threshold, the
rotor can be inverted; otherwise, it will have difficulty crossing the natural frequency.
This threshold has been successfully applied to the operating protocol.
12.1.2 Stability Boundary of the Micro-Hydrostatic Gas Journal-
Bearing System
Then, based on first-principle analysis, a singular behavior that has not been ob-
served in large-scale conventional journal bearings was found in the stability boundary
for the isotropic micro-journal-bearing system. The underlying physical mechanism of
this unique singularity is that the two components of the cross-coupled hydrodynamic
force due to rotor pumping action and viscous drag effect, which act in opposite direc-
tions, are of comparable magnitude and capable of canceling each other, because the hy-
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drodynamic force due to viscous drag effect becomes dominant at L/D<<1 in the ultra-
short micro-bearing system.
Furthermore, the hydrodynamic force, as the destabilizing factor in the system, was
shown to drive the rotor into a whirling motion. A simple criterion of the whirl instability
was established based on first-principle analysis. It suggests that at the onset of instability,
the rotor tends to whirl forward if the hydrodynamic force due to rotor pumping action is
larger than the hydrodynamic force due to viscous drag, and it tends to whirl backward if
the former is smaller than the latter.
With the definition of the whirl number W=2Rh/L2, which is only a function of bear-
ing geometry, the whirl ratio is 91=2/(1-W) in the isotropic micro-journal-bearing system.
The highest possible whirl ratio 91 (over 20) is desired, which means that the whirl num-
ber W needs to be close to 1, so that the destabilizing hydrodynamic force is small and the
singularity of the stability boundary can be utilized to achieve a high stability boundary.
In other words, the length-to-diameter ratio should equal the clearance-to-length ratio,
L/D=h/L, in order to obtain the high whirl ratio. This means that for a small h/L, governed
by the damping ratio requirements, the bearing length-to-diameter ratio LID should be
small and about h/L. Thus the high whirl instability limit requirement demands a small
LID: an ultra-short hydrostatic gas bearing with an LID one order of magnitude smaller
than that of a conventional hydrostatic gas bearing yields a whirl ratio N one order of
magnitude larger than that of a conventional gas bearing. Or, put another way, ultra-high-
speed devices that require high whirl ratios demand ultra-short (small LID) bearings.
Then, with both the analytical linear approach and the numerical full nonlinear simu-
lations, the micro journal bearing systems with hydrostatic stiffness anisotropy are inves-
tigated. It is shown that, by breaking symmetry in hydrostatic stiffness, the novel bearing
design increases bearing top speed and can eliminate the narrow singularity peak of sta-
bility boundary in the isotropic system, greatly relieving fabrication tolerance require-
ments.
With the knowledge obtained from the micro-gas-bearing theory and the experimen-
tal results, the following bearing design implications can be established:
1. In order to improve the dynamic behavior and to increase the whirl ratio, the
difference in hydrostatic stiffness in the two orthogonal directions (anisot-
ropy) should be maximized. This can be achieved (while maintaining ade-
quate levels of average stiffness) by supplying hydrostatic feed air at differ-
ent pressures over parts of the journal circumference.
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2. In addition, the hydrodynamic stiffness of the journal bearing should be
minimized. For a given bearing LID, this can be done using the criteria es-
tablished for isotropic bearing configurations by adjusting the bearing ge-
ometry according to W= 2Rh/L2=1.
3. The mechanical design of the bearing air supply system and piping should be
kept bisymmetric, and the pressure losses in the opposite feed systems
should be matched to avoid any rotor sideload.
4. The rotor unbalance should be kept low. However, anisotropic bearing de-
signs enable a relief in fabrication tolerance requirements and a relaxation in
rotor balancing constraints compared to their isotropic counterparts.
Due to insufficient experimental data and the difficulty of determining the real cause
of the high-speed crashes, the models of stability boundary have not yet been fully vali-
dated. However, through the whirl ratios observed in large-scale conventional bearings
(~2) and the one reached by the ultra-short micro-bearing system (>29, one order of mag-
nitude higher), one can see that the ultra-short micro-bearings can reach a whirl ratio one
order of magnitude higher than the large-scale conventional journal bearings. This is con-
sistent with the model predictions.
12.1.3 Barriers to High Speeds
Although the micro-journal bearings can be designed to have high stability boundary,
the devices can fail due to reasons other than bearing instability, such as structural failure,
thrust-bearing resonances, and nonlinear resonances.
One such cause can be the coupling effect between the rotor conical and radial mo-
tions. To investigate the unstable mode of motion, a linear 4-degree-of-freedom model
was established to investigate the coupling between the radial and conical modes of mo-
tion in the micro-bearing system, and a nonlinear 5-degree-of-freedom numerical model
was also established to investigate the effect of axial oscillation on the system's dynamic
behavior. Using the fluid-force models, coupling force and torque were found to be gen-
erated by the plenum, the seal, and the thrust bearings. The calculations showed that ra-
dial forces can be induced by rotor tilting motions from the plenum, seal, and thrust bear-
ings, and torques acting on the rotor can be induced by rotor radial motions from the ple-
num.
Results of the 5-degree-of-freedom numerical simulations agreed with those of the
4-degree-of-freedom linear model and showed that the axial vibrations are negligible be-
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cause of the large axial damping from the thrust-bearing system. Most importantly, the
models proved that the coupling can drive the system into a conical motion with a fre-
quency close to the natural frequency of the radial motion, making the system unstable at
a much lower speed than the whirl instability limit of the journal-bearing system alone.
This is consistent with the experimental observations. Thus, the bearing system should be
designed with as small a coupling as possible between the rotor conical and radial mo-
tions.
Since the coupling coefficients are strong functions of the clearances of the thrust
bearings and seal, it is suggested to increase the seal clearances in the new design to re-
duce the coupling so that the stability boundary can be higher. On the other hand, during
the operation of the single-bearing micro-turbo-charger devices, the rotor can be pushed
axially toward the forward thrust bearing into an optimum position where the total cou-
pling from thrust bearings and seal is smallest, to make the stability boundary of the sys-
tem higher.
The centrally-fed journal-bearing system was then modeled as another approach to
eliminate the coupling. A nondimensional parameter of the ratio of the flow resistance in
the bearing to that in the feed (D was introduced, and the bearing forces and hence the
system dynamics were found to be strongly affected by it.
Due to leakage flow from the bearing to the feed, both the damping and the hydro-
dynamic stiffness due to rotor pumping action in the centrally-fed journal-bearing are
smaller than those in the axially-fed counterpart. As a result, the distance to contact is
much smaller in centrally-fed journal-bearings than in axially-fed journal-bearings. Thus,
in the centrally-fed journal-bearing system, a much lower pressure supply Ap is required
to invert the rotor, and the operation window between the natural frequency and the sta-
bility boundary becomes narrow at this low Ap, causing a great deal of difficulty in op-
eration.
Through the investigation of micro-journal-bearing systems with three typical pro-
file variations-negative taper, positive taper, and bow-bearing profile variation was
also found to have negative effects on the rotordynamic behavior of the system.
Although the system stability boundary in the tapered bearings behaves similarly to
the boundary in straight-wall journal bearings with the same average clearance, nega-
tively tapered journal bearings can induce a positive hydrostatic direct-coupled stiffness,
making the system statically unstable at a low bearing pressure difference across the jour-
nal bearing Ap. The analysis shows that the positive hydrostatic stiffness is more severe
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in negatively tapered journal bearings with large profile variations. Thus, negatively ta-
pered bearings with large profile variations should be avoided in fabrication, especially
for the devices that need to be inverted at low Ap.
Furthermore, hydrostatic stiffness was found to be a strong nonlinear function of ro-
tor eccentricity in tapered bearings, and this nonlinearity in turn skewed the rotor re-
sponse curves. Most importantly, numerical simulations showed that the distances to con-
tact in journal bearings with profile variations are smaller than those in straight-wall jour-
nal-bearings, and the distance to contact is even smaller with larger profile variations.
Therefore, large profile variations should be avoided. More specifically, according to the
simulation results, the profile variation should be smaller than 1.5 pm for journal bearings
used in the micro-turbo-pump devices, so that they can be inverted at Ap of 0.5psig.
Then, with the nonlinear resonance models established using the multi-scale method,
the nonlinearity of the hydrostatic force was found to be able to induce nonlinear reso-
nances in the micro-bearing systems. As a result, subharmonic resonance can occur at
speeds near three times the natural frequency (30N) in the isotropic journal-bearing sys-
tem, with a slowly rotating orbit. In the anisotropic system, several secondary resonances
may occur: superharmonic resonances at one third of the natural frequencies in both di-
rections (Q,/ 3 , Q,/3), subharmonic resonances at three times the natural frequencies in
both directions (3 2, 3Q,), and resonances at the combination of the two naturals:
(Qx+f,)/2 , 20x+Q, and Rx+2Q,.
Since these secondary nonlinear resonances normally have large amplitudes, which
may cause the rotor to crash, they should be avoided during normal operation, especially
the ones that happen at high rotor speeds. Also, according to Chapter 8 on the bearing
profile effect, tapered bearings are found to induce strong nonlinearity of the hydrostatic
force, which causes the nonlinear resonances during operation. Therefore, again, tapered
bearings with large profile variations should be avoided in fabrication.
Finally, dual-bearing systems were investigated based on bearing designs for the
self-sustained micro-engine devices. Four parameters were found necessary to describe
the imperfections of the rotor in the dual-bearing system with wafer misalignment be-
tween the two bearings. Furthermore, this wafer misalignment between the two bearings
can greatly reduce both the system stability boundary and the distance to contact in the
dual-bearing systems, because of the rotor camming motion. For example, with 4ptm of
misalignment, the stability boundary can decrease by about 20%, and the distance to con-
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tact can decrease by a factor of 3. Thus, in fabrication, the misalignment between the two
disks should be as small as possible.
12.1.4 Hydrostatic Gas Thrust Bearings: Axial and Tilting stiffness
It was shown in the research that the axial and tilting stiffness in the hydrostatic gas
thrust bearings (both circular and annular) can be calculated using the Image Method.
The results were validated by both CFD calculations and experimental data.
The effect of rotor rotation on the pressure distribution in the thrust bearing was also
investigated via the analytical approach and 3-dimensional CFD calculations by Fluent.
The results showed that the decrease in pressure and thrust force due to centrifugal body
force caused by the tangential flow in the bearing induced by rotor rotation is negligible
compared to that induced by the high external static pressure supply.
Since the Image Method doesn't involve numerical calculation of the 2-dimensional
Reynolds equation, it is much faster than the Green's Function method. Thus, it is the
recommended method for fast evaluation of the thrust bearing axial and tilting stiffness.
12.1.5 Design Recommendations for the Journal-Bearing Systems
Used in the Self-Sustained Micro-Engine
Thus, based on the knowledge obtained from the research and modeling, the follow-
ing bearing designs are suggested for the self-sustained micro-engine:
1. For dual-bearing systems without wafer misalignment (which can be ob-
tained by future "single-cut" technology), if the clearances of the journal
bearings on the turbine and compressor disks must be identical, then both
clearances should be 26pm. The journal bearings consume 7.7% of the mass
flow through the turbine.
2. For dual-bearing systems without wafer misalignment, if the two bearing
clearances can be different, then h,=20pm with ht=26.5pm is the optimal
bearing design, consuming 5.6% of the mass flow rate through the turbine.
3. For dual-bearing systems with a wafer misalignment as large as 6pm,
h,=21pim with h-=29pm is the optimal design. The mass flow rate through
the journal bearings is 6.8% of the flow rate through the turbine. In this case,
the rotor may need to be inverted, either at the pressure difference across the
bearings Ap of 0. ipsig with the dual bearing, or at Ap of 0.2psig with the sin-
gle-compressor bearing.
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12.2 Suggested Future Research Work
"Rome wasn't built in a day," and neither can the models for the micro-hydrostatic
journal-bearing system be. In this research work, in order to find the analytical solutions
to the research questions while capturing the underlying physics of the system, the bear-
ing flow has been assumed to be steady and fully developed.
Recent research has shown that the flow in the vicinity of the bearing entrance may
not be a fully developed Couette flow, if the flow has a high axial velocity and no pre-
swirl before entering the bearing. Since the hydrodynamic force is induced by the flow
variation around the bearing, its two components-hydrodynamic force due to viscous
drag effect and hydrodynamic force due to rotor pumping action-will be smaller than
the model predictions, in which developed flow is assumed. As a result, the whirl ratio,
which is inversely proportional to the hydrodynamic stiffness as shown in the research,
can be larger than the model prediction. Furthermore, because the balance point of the
two decreased components is not necessarily the same as the model prediction, the singu-
larity point of the stability boundary in the isotropic journal-bearing system can be shifted.
Thus, to obtain a more accurate prediction of the whirl ratio as well as the stability
boundary of the system, the fluid models to be established in the future should include the
effects of undeveloped flow. Moreover, other components in the micro-devices, such as
the thrust bearings, can also introduce hydrodynamic stiffness due to viscous drag into
the system; these should also be considered in future models.
As the rotor speed increases to millions of rpm, the fluid particle flow through time
can be comparable to the time scale of the rotor movement, and the approximation of a
quasi-steady flow may not be valid in this case. Determining how the unsteady flow af-
fects the rotordynamics and is affected by the rotor movement at ultra-high speeds re-
quires an unsteady model, in which the flow and the rotor movement should be coupled
together. Furthermore, since the Helmholtz resonance frequency of the plenum (the vol-
ume) and bearing (the neck) system in the current bearing design is just about 1 million
rpm, the Helmholtz resonance can also affect the system rotordynamic behavior by
changing the pressure in the plenum when the rotor speed is near that resonance fre-
quency. In the future, it is suggested to investigate this Helmholtz resonance effect or to
redesign the plenum so that the resonance frequency can be out of the operation region.
The nonlinear resonance needs deep investigation, because it was observed to cause
crashes in the experiments. It is important to note that the research on the nonlinear reso-
nance presented in this thesis is only a preliminary analysis. Besides the third-order
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nonlinear terms, there exist higher odd-order ones in hydrostatic force, which in turn may
cause higher-order nonlinear resonances. According to the numerical simulations based
on the bilinear stiffness system done by Ehrich [34], these higher-order resonances have
even larger amplitudes. Furthermore, several devices have crashed at speeds of high odd
multiples (7x or even 9x) of the natural frequency in the experiments [30]; this needs at-
tention.
Also according to Ehrich [34], chaotic behavior occurs at certain rotor speeds due to
the nonlinear bearing forces, making the system much more complicated. Besides the
nonlinearity of hydrostatic force, the nonlinearities of hydrodynamic and damping forces
may also affect the system's dynamic behavior. To investigate nonlinear resonance and
chaotic behavior in the micro-bearing system, a much more complicated model together
with numerical simulation is required.
12.3 Contributions of Thesis
Fluid models have been established that are capable of solving the hydrostatic, hy-
drodynamic, and damping forces analytically and individually in the micro-ultra-short
hydrostatic gas journal bearings. With these fluid models, the bearing clearance can be
reversely calculated according to the static flow test, which essentially becomes an accu-
rate and non-destructive measuring tool. Both the natural frequency and the distance to
contact predicted by the models agree well with the experimental measurements; an oper-
ating protocol was established accordingly and was successfully applied in the experi-
ments.
Singular behavior of the stability boundary was found in the ultra-short micro-
journal bearings with isotropic configuration. The underlying physical mechanism of this
unique and important feature is that the hydrodynamic force due to viscous drag becomes
dominant with L/D<<1 and acts in the opposite direction of the hydrodynamic force due
to rotor pumping action, so that the net destabilizing hydrodynamic force can vanish with
certain bearing geometry. Thus the ultra-short bearing is suggested as a suitable design
which enables a large DN number and a high whirl ratio; a whirl ratio over 30 has been
demonstrated in experiments with this ultra-short bearing design, one order of magnitude
higher than the whirl ratios in large-scale journal bearings.
Using both analytical and numerical models, the anisotropy of hydrostatic stiffness
was found to improve system stability. The underlying physical mechanism is that the de-
stabilizing hydrodynamic force can be balanced by the hydrostatic anisotropy. With the
anisotropic configuration, the fabrication tolerance requirements can be released because
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the hydrostatic anisotropy can eliminate the narrow singular peak in the stability bound-
ary. However, sideload was found to reduce the stability boundary in the anisotropic mi-
cro-journal-bearing systems and hence should be avoided during operation.
Some other factors in the bearing system that can impair the system top speed were
identified: 1) the coupling between the rotor conical and radial motions induced by the
plenum, seal, and thrust bearings; 2) large bearing profile variations, especially in the
negatively tapered bearing where a positive stiffness is induced and the system becomes
statically unstable; 3) misalignment in dual-bearing systems. All these factors should be
noted in the design and fabrication process.
The third-order nonlinear resonances were captured by both analytical models and
numerical simulations. Most importantly, the model predicted a subharmonic resonance
in the isotropic journal-bearing system, with a slow rotating noncircular orbit such that
the symmetry of the system is broken by itself in the nonlinear resonance. This phenome-
non has not been observed before; but, this subharmonic resonance in isotropic bearing
systems was verified by the numerical simulation. Furthermore, the anisotropic journal-
bearing system was found to be able to engage in multi-type nonlinear resonances: super-
harmonic resonances at one third of the natural frequencies, subharmonic resonances at
three times the natural frequencies, and combinations (such as the average) of the two
natural frequencies. The conditions under which these resonances can occur were derived
analytically and then verified by numerical simulation.
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Stability Boundary for Anisotropic Micro-Journal- Bearing Systems
with Hydrodynamic Stiffness of the Same Sign
Equation (4-9) in Chapter 4 shows the stability boundary for the anisotropic micro-
journal-bearing system when the two hydrodynamic stiffnesses K, and Ky, are of oppo-
site signs. With certain journal bearing geometry and the blockage of the axial flow in the
bridge region, the intrinsic hydrodynamic stiffnesses k, and ky, can be of the same sign,
resulting in a negative CxC/kyk,. This in turn causes Qw in Equation (4-9) to have no
real root, and it seems that the system can always be stable. However, the following
analysis shows that in this case, the system can still be unstable due to the positive stiff-
ness caused by high hydrodynamic stiffness at high speed.
When the intrinsic hydrodynamic stiffnesses k,, and ky, can be of the same sign,
there is a trivial solution to Equation (4-6): 0=0 and
K.K
OW = Kk (A-1)
Fk,,ky,
where Qw is the stability boundary when k,,ky,>O. Since Ky,=kyo and Ky,=kyOe, accord-
ing to Equation (A-1), when KXyKy,>KXK,, (or k > the system can be driven
into an unstable mode with 0 of 0, different from the whirl one.
To understand the underlying physics of this destabilizing mechanism, the stiffness
of the system can be analyzed with the stiffness matrix below:
KJ Kj. (A-2)
This stiffness matrix has the characteristic equation of
2 -(K+ K) A +(K.K, - KKy)= 0, (A-3)
which has two roots (eigenvalues of matrix of (A-2)):
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(K, + K VK + K,,)- -4( KK, K,K,,). (A-4)
2
Under normal conditions, the hydrostatic force is a restoring one, and hence the hy-
drostatic stiffnesses K, and Kyy are negative. Then with (K,,+Ky)<O, Equation (A-3) can
be found to have a positive real root if KYKyX>KXKyy. This means that the stiffness is
positive in a certain direction. With this positive stiffness, if the rotor is displaced in this
direction due to perturbations, the additional force acting on the rotor is in the same direc-
tion as the rotor displacement, pushing the rotor even further away from its original posi-
tion. Thus, in this case, the system is statically unstable.
Furthermore, according to Chapter 2, the ratio of hydrostatic stiffness to intrinsic
hydrodynamic stiffness is always large (on the order of magnitude of 106) for ultra-short
gas micro-bearings. Therefore, when the intrinsic hydrodynamic stiffnesses k', and ky, are
of the same sign, the stability boundary given by (A-1) is already much higher than the
design speed.
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Image Method for Circular Thrust Bearings
The following shows how to use the Image Method to solve the Poisson equation for
the circular thrust bearings. First, the case that the point source is placed at the origin of
an infinite 2-dimensional plane with a mass flow rate of th is considered, as follows. The
pressure field P is then governed by the Poisson equation, as below:
24p P 8.)
h 3P (B-i)
Because of the axis-symmetry and mass conservation, the flow rates in both the radial (r)
and tangential () directions are
h3 oaP th thPQr = - - --I ' 2 Or 27frp 21rPp (B-2)
/13 apQO = -- - -- =0.12p raO
Then, from the first Equation (B-2), the gradient of P2 can be derived:
h' OP 2  mP OP2 12pPth 1
= -
__> ___ _ 
- (B-3)24p Or 2;rpa Or iht pa r
After integration with respect to r, P2 is found to be
P2  3 2 parn ln(r)+c, (B-4)
7rh poa
where c is a constant to be determined by the boundary condition.
Furthermore, if the point source is not at the origin, but at ro, the Poisson equation
becomes
AP 2  ___ Pah,(F -O). (B-5)
h 3Pa
In this case, by transformation of coordinates, P2 becomes
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p2 12pPth ln~r-r 0J+c . (B-6)
Therefore, the solution for the Poisson equation with the point source positioned
anywhere in the infinite 2-dimensional plane has been derived. Next, the boundary condi-
tion is applied. For this particular problem of the thrust bearing, the boundary condition is
that the pressure at the exhaust of the bearing (r=Rb) is atmospheric pressure Pa (Figure
B-1).
b B
0 N M
Q
Figure B-1: Circular boundary condition can be simulated by an image
point sink.
If the boundary condition is replaced by a point sink M with the same intensity as
the point source N, then the pressure fields P2 at point B, which is an arbitrary point on
the original boundary circle, generated by N and M are
P2 B 12Pth In NB+c (B-7)
IN vh' pl
P2 B_ 2p____ln MB+ c' (B-8)M 7VhPa
where NB is the distance from N to B and MB is the distance from M to B. Because the
Poisson equation is linear in P2, the final pressure P2 at B is the superimposition of the
solutions of (B-7) and (B-8):
P2 B 12/PPa MB (B-9)
M&N ;rh pa NB
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If OM -ON = R, the triangles AOBN and AOMB are similar triangles. Then one can
find that NB/MB=ON/OB and Equation (B-9) becomes
2B 12pUPlh OBP2 = In -+ ct (B-10)M&N rh p, ON (
Because OB=Rb and ON are constant, P2 at B introduced by both the source and the im-
age sink are also constant. This constant can be simply set equal to Pa2 by adjusting c to
simulate the original boundary condition. Furthermore, because B is an arbitrary point on
the circle, the pressure on the whole circle is constant and equal to Pa. So the boundary
condition of the original problem is simulated by the image sink M. Then P 2 at an arbi-
trary point Q in the bearing region is
~2 l 2/dpfh MQ ,, 12ipPar% MQ ONp 2P2 =2 InM +c, = U r lnMQO + P2B-1
M&N Th 3 pa NQ zh3 pa NQ.Rb a (B
According to Green's theorem, the Poisson equation has a unique solution with the
same boundary conditions. Since the solution described by Equation (B- 11) satisfies the
boundary condition that P2(Rb)=Pa2, it is the unique solution.
When more than one point source exists, as there are several nozzles in the thrust
bearing, image sinks can be introduced corresponding to each point source and the
boundary condition can still be simulated. Then the solution of P2 in the thrust bearing is
P = 2 Mln 1 +P (B-12)
where Ni is the position of the ith point source, t, is its mass flow rate, and Mi is the cor-
responding image sink position, given by OMi-ONi=Rb2 .
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Image Method for Annular Thrust Bearings
The last appendix showed how to use the Image Method to calculate the pressure
distribution in the circular thrust bearings. The following will describe how to use the
Image Method to solve the pressure distribution in the annular thrust bearings.
Since there are two boundary conditions in the annular bearings, the pressures at
both the inner boundary and the outer boundary should be constant; one image sink for
each point source cannot work here. Instead, a series of point sources and sinks are
needed to mimic the boundary conditions as shown in Figure C-1.
RO
R,
R N1 R /RN
RNNM4 N2 M M3
-o 2
R 21 -0 RN R R +o
R 2 RN 2 NRo R
Figure C-1: Arrangement of the series of image points.
First, to make the pressure constant at the outer circle, a point sink needs to be
placed at point M, to balance the pressure variation induced by the point source at point
No. Then, both a point sink and a point source should be placed at points M2 and N2 re-
spectively, to make the pressure constant at the inner circle by balancing the pressure
variation induced by the point source and the point sink at No and M1. Now the pressure
at the inner circle is constant, but the pressure at the outer circle is no longer constant be-
cause of the additional image source and sink. Therefore, an additional point source and
Appendix C
sink should be placed at points N1 and M3 respectively to balance the sink and source just
placed at M2 and N2, and so on and so forth...
It can be seen that infinite sinks and sources inside as well as outside the annuli are
needed to ensure that the pressures at the inner and outer boundary circles remain con-
stant. The outside sinks/sources become farther and farther away from the annuli, while
the inside sinks/sources trend to the center of the annuli. Because the sinks/sources placed
both far away from the annuli and at the center of the annuli can only generate constant
pressures at the inner circle and outer circle, only a finite series of sources and sinks are
needed in the calculations.
The above efforts can successfully make the pressures at the inner and outer circles
constant. However, the inner circle pressure can be different from the outer circle pres-
sure in the thrust bearings used in the micro-turbo-pump devices, due to the high pressure
in the pump region. This difference can be created in the model by placing a source/sink
right at the center of the annuli with suitable intension, without destroying the constancy
of the pressures at either the inner or the outer circle.
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